6.1 Machine Learning and Data Science

In supervised learning, particularly linear regression, the pseudo-inverse provides a closed-form
solution for the optimal weights for design matrix and target vector. This is especially useful when the
design matrix is not full rank or when the number of features exceeds the number of samples
(underdetermined systems). Although gradient-based methods dominate large-scale learning, the
pseudo-inverse remains essential for understanding model behavior and for initializing iterative
algorithms. In applications like collaborative filtering (e.g., recommendation systems), the pseudo-
inverse aids in estimating missing entries by leveraging low-rank structure via SVD.

6.2 Signal Processing and Control Theory

In signal reconstruction and system identification, the pseudo-inverse helps recover signals from
incomplete or noisy measurements. For example, in compressed sensing, it can be used to approximate
solutions when sparsity constraints are relaxed. In control theory, the pseudo-inverse is used to
compute the least-squares solution for actuator commands in redundant robotic systems, ensuring
minimal energy usage or joint movement.

6.3 Quantum Computing and Physics

In quantum mechanics, the pseudo-inverse appears in the context of generalized measurements and
state reconstruction. It is used to define the inverse of non-unitary operators and to solve systems
arising from quantum tomography. The spectral perspective via SVD aligns well with the
decomposition of quantum states and operators, providing a bridge between linear algebra and quantum
theory.

6.4 Graph-Based Learning and Network Analysis

The algebraic graph theory perspective opens doors to applications in network science. Effective
resistance, derived from the pseudo-inverse of the Laplacian, serves as a metric for connectivity and
robustness. In semi-supervised learning on graphs, the pseudo-inverse helps propagate labels across
nodes by solving Laplacian-based optimization problems.

Conclusion

The Moore-Penrose pseudo-inverse is more than a computational tool — it is a conceptual bridge
linking diverse mathematical domains. Whether viewed through the lens of axioms, optimization,
regularization, spectral theory, or graph combinatorics, its versatility and depth make it indispensable
in both theory and practice. As data-driven disciplines continue to evolve, the pseudo-inverse remains
a cornerstone for solving systems that defy classical assumptions.
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This study presents a predictive framework for football match outcomes that integrates the Elo
rating system, multiple linear regression, and a Bayesian game-theoretic interpretation of sports betting
under incomplete information. Match statistics and bookmaker odds were collected via web scraping
from Sofascore. The regression model achieved an adjusted R* = 0.3493, with significant predictors
including shots on target, total chances, and total shots. Bookmaker accuracy was 22.37% for
over/under goals and 28.33% for win/loss outcomes, revealing market inefficiency. Modeling the
interaction between the bettor and the bookmaker as a Bayesian game with asymmetric information
allows identifying value bets and optimizing decision-making strategies under uncertainty.

VY cy4acHOMY CIIOPTHBHOMY aHAJITHIYHOMY CEpeIOBHIII MPOTHO3YBAHHS PEe3YyJIbTATIB MATUIB €
OJIHIEIO 3 KITFOYOBHX 337124, 10 MOEJHY€E METOIM CTATUCTUKH, MAIIMHHOIO HaBYAHHS Ta Teopii irop.
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CriopTuBHHY OCTTIHT, 30KpeMa (HyTOOTBHUN, MOKE PO3TIISAATUCS K B3aEMO/IIS PAIliOHATEHUX areHTIB
— KOMaHJ1, aHaJIITUKIB Ta OyKMEKepiB — sIKi IPUIMAIOTh PIillIEHHS B YMOBaX HEMOBHOI Ta
acMMeTpu4HOI iH(opMmarlii. Y gaHoMy TOCIIIKESHHI 3aIPOIIOHOBAHO MOEAHATH KIIACHYHI CTATHCTHYHI
METOJI TIPOTHO3YBaHHS 3 TEOPETHKO-ITPOBOIO iHTEPIIPETAIIi€0 Yepe3 KOHIIEeIito baeciBChbKUX irop
(Bayesian games).

Uepe3 oOMeKeHICTh HasIBHUX BIIKPUTHX JaTaceTiB MaHi Oyiu 310paHi caMOCTiiHO 3
waThopMu Sofascore 3a TONOMOTOI0 TEXHOJIOTiH BeO-ckpamninry [1]. OTpumaHi MacuBH MiCTSTh
CTaTHCTHKY MaT4iB, Koe]ilieHTH OYKMEKepiB 1 OKa3HUKH I'PaBLiB, 110 J03BOJISIE TPOBOAUTH
KOMIUIEKCHUH KUIBKICHUH aHalIi3.

Jlnist mepBUHHOTO IPOrHO3YBaHHSI BUKOPUCTOBYBaBcs pedTuHr Elo, po3pobiiennii Apnagom
Eno ms1st oninky cuiy rpaBiiB y maxax [2]. Leit peiiTHHT 3a0e3neuye MOXKIMBICTh HE JIHIIIE
paKyBaTH KOMAH/IH, aJe i OLIHIOBATH HMOBIPHOCTI pe3ynbTatie MaT4iB. Horo 6aszosa dhopma
3aJa€ThCS SIK

1

E,= 1410 Re Ra/0°

ne E , — ouikyBane uncio ouok ayust komaunu A, R ,, R — monepenni peiirunrn komana. Houit
PEUTHHT BU3HAYAETHCS 38 POPMYJIIOI0

RA:RA+K<SA - EA)’
ne K— xoediuient peryusuii, S ,— HaGpasi ouxu.

s aranizy ¢akTopis, 0 BIUIMBAIOTH HA KIJIBKICTh 3a0MTHX T'OJiB, 34CTOCOBAHO MHOKHUHHY
niHiHY perpecito [3]:

Y=Bo+Bi X1+ By X+ 4B, x,FE.

Y Hamriit Mozeni mporao3oBaHor 3MiHHOMK (Y) Oyna fotal _goals, a HatOLIBII
iH(OPMATUBHUMHY MIPESTUKTOPAMH BUSBIIIUCS total_on_target, total chances 1a total shots. OTpumana
MOJIETIb:

total

chances shots »

goals = 1.40+0.336 - total ,+0.172 - total —0.059 -total

13 CKOPUrOBaHMM Koe(illieHTOM AeTepMiHalii R, 4= 0.3493, u1o nosicutoe 6mu3bKko 35% Bapiartii
pe3yneTary. HesanexHicTs 3MiHHHX MiATBEPIKY€ThCS HU3bKUMHU 3HaueHHsIMH VIF (<2), mo cBigunTh
PO BiICYTHICTh MYJITHKOJIHEAPHOCTI.

By1o Takoxx nepeBipeHo TOUHICTh OyKMEKEPChKUX MPOTrHO3iB. 11 HaWOMMPEHIMNX TOTaliB
(>2.5,>3.5) cepenns TouHicTh ckiana 22.37%, a uig nependaveHus pesynbratis win/loss — 28.33%.
Le cBiguunTh MPO HASBHICTH 3HAYHOTO PiBHS Herepea0adyyBaHOCTI y GyTOONBHHUX MaTdax.

Y mozeni BaeciBebkoi rpu Gykmekep Bosoziie mpuBatHoto iHdopmaieio 05 € @ npo
TOYHICTH BJIACHOT MOJIEN, & IPaBellb CIIOCTEPIrae JuIIe MyOaiYHUN CUTHAI — KOe(Dil[ieHTH
k= ( kW Jk D> k L ) MMoOBIipHICTB, iIMIUTIKOBaHA KOC(IIiEHTAMH, OOUUCITIOETHCS K Pimpliea= 1/ ki, a
value bet BU3HAYAETHCS YMOBOIO Py ™ Pimplied» 11O CUTHAIII3Y€ PO MOTCHLIHHY HEC)EKTUBHICTD
puHKY [4].

[Nomanpmuii aHaJi3 BKIIOYaTHME MIEPEBIPKY TIIIOTE3H PO PUHKOBY €(PEKTUBHICTH
H,:E [Value} —(), @ TAKOX 3aCTOCyBaHHs KpuTepito Keti [uis onTUMalibHOTO BUOOPY PO3Mipy

CTaBKH
f_l_ p-k-1
k-1~
1 IoJIasIbIlIe TECTYBAHHS Ha ICTOPUYHUX JAHUX.
OTtpumaHi pe3yibTaTH MiATBEPIKYIOTh MOXIIUBICTS (popMaizamii CHOPTUBHOTO OETTIHTY SK
BaeciBcpkoi rpu Ta BiIKpHUBAIOTh MEPCIIEKTUBH Il TOOYIOBY €()eKTUBHHUX CTPATETiid IPOTHO3YBaHHS i
KepyBaHHS pH3UKaMHU Ha OCHOBI HMOBIpHICHUX MOJETICH.
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