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Abstract. New representations of solutions of Lamé system with real coef-
ficients via monogenic functions in the biharmonic algebra are found.

Анотація. В роботі знайдено нові зображення розв’язків системи Ламе
з дійсними коефіцієнтами через “аналітичні” функції зі значеннями у
комутативній асоціативній двовимірній алгебрі над полем комплексних
чисел.

1. INTRODUCTiON
Partial solutions of Lamé system of equilibrium equations for displace-

ments of isotropic plane theory of elasticity by use of “analytic” functions
taking values in commutative and associative over the complex field algebra
are found in the paper [15]. In the present paper, the solutions are consid-
ered in domains possessing some convexity properties. In [7], these results
are generalized to solutions in arbitrary simply connected domains.
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Certain solutions of Lamé system of equilibrium equations for displace-
ments of orthotropic plane theory of elasticity via “analytic” functions tak-
ing values in commutative and associative over the complex field semisimple
algebra are found in [8, 9, 16].

Expressions of Lamé system of equilibrium equations for displacements
of isotropic space theory of elasticity by use of quaternion-valued “analytic”
functions are found, for example, in the papers [3, 6, 12,25].

Matrix functions being analytic in the sense of Douglis are used for de-
scriptions of solutions of Lamé system of equilibrium equations for displace-
ments of isotropic plane theory of elasticity in [22], for solutions of Lamé sys-
tem of equilibrium equations for displacements of orthotropic plane theory
of elasticity in [1], and for general anisotropic media in the paper [23].

Despite numerous publications, most of the cited works are devoted to
the investigation of solutions of three-dimensional Lamé system of equi-
librium equations for displacements of isotropic theory of elasticity and
their representations in terms of quaternion-valued functions. It is worth
noting that these approaches are based on generalizations of the Kolosov-
Muskhelishvili formulas (cf., e.g., [19] or [20]) to the case of quaternion-
valued “analytic” functions (cf., e.g., [6]). At the same time, a question of
representations of solutions of a system of equilibrium equations for dis-
placements of the plane isotropic theory via “analytic” functions, taking
values in the arbitrary commutative and associative over the complex field
n-dimensional algebra, n ě 2, has not been opened yet.

Our aim is to generalize Lamé system of equilibrium equations for dis-
placements of isotropic plane theory of elasticity by replacing its coefficients
(depending on Lamé constants) to any non-zero real numbers. We call any
system of this type as Lamé-type system with real coefficients (Lamé-type
system or Lamé system briefly). Such systems are considered by several
authors in the papers [5, 13]. More precisely, in the paper [13] polynomial
solutions of a general Lamé-type system of any dimension are found, a plane
generalization of the plane Lamé-type system with complex coefficients and
homogeneous Dirichlet boundary value problem for it were considered in
the paper [5]. Expressions of regular solutions of arbitrary elliptic type sys-
tems of the second order and any dimension by means of analytic functions
of complex variable are obtained in [2].

An answer to the question of building solutions of the plane Lamé-type
system by use of hypercomplex analytic function by another researchers is
not known to the author.

In the present work, we will find new expressions of general solutions
of the plane Lamé system (as well as for isotropic media and for a case
of the general Lamé-type system with real coefficients) in the form of the
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first real component (under some basis of the algebra) of some “analytic”
(monogenic) functions taking values in certain commutative and associa-
tive two-dimensional algebra over the complex field (so-called biharmonic
algebra).

2. MONOGENiC FUNCTiON iN THE BiHARMONiC ALGEBRA
We say that an associative commutative two-dimensional algebra B with

unit e over C is biharmonic (this notion is proposed in [14]) if in B there
exists a biharmonic basis, i.e., a basis te1, e2u satisfying the conditions

(e21 + e22)
2 = 0, e21 + e22 ‰ 0. (2.1)

We restrict our attention onto the biharmonic basis te1, e2u having the
following multiplication table

e1 = e, e22 = e1 + 2ie2, (2.2)
where i is the imaginary complex unit. The biharmonic basis (2.2) is found
by V. F. Kovalev and I. P. Mel’nichenko in the paper [14].

E. Study [24] proved that there exist only two types (up to isomorphism)
of two-dimensional algebra with e over the field C.

In the paper [18] I. P. Mel’nichenko proved that there exists a unique
biharmonic algebra B with a non-biharmonic basis te, ρu for which

ρ = 2e1 + 2ie2 (2.3)
and ρ2 = 0.

Note that the algebra B is isomorphic to four-dimensional algebras over
R considered in [4, 21].

We use the Euclidean norm }a} :=
a|z1|2 + |z2|2 in the algebra B, where

a = z1e1 + z2e2 and z1, z2 P C.
Similarly to the paper [14], consider a biharmonic plane

µe1,e2 := tζ = x e1 + y e2 : x, y P Ru,
which is a linear span over R of the elements of biharmonic basis te1, e2u.

To a domain D of the Cartesian plane xOy we associate the congruent
domain Dζ := tζ = xe1 + ye2 : (x, y) P Du in the biharmonic plane µe1,e2 .

In what follows, ζ = xe1 + ye2 and z = x+ iy, where (x, y) P D.
Note that every function Φ: Dζ Ñ B has an expansion

Φ(ζ) = U1(x, y) e1 + U2(x, y) ie1 + U3(x, y) e2 + U4(x, y) ie2 , (2.4)
where Ul : D Ñ R, l = 1, 4 are real-valued component-functions. We use
the following notation:

Ul [Φ] := Ul.
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Taking into account that every non-zero point ζ in the biharmonic plane
µe1,e2 has the inverse element ζ´1 P B, we define a notion of a derivative
for functions Φ: Dζ Ñ B similarly to the complex derivative for complex-
valued holomorphic functions.

We say that a function Φ: Dζ Ñ B is monogenic in a domain Dζ if it
has the classical derivative

Φ1(ζ) := lim
hÑ0

h Pµe1,e2

(
Φ(ζ + h) ´ Φ(ζ)

)
h´1

at every point ζ P Dζ .
It is proved in [14] that a function Φ: Dζ Ñ B is monogenic in Dζ if and

only if each of its real-valued component-function in (2.4) is real differenti-
able in D and the following analogue of the Cauchy-Riemann conditions is
satisfied:

BΦ(ζ)
By e1 =

BΦ(ζ)
Bx e2. (2.5)

It is proved in [10, 11] that every monogenic function Φ: Dζ Ñ B has
derivatives Φ(n)(ζ) of any natural order in the domain Dζ and satisfies the
following biharmonic equation:

∆2u(x, y) ”
( B4

Bx4 + 2
B4

Bx2By2 +
B4

By4
)
u(x, y) = 0,

where ∆ := B2

Bx2 +
B2

By2 in the domain D due to the first relation in (2.1) and
the equality

∆2Φ(ζ) = Φ(4)(ζ) (e21 + e22)
2.

Therefore, all the components Uj : D Ñ R, j = 1, 4, in the expression (2.4)
are biharmonic functions in the domain D.

At the same time, every biharmonic function U(x, y) in D is the first
component U1 ” U in the expression (2.4) of a certain monogenic function
Φ: Dζ Ñ B:

U(x, y) = U1 [Φ(ζ)] , (ζ P Dζ). (2.6)

Moreover, all such functions Φ are described in [10, 11] for a bounded and
simply connected domain D. Using the uniqueness theorem (see [11]) this
result is generalized to unbounded and simply connected domains as well.
By the proof of this fact we use a description of monogenic functions P := Φ
with U1 [P ] ” 0 (see [10, Lemma 3]), that can be rewritten with the help
of the equalities (2.2), (2.3) and their corollaries:

ζ2 =
(
x2 + y2

)
e1 + 2xye2 + 2iy2e2, ye1 + xe2 = e2ζ ´ 2ie2y,
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in the form of a polynomial in the indeterminate ζ having at most second
order:

P (ζ) = ´ia ζ2 + (k ´ b e2) iζ + n ie1 + c e2 +mie2, (2.7)
where a, b, c, k, m, n are arbitrary real numbers.

3. MAiN RESULTS
Consider a Lamé system

$
&
%
∆u(x, y) + p Bθ(x,y)

Bx = 0,

∆v(x, y) + p Bθ(x,y)
By = 0,

(3.1)

where (x, y) P D, p P Rzt0u, and θ := Bu
Bx + Bv

By .
By a solution of the Lamé system (3.1) we mean its regular solution [2],

i.e., a pair of twice continuously differentiable functions (u, v) satisfying the
equalities (3.1).

Since the characteristic polynomial of the system (3.1) is

χ(s) = (1 + p)
(
1 + s2

)4
,

we simply conclude that the system (3.1) is of elliptic type for p ‰ ´1,
is degenerate for p = ´1. Moreover, for p ą ´1 a Lamé system (3.1) is
uniformly elliptic ([2]) and strongly elliptic by the notion of the paper [26].

For some positive values of p the system (3.1) is a Lamé system of equi-
librium equations of isotropic plane theory of elasticity with respect to the
vector of displacements

(
u(x, y), v(x, y)

)
([19,20]).

At the same time, the components of the vector of displacements u and
v are biharmonic functions in the domain D, and p = 1+λ/µ, where Lamé
constants λ and µ depend on elastic properties of an isotropic solid and
satisfy inequalities λ ą 0, λ+(2/3)µ ą 0 ([17, p. 22-23]). In particular, we
see that p ą 1/3.

Isotropic solids are known currently in practice only with p ą 1 corres-
ponding to the case λ ą 0 and µ ą 0 simultaneously ([17, p. 26]). Hence,
we assume that p ą 1 for Lamé system (3.1) of equilibrium equations of
isotropic plane theory of elasticity with respect to the vector of displace-
ments.

Let p ‰ ´1 (p ‰ 0). Using ellipticity of the system (3.1) we differentiate
the first equation of the system with respect to the variable x, and the
second with respect to the variable y. Then, adding obtained equations,
we the following equality

(1 + p)∆θ = 0.
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Hence the function θ is harmonic in the domain D, and components u, v
of any solution (u, v) of the system (3.1) satisfy the following equalities

∆2u = ∆2v ” 0, (p ‰ ´1). (3.2)

Therefore, similarly to the case of Lamé system of equilibrium equations of
isotropic plane theory of elasticity, u and v are biharmonic in D functions.

If p = ´1, then we say that (u, v) is a biharmonic solution of Lamé
system (3.1) if it is a solution of (3.1) such that its components u and v are
biharmonic functions in D.

In what follows, by the domain D of Cartesian plane xOy we mean such
domain that its congruent domain tz = x + iy P C : (x, y) P Du of the
complex plane C (or of the extended complex plane) is simply connected
(though not necessarily bounded).

Theorem 3.1. A general solution of Lamé system (3.1) with p ‰ ´1 is
expressed by the formula

u(x, y) = U1 [Φ(ζ)] , v(x, y) = U1 [AΦ(ζ) +Q(ζ)] , (3.3)

where Φ: Dζ Ñ B is an arbitrary monogenic function,

A := i
(
e+

(
1
2 + 1

p

)
ρ
)
,

B :=
(

´ c
2 + m

p i
)
e´

(
2+p
4p

)
c ρ,

Q(ζ) := B
2 ζ

2 + b1ζ + b0, (ζ P Dζ),

(3.4)

c, m are arbitrary real numbers, b1 and b0 are arbitrary elements of the
algebra B.
A general biharmonic solution of Lamé system (3.1) with p = ´1 is

expressed in the form

u(x, y) = U1 [Φ(ζ)] , v(x, y) = U1

[
AΦ(ζ) +

ib

6
ζ3 +Q(ζ)

]
, (3.5)

where Φ: Dζ Ñ B is any monogenic function, A and Q are defined by (3.4)
with p = ´1, and b is an arbitrary real number.
Proof. First we prove that a general solution of Lamé system (3.1) with
p ‰ ´1 is represented in the form (3.3). Due to (3.2) and (2.6), we see
that any solution (u, v) of Lamé system (3.1) can be represented by the
following formulas:

u(x, y) = U1

[
Φ(ζ)

]
, v(x, y) = U1

[
Ψ(ζ)

]
(3.6)
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where ζ P Dζ , and Φ and Ψ are monogenic functions in Dζ . Our aim is to
find all these pairs Φ and Ψ. Then we can write a general solution of the
Lamé system by the formula (3.6).

Applying (2.5) to (3.6) we get the following equalities:
∆u = U1

[(
e+ e22

)
Φ2], ∆v = U1

[(
e+ e22

)
Ψ2],

θ = U1

[
Φ1 + e2Ψ

1],
Bθ
Bx = U1

[
Φ2 + e2Ψ

2], Bθ
By = U1

[
e2Φ

2 + e22Ψ
2],

after that the system (3.1) turns into
$
&
%
U1

[(
e+ e22 + p

)
Φ2(ζ) + pe2Ψ

2(ζ)
]
= 0,

U1

[(
e+ e22 + pe22

)
Ψ2(ζ) + pe2Φ

2(ζ)
]
= 0,

(ζ P Dζ). (3.7)

By the help of (2.7), the system (3.7) is equivalent to the following one:
$
&
%

(
e+ e22 + p

)
Φ2(ζ) + pe2Ψ

2(ζ) = P (ζ),
(
e+ e22 + pe22

)
Ψ2(ζ) + pe2Φ

2(ζ) = rP (ζ),
(ζ P Dζ), (3.8)

where P and rP are polynomials of the form (2.7). Coefficients of the polyno-
mial rP in (3.8) are obtained from the formula (2.7) by replacing coefficients
with appropriate coefficients with upper tilde. For example, the coefficient
near ζ2 in rP is (´i)ra, ra P R.

As a consequence of (2.3) we get the following equalities:
e2 = i

(
e´ ρ

2

)
, e´1

2 = ´i (e+ ρ
2

)
. (3.9)

Substituting them into the first equation of the system (3.8), we get that
Ψ2(ζ) = AΦ2(ζ) ´ i

p

(
e+ ρ

2

)
P (ζ), (ζ P Dζ), (3.10)

where the constant A P B is the same as in (3.3).
Substituting (3.10) into the second equation of the system (3.8) and

applyng simple transformations, we get the following equality

i
(
e´ (12 + 1

p

)
ρ
)
P (ζ) = rP (ζ), (ζ P Dζ). (3.11)

Taking into account expressions of P and rP and differentiating twice the
equality (3.11) with respect to variable ζ, we get the relation between co-
efficients of polynomials P and rP near ζ2:

a
(
e´ (12 + 1

p

)
ρ
)
= ´ira. (3.12)
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Now from the uniqueness of expansion by the elements of the basis te, ρu,
we get from (3.12) that

a = ra = 0. (3.13)
Substituting now (3.13) and (3.9) to (3.11), differentiating then the ob-

tained equality by the variable ζ, we get relations between coefficients of
polynomials P and rP near ζ:

(´k + ib
)
e+

((
1
2 + 1

p

)
k ´ (1 + 1

p

)
bi
)
ρ =

(rb+ irk
)
e´ rb

2ρ. (3.14)

Using the uniqueness of expansion by the elements of the basis te, ρu, we
obtain from (3.14) the following system of equations

$
&
%

´k + ib = rb+ rki,
(
1
2 + 1

p

)
k ´ (1 + 1

p

)
bi = ´rb

2 .
(3.15)

Since p ‰ ´1, it follows from (3.15) that
b = k = rb = rk = 0. (3.16)

Using (3.13), (3.16) and (3.9), the equality (3.11) after elementary trans-
formations reduces to the following one:

´ (c+ n+mi)e+
((

1 + 1
p

)
c+

(
1
2 + 1

p

)
n+

(
1 + 1

p

)
mi
)
ρ =

= (´rm+ (rc+ rn) i) e+ rm´rc i
2 ρ.

Now, taking into account the uniqueness of expansion by the elements of
the basis te, ρu, we get the following system of equations:

$
&
%
c+ n+mi = rm´ (rc+ rn) i,
(
1 + 1

p

)
c+

(
1
2 + 1

p

)
n+

(
1 + 1

p

)
mi = rm

2 ´ rc
2 i.

(3.17)

A condition of solvability of the system (3.17) is
n = ´ (1 + p

2

)
c, (3.18)

where c is any real number. Under that condition (3.18) the solutions
(rc, rn, rm, c,m, n) of the system (3.17) are given by the following formulas:

rc = ´(2 + 2
p

)
m, rn =

(
1 + 2

p

)
m, rm = ´p

2 c,

where c and m are any real numbers, and n is obtained from c by the
formula (3.18).

Then (2.7) turns into

P (ζ) = ´
(
m+ p i

2 c
)
e+ m´ic

2 ρ, (3.19)

where c and m are any real numbers.
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Substituting (3.19) into (3.10) and doing elementary transformations we
get the equality

Ψ2(ζ) = AΦ2(ζ) +B, (ζ P Dζ). (3.20)
The equality (3.20) simply yields the equality

Ψ(ζ) = AΦ(ζ) +
B

2
ζ2 + b1ζ + b0 ” AΦ(ζ) +Q(ζ), (ζ P Dζ)

where b1 and b0 are any elements in B. It also implies the equality (3.3),
which can now be represented as follows:

u(x, y) = u1(x, y) + u0(x, y), v(x, y) = v1(x, y) + v0(x, y), (3.21)
where

u1(x, y) :=U1 [Φ(ζ)] , v1(x, y) :=U1 [AΦ(ζ)] ,

u0(x, y) :=U1 [P (ζ)] ” 0, v0(x, y) :=U1 [Q(ζ)] ,

and P is defined by the formula (2.7) with arbitrary corresponding coeffi-
cients.

Natural substitution u = u1, v = v1 in (3.1) yields the equivalent sys-
tem (3.7) whose left-hand sides equals zero: this can be seen by elementary
transformations. Thus, (u1, v1) is a solution of Lamé system (3.1).

Similarly, we conclude that the pair of functions u = u0 ” U1 [P (ζ)],
v = v0, satisfies Lamé system (3.1). Summarizing the obtained results, we
conclude that a general solution of Lamé system (3.1) with p ‰ ´1 can be
expressed by the formula (3.3).

Consider the case p = ´1. Then for any biharmonic equation of Lamé
system (3.1) equalities (3.6)-(3.15) are fulfilled with p = ´1.

A general solution of the system (3.15) with p = ´1 is a set of ordered
real quadruples (b, k,rb,rk), where

k = rb = 0, rk = b, (3.22)
and b is any real number. Therefore the equation (2.7) turns into

P (ζ) = b
(
e´ ρ

2

)
ζ + nie+ (´m+ ci)

(
e´ ρ

2

)
, (ζ P Dζ), (3.23)

while the equality (3.11) reduces to the following one:
biζ ´ (c+ n+mi) e´ n

2 ρ = biζ +
(´rm+ (rc+ rn) i

)
e+ rm´rc i

2 ρ.

Thus, we obtain the following system of equations:
$
&
%
c+ n+mi = rm´ (rc+ rn) i,

´n
2 = rm

2 ´ rc
2 i.

(3.24)
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A general solution of the system (3.24) is a set of ordered 6-tuples
(rm,rc, rn, n, c,m), where

rm = c
2 , rc = 0, rn = ´m, n = ´ c

2 ,

here c and m are any real numbers.
Substituting a general solution of the system (3.24) into (3.23), we will

see that P (ζ) turns into the form
P (ζ) = b

(
e´ ρ

2

)
ζ +

(´m+ c
2 i
)
e+ m´ic

2 ρ.

Thus, (3.10) will be written as follows:
Ψ2(ζ) = AΦ2(ζ) + ibζ +B, (ζ P Dζ), (3.25)

where A and B are given by the formula (3.4) with p = ´1.
Now, we get from (3.25) that

Ψ(ζ) = AΦ(ζ) +
ib

6
ζ3 +Q(ζ), (ζ P Dζ), (3.26)

where b is any real number, and Q is defined by (3.4) with p = ´1.
Substituting (3.26) into (3.6), we get

u(x, y) = u2(x, y) + u1(x, y) + u0(x, y),

v(x, y) = v2(x, y) + v1(x, y) + v0(x, y),
(3.27)

where uk and vk, k = 0, 1, are defined in the same way as in the for-
mula (3.21) (but with p = ´1), and

u2(x, y) := u0(x, y), v2(x, y) := U1

[
ibζ3/6

]
.

Analogously to the case p ‰ ´1, we obtain that a pair of functions
(uk, vk), k = 0, 1, satisfy the system (3.1) with p = ´1.

It easy to show that the pair of functions u = u2, v = v2 satisfies the
system (3.1) as well.

Summarizing obtained results, we conclude that a general biharmonic
solution of of Lamé system (3.1) with p = ´1 is expressed in the form
of (3.5). Theorem 3.1 is proved. □

Using (2.3) and (3.9) it is easy to establish following consequences of
Theorem 3.1.

Corollary 3.2. Componentwise the equality (3.3) has a form
u(x, y) = U1 [Φ(ζ)] ,

v(x, y) = ´2
(
1 + 1

p

)
U2 [Φ(ζ)]´

´
(
1 + 2

p

)
U3 [Φ(ζ)] +Q1(x, y), (ζ P Dζ),

(3.28)
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where
Q1(x, y) :=

1
2p Re

(
(mi´ (1 + p) c) z2 + (2m+ cp i) yz

)
+

+U1 [b1]x+U3 [b1] y +U1 [b0] ,
(3.29)

and the componentwise form of (3.5) is obtained from (3.28) by replacing
Q1(x, y) in (3.29) with the sum (b/6)Re

(
iz3 + 3yz2

)
+Q1(x, y).

Corollary 3.3. Theorem 3.1 still holds if in the equalities (3.3) and (3.5)
the symbol Φ is replaced with the product C Φ, where C is any non-zero ele-
ment in B, while an element A is replaced by the product CA. In particular,
if C = e2, then (3.28) can be written as follows:

u(x, y) = U3 [Φ(ζ)] ,

v(x, y) = ´
(
1 + 2

p

)
U1 [Φ(ζ)] +

2
p U4 [Φ(ζ)] +Q1(x, y), (ζ P Dζ),

(3.30)

and a componentwise analogue of (3.5) is obtained from (3.30) by replacing
Q1 in (3.29) with the sum (b/6)Re

(
iz3 + 3yz2

)
+Q1(x, y).

Remark 3.4. The case p = ´1 in Theorem 3.1 has a great importance.
Because when we pass through the value p = ´1 to another value p ‰ ´1,
we see that appropriate expressions of solutions (possessing a property that
components of solutions (u, v) are biharmonic functions) of the system (3.1)
change their form (compare (3.3) and (3.5)). A similar situation occurs in
the paper [13] during the process of building polynomial solutions of the
Lamé system (3.1).
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