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ABSTRACT. The quadratic optimization problem of finding maxi-
mum k-plex in undirected graph is formulated. It is demonstrated
that the quadratic problem can be obtained from well-known linear
Boolean problem for maximum k-plex. Two families of functionally
superfluous quadratic constraints obtained from Boolean problem
constraints are reported.
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PE3IOME. ¥ cTtarTi chopMyIb0BaHO KBaPATUYUHY ONTUMI3AIIHY
3aJ1a9y JIJIsl 3HAXOJKEHHsI MAKCUMAJIBHOIO k-TIJIeKCa Y HEeOPiEHTOBa-
womy rpadi. [Tokazamno, 1110 KBapaTUIHy 33,189y MOXKHO OTPUMATH 3
Bitomol siHiitHOT OysIeBol 3aMa4i /1 MaKCUMAaJILHOTO k-Timekca. Ha-
BEJIEHO J[Ba ciMeiicTBa (DYHKITIOHAIBHO HAJJIUINKOBAX KBAAPATHIHAX
0OMeXKeHb, sIKi OTPUMAHO 38, JOTIOMOT0I0 0OMeKeHb Oy/IeBOl 3a,/1ati.
KUIIOYOBI CJIOBA: MakcuMajbHUI k-TIJIEKC, KBaJpaTHIHa OIITHMI-
3ariitHa 3aja4a, 3aja4a OyJIeBOrO JIHINHOIO mporpaMmyBaHHs, dyH-
KITIOHAJIHHO HAJJIAIIKOBI OOMEsKEHHSI.

Bcryn

CrpykTypHi BJIaCTUBOCTI I'pada CyTTEBO 3aJI€2KATh BiJl TOI'O, Y1 MAIOTh OKpe-
Mi MAMHOXKWHI 3 MHOXKWHI BEPINNH Tr'pada MMeBHi, Hamepes 3aaHi BIACTHUBO-
cri. 3amadil 3HAXOMKEHHST MaKCHMAJbHUX 3a IOTYKHICTIO TaKUX IIiIMHOXKHWH
MaloTh pizHOMaHITHI 3acrocyBanus [1]. OKpeMuM BUIIAIKOM TAKHUX I IMHOXKIH
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€ k-mnekcu. Ile monsitTst y1si HeopienToBanoro rpada Oyino BBeene B 2], a
3a/1a49a 3HAXO/[KEHHsI MAKCHMAJIbHOTO k-TieKca HeopienToBaHoro rpada |2, 3|
BUHUKAE Ta aKTUBHO BUKOPUCTOBYETHCS IPU aHAJI3I COIMIabHUX, T€JIEKOMYHi-
Kanifinux ra inmmx mepex [4]. IIpu k = 1 k-1iekc 36iraeTbest 3 KIiKO0O (IOBHUM
migrpacdom) rpada. [Ipu k > 1 k-miekc € ocaabaeHHsAM HOHATTS KJIKH Tpa-
da 1 BiamoBimae caabKImmmMM BIMOTraM Ha BKJIIOUEHHsI BEPIUHU B k-ILIEKC, HiXK
BUMOI'M Ha BKJ/IIOYEHHS BEPIITUHU 0 KJIKH.

Y crarti [3] 3amady 3HAXOKEHHST MAKCUMAJILHOTO k-1171eKca ¢pOPMYIHOBAHO
y dopwmi 3agadi OysieBoro JiniitHOro mporpamyBanis. Huxkde 1o 3agady cdop-
MYJIbOBAHO K KBaJIpATUYHY ONTHMI3alliifHy 3aJady Ta MPOBEJIeHO 11 aHaJi3,
Opi€HTOBaHUiI HA 3aCTOCYBAaHHs TEXHIKH JIArPAHYKEBUX JBOICTUX OIHOK [5].

[TocinoBHicTh BuKIIaay MaTepiaay Oyie Takoio: y posaii 1 HaBeeHo 3a-
rajibHi BifoMocTi mpo k-TjieKC, y PO3Iijii 2 OmucaHo MHOXKUHY JOIYCTUMUX
pO3B’sa3KiB 1151 k-111ekca rpada G 3a JI0II0MOI0I0 CUCTEMH KBAAPATUYHIX 00OMe-
JK€Hb. Y PO3/ijii 3 PO3TJIAHYTO KBAJAPATUIHY 38129y 3HAXOIZKEHHST MaKCUMaTb-
HOrO k-TIJIEKCA Ta IIPOAHAII30BaHO 11 3B’930K i3 O6y/1eBOI0 JiHIHHOIO ITOCTAHOBKOIO
3 [3]. Tam ke posriisiHyTO ciMeiicTBa QYHKIIOHAIBLHO HAJ[IUIIKOBUX OOMEXKEHb
JJIsl yTOYHEHHS JIATPAHKEBUX JIBOICTUX OIHOK Y KBaJIpaTWIHiil 3aat4di, o 6a-
3yIOThCs Ha, BUKOPUCTAHHI 0OMEKeHb JIIHIFHOT Oy/1eBOl 3aJia4i JIJIs MaKCHMaJIb-
HOTO k-TLTEeKcA.

1. 3ATAJIBHI BIZOMOCTI ITPO k-IIJIEKC

Hexait G=(V, E') — neopienrosannii rpad i3 muozkunoro sepummn V={1,...,n}
Ta MHO2KIHOIO pebep F. Pebpo rpada G, 1o 38’s3ye Bepman ¢ € V ta j € V|
6yaemo nosuadaru (i,j) € E. lna rpada G 6yje BUKOPUCTOBYBATUCS TaKOK
inma dopwma itoro npencrasnenus: G = (V,I'), ne I' = {I'(é), i = 1,...,n},
a I'(1) — kiHIEeBl BepIIMHA THX JIyT, y SKAX MOYATKOBOIO BEPIIMHOIO € BEPIIU-
na ¢. KisibkicTb pebep rpada G B 060X mpeicTaBIeHHSAX 3B’ sA3aH] CIiBBIHOIIEH-
mam: |E| = 137,01 [T(4)]. Kommnementapuuit 1o G rpad 6yiemo nostadarn
G = (V,E) abo G = (V,T), ne (i,j) e EiT ={T(4), i =1,...,n}.

Ozuavenns 1. Ilinvmuoxkuna Bepmmu S i3 V' HazuBaeTbes k-11ekcoMm rpada
G, SKIO CTYIHb KOXKHOI BepIuHu B iHyKoBanomy migrpadi G[S] (miarpadi,
HOPO/ZKEHOMY IiIMHOKIHOIO S) € He MeHIow, Hix |S| — k.

[Migvmuoxkuna S C V e k-11eKcoM, FKIIO BUKOHYETbCS TaKa yMOBa
degqs (i) = [T(i) () S| = |S| — & ViesS.

k-ILekc € MaKCHMaIbHIM 38 BK/IIOUEHHAM (maximal), siKImo BiH He MICTHTBCH
Hi B gkoMy iHmomy k-turekci. Haitbiapmmit 3 MakKCUMa/IbHUX 38 BKJIIOYEHHSIM
k-TUTeKCIB HA3MBAETHC MaKCHMAIBHUM (maximum), Horo po3mip HA3MBAETHCS
k-mtekcnmM unciiom rpada G ta nosmadaerbes pi(G) [3]. Ouesmano, mo
1-mnekc € kiikoro rpada GG, TOMY 110 CTYIIHb KOXKHOI BEPIITUHU B 1HIYKOBAHOMY
nigrpadi G[S]| e menme, nixk |S| — 1, a me o3mnadae, Mo KOXKHA 3 BEPIINH Y
nigrpadi G[S] 38’g3ana 3 ycima inmmMu BepmuHamu, To6To migrpad G[S] e
noBHnM migrpadom (kiaikoo) rpada G. ¥V manomy Bunaixy pi(G) = w(G), ne
w(G) — wiikose uuciio rpada G (po3mip #oro MakCHMaIbHOI KIIKH).
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[Mousitrst co-k-mnekca rpada G, TakoXK BBejeHe B [3], € y3arajbHeHHSIM TI0-
HATTS He3ajeKHOol MHOXKMHK BepinuH rpada G. Ilpu k = 1 co-k-mekc 36i-
raeThCs 3 HE3AJIE’KHOI0 MHOXKUHOIO Bepiiud rpada. [Ipu k > 1 co-k-mexc €
0CJTabIEHHSIM TIOHATTST HE3aJeKHOT MHOKWHHU BepiinH rpada (BiIoMol Takox
SIK BHYTPINIHBO CTiiKa MHOXKIHA).

Ozuavenns 2. Ilinvmuoxkuna Bepiun S 3 V HazuBaeTbes co-k-1miekcom rpada
(G, SIKIIO0 BUKOHYETHCS TaKa yMOBa

deggg (1) = [T(i) [ S| <k —1 Vi e S.

Orxke, S C V € co-k-miekcoM, SIKIO CTYIiHB KOXKHOI BEPIIUHU B iHIYyKO-
BaHoMy miarpadi G[S| € ue 6lbmmoro, Hixk k — 1. OueBngHo, mo co-1-1ekc €
HE3aJIE’KHOI0 MHOYKUHOKO BepinuH rpada G, OCKIJIbKY CTYIIHb KOXKHOT BEPIITMHN
B ingyniitoBanomy miarpadi G[S]| mopiBHioe Hyilo, a 11 0O3HAYAE, 10 KOXKHA 3
Bepime y miarpadi G[S] He 3B’s13aHA 3 YKOJHOIO 3 IHIIMX BepuMH mijgrpada
G[S]. Bigmitumo, mo co-k-ttekc i k-tieke jyisi rpada G 3HAXOIATHCS B Ta-
KOMY 2K 3B’¢I3KYy $K KJika rpada G i HesajexHa MHOXKUHA BepiiuH rpada G.
Towmy migmuoxkuua S € co-k-tekcom rpacda G Tomi # TibKu TOi, Koy S €
k-mtexcom jutst KoMiuiemMenTapHoro rpada G.

2. KBAIPATUYHI OBMEXKEHHS /14 k-TIJIEKCA
Hexait Bepmni ¢ € V' (i = 1, 2,...) Bianosinae Gynesa 3minna x; € {0,1}
Taka, 110
. 1, akmo i€ 5,
10, skmo i€ V\S.
Bynesi aminni z;, ¢ =1, ..., n OyIyTb OMUCYBATHUCA 38 IOIIOMOIOI0 KBaIPATH-
IHIUX 0OMerKeHb-PiBHOCTEIH

-z, =0 VieV. (1)

(2

[To6ymyemo Taki KBapaTuaHi 0OMeXKeHHsI, 00 i IMHOKUHA S OyJra k-TIJIEKCOM.
[Ti obMezkeHHsT MOBUHHI 33aBATH BUMOI'H HA Te, MO0 CTYIiHb KOXKHOI BEPIIITHI
i € Sy marpadi G[S] 6ysna He menmmow 3a |S| — k, Tobro, mob y miarpadi
G[S] xiabKicTh JIyT, 10 BUXOJSTD 13 KOXKHOI BepIuHy ¢ € S Oysia He MEHIIO0
za |S| — k.

Hexait BepinHa ¢ HaJIeXKUTh MiAMHOKWHI S, To6TO x; = 1. [lodHauuMo yepes
N, (i) cryniap Bepmuan ¢ y miarpadi G[S], T06T0 KIBKICTB JIyT, 0 BUXOIATH
3 Bepmman ¢ € S. Toxi B migrpadi G[S] cryneni Beprmmu i3 nigvuoxuan S
33JaI0ThCS 34 JTOIIOMOI'0I0 CIMEHCTBa CIiBBIIHOIIEHD

Ne(i)= > x; VieS. (2)
Jer(@)
3 piBusiaud |S| = ) jev Tj Ta YMOBH, M0 MHOKHHA S € K-ILIEKCOM, OIePZKYEMO
HepiBHOCTI
Ne(i) = |8 —k= Y z—k Vies. (3)
JET (@)
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I3 criBBignommens (2) Ta (3) omepKyeMo ciMeHCTBO HepiBHOCTEI

x> aj—k Vies, (4)
SN0) jev
[IpU BUKOHAHHI SIKMX BCi Ti BepiuHu ¢ € V', mys gxux x; = 1, 6y1yTh yTBOPIO-
BaTu k-ILIeKc.

Opnak, HepiBHOCTI THIy (4) HE OY/IyTh BAKOHYBATHCS JIJIsl TUX BEpIIUH i € V|
Jist sikux x; = 0, To6ro st Beix z; € V\S. duist Toro, mob ojepatn KBajpa-
TUYHI HEPIBHOCTI, 10 OyAyTh CIpaBeIIMBUMU 1 g 3MiHHUX z; = 0, H0CUTH
06u/Bl yacTHHU HepiBHOCTI BUIIsALy (4), IO BiINOBiIAa€ BEPINUHI 7, TIOMHOXKU-
TH Ha 3MIHHY Z;. 3 OIJIAY Ha HEBil' €MHICTH 3MIiHHOI ; 3HAK HEPIBHOCTI IIiC/Ist
MHOXKEHHsI He 3MIHUTbBCH, 1 B PE3yJIbTaTi OJeP>KUMO TaKi HEPiBHOCTI

X; ij > x; Zl’j—k Vi eV,

FED(i) jev

K1 MOXKHA TIEPENNCATA Y BUIJISI

Z Tixj > szarj kx; VieV. (5)

JeT(4) JjeV

Ksasparmani nepisrocti (5) pasou i3 oomezkentsamu (1) MOBHICTIO OIHACYIOTH
YMOBH, 3a SIKUX BEPIIUHU i HajexkaTh k-tutekcy. [iiicno, wepisrocti (5) 6yayTh
CIIpaBeJINBI MJISI TUX BEPINWH %, NI AKUX T; = 1, OCKITBKI BOHU MEPEXOIITH
B obmezkenns (4). Hepisrocti (5) 6yayTh cripaBeyinBl TAKOXK IS YCIX BEPITHH
1, I akuX x; = 0, TOMy IO BOHU NEPEXOIATH Y TPUBiaJIbHy HepiBHICTH 0 > 0.

3posymisio, 1o 3a JonoMorow obMeKeHb y BUIIAl piBHOCTel (1) Ta y BU-
sl HepiBHOCTed (5) MOYKHA onmcaTy JOIyCTUMI OyiieBl po3B’si3Ku, sIKi BiANO-
Bigaore k-mekcy. Ilpu mpomy 3mict obmexkensb (5) Oyjie 110B’si3anmit i3 iHTEp-
MIPETAIIEI0 CTYIIEHsT BEPIIUHU, K I[OI'0 BUMAarae MOHITT k-TIJIeKCa, — B HbOMY
cTyninb BepiuHu ¢ € S Ginbine abo popisuioe |S| — k. iiicHo, npasa yacru-
Ha oOMexkeHHsI (5) Jiisl BEPIINHHU 4, 1[0 HAJIEXKUTh k-IUIEKCY, BKa3ye KUIbKICTh
pebep, 1o BUXOAATH 3 i-1 BePIIMHH, 3 ypaxyBaHHAM TOro, o r;xr; = 1 jmuie
TOJIi, KOJIM 00M/IBl 3MiHHI x; Ta Xj JTOPIBHIOIOTH OJUHHUIL.

Hepisuicts (5) moxua cupocrura. [Tomitimo, 1o

Zazj— Z Tj + Z Tj + ;.
JEV JET () FET(3)

Toxi mepiBHOCTI (5) MOYKHA IEPENNCATH TaK

Zmzx]> Zxﬂ]—i— Zxﬂs]—{—x —kx;, Vi€V,

JET () JET () jeT (i)
3BLIKHT
Z ;T §kxi—:1;? Vi eV.
Jer()
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3 ypaxysamHsM Toro, mo ¥; = x2 (aus. dopmyy (1)), ocranmi mepisnocti
MOZKHA TIEPENICATH TaK

Z zriz; < (k—1)z; VieV. (6)

Jer(s)

Hepisrocti (6) pasom i3 piBrocTsiMz (1) MU IOKJIQ€MO B OCHOBY KBaZPATHIHOL
MOJTET JIJTsT 3HAXOPKEHHST MAKCUMAJIBHOTO k-Ttekca rpada G.

BimviTumo, mo KBapaTuaHuM HepiBHOCTM (6) MOXKHA HATATH IHIIHIT 3MICT,
uik HepiBHocTaM (5). HepiBaocti (6) nmo’si3ani 3 KomiieMeHTapHUM Ipadom
G 1 onuCyOTh Taky ITiJIMHOXKHUHY BEPIIUH S, 10 CTYIiHb BEPINWHU B 1HJIYIT-
floBaroMy mieto migmuOKuHOW Hiarpadi G[S] e 6inbma 3a (k — 1). iiicHo,
JUIst TUX BepiuH ¢ € V., st skux x; = 1, HepiBrocTi (6) piBHOCHJIBHI TaKuM
HEPIBHOCTSIM

Y a;<(k-1) Vies,

JET ()
a NIl TUX BEPINUH %, I 9KuX T; = (0, BOHU PIBHOCH/IbHI TPUBIAJIHHUM HEPiB-
nHoctsM 0 < 0. Tomy ommc mizmuokuuE S 3a j010MOroI0 HepiBHOCTEl (6) Ta
piBHOCTE# (1) JIOriYHO iHTEPIPETYBATH SIK OIHUC CO-k-TJIEKCA JJIsi KOMILIEMEH-
tapaoro rpada G.

3. KBAZIPATUYHA BVJIEBA 3AJIAYA 1714 pi (G)
YpaxoByioun, mo oomexenns (1) ta (6) onucyioTh MHOXKHUHY JIOIMYCTHMUX

BapiaHTIB yTBOpeHHsT k-ILIEKCa, JJIsT 3HAXOXKEHHsSI MAKCHMAJBLHOTO K-ILJIeKCa
rpacda G onTuUMIZAIiiHY KBaPATHIHY 3aa7y MOXKHa C(hOPMYJIIOBATH B TaKiii

dopwmi

pu(G) = max 3 (7)

Ipu OOMEXKEHHSIX
Zx,x]_ (k—1)z; YieV, (8)
]EF

i —x;=0 VieV. (9)

1
3posymiso, 1o 3amady (7)—(9) MoxkHA iHTEPIIPETYBATH SIK 3311y 3HAXO/[XKE-
HHA MaKcHMaJbHOro co-k miexca rpada G. Iz (7)—(9) nerko omepxartu dop-
MyJIIOBAHHS KBaJIPATHIHOI ONTHMI3aIiiHOl 3a1a4i 11s co-k-miekca rpada G.
st poro gocuthb y cymi JiBol wacTuan oOMekeHHs (8) 3aMicThb miJicyMOBYBa-
nng no j € I'(i) suxopucroBysaTu migcymosysannsg 1o j € I'(i). Tobro, skimo
obmezkenHst (8) 3aMiHuTH HA

Y wmi < (k-1)a; VieV, (10)
JET(9)

TO MU OJIEPKUMO (POPMYJIIOBAHHS KB IPATHIHOI ONTUMI3aIlfHOI 3a/1a49i 3HAXO-
JIZKEHHsT MaKCUMAJIBLHOTO co-k-11ekca rpada G.
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DopmysmoBanis 3a1a4i (7)—-(9) Moxkna oxeprkary i3 3amati OysreBoro Jiniii-
HOT'O IPOrpaMyBaHHs, 3alPOIOHOBaHOl B [3]:

o (G) = mxaxz X (11)

2%
Ipu OOMEKEHHIX
Yo oap<(b-Dri+di(1—m) VieV, (12)
JET ()
x; € {0, 1}, VieV, (13)

ne d; = |T'(7)|. Jliniitai oomexxenns (12) mobymoBano 3a cXeMoro, IoIi6HOIO Tiil,
10 BUKOPUCTOBYBAJACS y TOMEPEIHBOMY PO3/ILI IPH IIepexo/ii Biji 0OMeKeHb
(4), cupaegymBux juist @ € S (upu z; = 1), 10 obmexkens (5), 1m0 € crpase-
JqBuMEu TakoxXK st ¢ € V\S (mpu x; = 0). Opnak, mpaBusio st Toro, mob
obmexkennst (12) BukoHyBasucs st Oyab-sakux i € V\S, ryT 6yze inmmm. [pu
x; = 1 obmerxkennst (12) BUKOHYIOTHCsI sIK HEPIBHOCTI

Y a;<(k—-1) Vies,
F€L (i)

sIKi TIOBUHHI OyTHU ClIpaBeJIMBUME st co-k-1iekca rpada G, mo 36iraeTbes 3
k-tutekcom rpada G. Ilpu x; = 0 obmezkennst (12) nepexonsTsh y HepiBHOCTI

S a<d =00 ien\s,

sKi € CrpaBeJJIuBUME, 60 B SIKOCTI BEpXHBOI I'DAHUIl Ha CTYIEHI BEPIIUH, 110
He BXOIATL y co-k-Tiiekc rpada (3, BUKOPHCTOBYETLCS MAKCHMAILHO MOYKIIH-
Ba KiIbKicTh pebep, Mo BUXOAATL 3 Koxknol 3 Bepmmu rpada G. Ti 3 mmx
oOMeXKeHb, JIe He BCi 3MiHHI ITiJ] 3HAKOM CYMH JOPIBHIOIOTH OJUHUII, OyIyTh
HaJ[JTUIITKOBUMU.

I3 samadi Jiniitnoro Gysnesoro nporpamysanus (11)—(13) nerko omepxkaru
kBasparnany 3azxady (7)-(9). s nporo ciin obmexxenns (13) saminuru na
BianoBinHuWit Heminiitnuit amasor (9), a oOMeXKeHHs, K€ BIIHOCHTHCA 110 -1
Bepruman 3 (12), momuoKuTH Ha 3MiHHY ;. B cmiy mHeBim'emnocTi 3MiHHEX
z;, ¢ =1, 2, ... 3HaKW HEPIBHOCTEN PN MHOYXKEHHI He 3MIHATHCA, 1 B PE3YTh-
TaTl OJIEePKUMO

Z zix; < (k—Va? +di(1 —a)x; Vi€V,
7T ()
3BiJIKH, 3 ypaxyBaHHAM Toro, mo (1 — z;)z; = z; — xf = 0 g Bcix © € V),
IPUXOIUMO 10 0OMeXKeHb (8).
3posymino, mo koxua 3 3a1a4 (7)-(9) ta (11)-(13) mae cBol mepesBarm Ta
cBOl HejoJliKn. Tak, HAIPUKIIA/, HAWCYTTEBIIIA ITepeBara KBaJpaTudHol 3a/a-
9i HaJ JIHIAHOIO OY/IEBOIO IOJISATAE B TOMY, IO HE3HAYHUM YIOCKOHAJIEHHSIM

85



KBAIPATUYHA 3AJAYA /14 MAKCHUMAJIBHOI'O E-IINIEKCA ...

sazadi (7)—(9) MoxkHa chopMyTIOBATH KBaIPATHIHI ONTHMI3AIIAH] 3a1atdi 3HA-
XOJIZKEHHST MAKCHMAJIbHUX 3& PO3MIPOM HiIMHOXKUH rpada 13 CHIbHIIIIMHA BJia-
CTHUBOCTSIMH, HIXK Kk-TTeKC abo co-k-TIeKkc, — JIOCTATHLBO JINIE MOCUINTHA BHU-
MOT'y Ha BKJIIOYEHHS BEPIINH y I HMiAMHOXKWUHE. Tak, HAIIPUKJIAT, YMOBIMOCS
miz ,,crporum® k-tiekcom rpada G po3yMiTH T IMHOXKUHY HOTO BEPIIUH, IS
SIKUX CTYIIHb BEPIIMHE JOPIBHIOE | S| — k. AHAJIOrI9HO BBEIEMO MOHSITTS ,,CTPO-
roro“ co-k-1mekca: B HbOMY CTYIIHDb BEPITUHE J0piBHIOE piBHO k — 1. 151 TOTO
100 cpOpMyIIOBATH KBaIPATUIHI 33/1a9] 3HAXOKEHHT MAKCHMAJIbHUX 13 1IHX
IIIMHOXKHH, JIOCHTB B 0OMezkeHHsX (8) Ta (10) 3amicTb HepiBHOCTEH BHKOPHCTO-
ByBaTu piBHOCTI. JlJIs1 3HAXOKEHHST ,,cTpororo” k-iiekca rpada G oOMeKeHHsT
(8) cuiy 3amMiHUTH HA OOMEXKEHHSI

Z Tixj = (k — 1)xi, Vi eV,
JEL (i)
a JJIsl 3HAXOJKEHHsI ,,cTpororo” co-k-ujekca rpada G obomexenns (10) cis
3aMIHUTH Ha TaKi:
Z TiTj = (k‘ — 1)$¢, VieV.
J€T(@)

Jlo mepeBaru siuitinoi OysieBol 3ajadi HalT KBAAPATUIHOIO MOXKHA BiIHECTHU
Toit dakr, 1o s 3agaqi (11)—(13) serko mizpaxoByBaTu BEepXHi OIHKY JIJIsi
pr(G) 3a monomororo perakcaiii obmexkennst (13). ¥V psii BUnNaiKiB, Hapu-
ka1, Kouu pg(G) Gyse Gibiie n/3, 11i OIIHKY, SIK TPABUJIO, MOYXKYTh BUSBUTHUCST
6iabin epekTUBHUME OIHKaMu 3Bepxy ist px(G). Y pesysbrari Jjisi JesiKux
crieniaabHUX rpadiB Ha 6a3i MeTO/ly T'iJIOK Ta T'PAHUIL MOXKHA PEaTi3yBaTH
HIBUJIKI aJrOPUTMHU JIJIst 3HAXO/KeHHsT pk(G).

BHaxo/ZKeHHsT BEPXHIX OIIHOK JIisi KBaIpaTuaHol 3a1a4i (7)—(9) € 6iabin Tpy-
JoMicTKUM, HiXK st pesiakcoBanol 3aadi (11)—(13). Tak, manpukiaj, skio B
Takiil SIKOCTI BUKOPHCTOBYBATH JiarpaHzKesi jpoicri oriuku [4], [5], To 3HaXO-
JIPKEHHSI TAKMX OIIIHOK 3a JIOIIOMOIOI0 METO/IIB HeaudepeHIiioBaHoI OnTHMi3a-
il BUMaraTuMe OlJIbIlle Jacy, 9YuM y BUIIAJIKY 3a/1a4 JIHIHHOIO IPOTrpaMyBaHHS.
Opnnak, mjist psiay rpadiB JarpanzkeBi JBOICTI OIMIHKYA MOXKYTh BUSBUTHCS 3Ha-
9HO TOYHINIMMU BEPXHIMHU OIIHKAMH, HiXK JiHiitHI oIliHKu. Bijkmn Toro, icHye
pe3epB Jisi YTOYHEHHsI JIarPaHzKeBUX JBOICTUX OMIHOK 3ajadi (7)—(9): e BBe-
JleHHst (DYHKIIOHATIBHO HAJJIUINKOBIX OOMEXKEeHb [5).

Jliniiiai obmexkenns (12) MoOXKHA BUKOPUCTOBYBATH Jisi MOOYI0BH (DYHKITIO-
HaJIbHO HAJJIUIIKOBUX OOMEXKEHb 3 METOI0 MOKPAINUTHA TOYHICTD JIaIPaHrKe-
BHUX J[BOICTHX OIHOK y OaraToeKCTpeMabHIX KBaIpaTnIHux 3agadax (7)-(9).
fximmo ckopucTraTucs cxemorio, mo BukopucToByBastaca H. 3. [Ilopom misa 3amga-
9l IO MaKCHMaJIbHY He3aJslexkKHy MHOXKHUHY BepiiuH rpada [5, c. 250], ro npu
npoMy 10 3a1a4i (7)—(9) nomarorbes JaBa Buu (DyHKIHOHAIBHO HAJJIUITKOBAX
obMmezkerb. OOMeXKEHHSI IEPIIOrO BUAY OIEPXKAHO JTOMHOKEHHSIM KOXKHOIO 3
niHifiHEX obMexkeHb y (12) Ha Ti 3MiHHI 2, SIKi HE BXOUSATH y 1€ OOMEXKEeHHS,
T06TO J1o1a10ThCst (N — 1) HAJUIMIIKOBUX OOMEXKEeHb BULJISLY

Z Tz < (k — 1):1:1:112' —i—CZ(l - a:i)xl Vi, leV, i#l. (14)
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QyHKIIOHAIBHO HAIJIMIITKOBI 0OMEXKEHHS JIPyroro THUIy MOXKHA OJepXKaTHh 3
minitEIX 06Mexkenb (12) qomuoxkennsam Ha 1—x;, | =1, 2, ... Tyt yxxe MokHa
BUKODPHCTOBYBaTH ¢ = [, 60 BOHH JaI0Th HOBI KBaIpaTUIHI OOMeKeHHsT ¥ (hopMmi
HepiBHOCTEH. Y pe3ynbTarTi MaeMo n’ 06MeKeHb

Z T — Z Z; < (k — l)xlxi —i—dii(l — Z’i).%'l Vi, leV. (15)
JEL(4) je€T(4)

BayBaKnMo, 1110 BUKOPHCTAHHS HAJTHIIKOBUX oOMexkeHb (14), (15) 3mauHO
301/IbIIIyE po3MipH KBapaTudHol 3aga4i. OgHaK, sIKIIO JI0 HOMePe HbOl 3a a4l
JOJAaBATH TLIBKA HEBEJHKY KIJIBKICTh TUX HAIJIMIIKOBUX OOMEXKEHDL, siKi yTO-
YHIOIOTH JIBOICTY OINHKY JIJIS HACTYIIHOI 3aJ1adi, TO TOJIi 3arajbHa KiIbKICTh
oOMeXKeHb y KIHIEBIll KBaaparwdHiil 3amadi Oyae HEBEJIMKOI. 3a TaKOIO K
CXEeMOI0O MOXKHa& BHUKOPHUCTOBYBATH 1 IHIN BUIW (DYHKIIOHAJIHLHO HAIJIAIIKOBUAX
obMezkeHb J1st OyJIeBUX 3a/1ad, sIKi posmsgaaucs y poborax (6], [7].

BucHoOBKU

Y pobori mobymoBano KBagpaTudHe (GOPMYJIIOBAHHST ONTUMI3AIIHOI 3a1a-
4l 3HAXO/PKEHHsI MaKCUMAJILHOrO k-ILIeKca JJist HeopienToBanoro rpada. Cuo-
PiHEHICTh MOHATH K-TIJIEKCA Ta KJNKHU JIA€ MiJACTaBU PEKOMEHIyBaTH I 11
POBB’sI3aHHSA Miaxim, MOB’sd3aHWil 3 JIarpaHKEeBUMHI OIIIHKAMH Ta BUKOPUCTAH-
HsIM HaJIMIIKOBUX oOMerkeHb. Lleit minxin 6y 3ampononosannii H. 3. [lopom
Ta JIaB P&/l BaXKJIUBUX TEOPETUIHUX PE3YILTATIB /s 3a71a49i TPO MAKCUMAJIbHY
He3aJIeXKHy MHOXKHHY BepuiuH rpada [5].

Pobory Bukonano 3a miarpumku HAH Vkpaiau, npoexkt 0117U000327.
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