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TPA®IK MMIATOTOBKH KBAJNI®IKAIIMHOI/MATICTEPCBKOI POBOTH JIO 3AXHUCTY

Ne 3/m I[MEPEJIIK POBIT TepMiH BUKOHAHHS Hara Migmmc [pumitkn
03HaHOMJICHHS HayKOBOTO
HayKOBOTO KepiBHHKa
KepiBHHKa
1. Bubip temu, 3aTBepIukeHHs 11 Ha 3aciiaHHi Kaepy Ta 3aKpIiIUICHHS] HAyKOBOTO KEpIBHUKA | YKOBTEHb
V3romKeHHs KajeHaapHoro rpadika miaroroBky kBaiidikaniitHoi podotu. O3HalioOMIeHHS
CTYAEHTA 3 KPUTEPisIMU OLIiHIOBaHHS KBaJli(ikauiiHoi podoTH (1. 8.5).
2. BuBueHHs Jukepen JiTepartypH, MaTepiaiiB apXiBiB, IEPiOJUYHNUX BUIAHb, 30ip Ta JKOBTEHb — JINCTOIA/
y3arajgbHeHHs (haKTiB, TaHUX
3. CkJaiaHHs 1any Kajid. poOOTH Ta Y3TOMKCHHS 3 HAYKOBHM KEPiBHUKOM JUCTONA
4. Hammucanus po3miniB poboTH JucTonaa — Oepe3eHb
5. ITpoMi>KHUI KOHTPOJIb BUKOHAHHS pOOOTH JIIOTHH
6. Hanmcanns kBani¢ikamiitHoi poOoTH B mijloMy, O3HAHOMIICHHS 3 ii epIiM BapiaHTOM ciueHp — Oepe3eHb
HayKOBOTO KepiBHHKA
Po3min 1 KBITE€Hb
(mocTaHOBKa POOJIEMH, TEOPETUYIHI OCHOBH, OTVISIT JTITEpaTyPHHX JDKEPEN)
Po3min 2 KBITE€Hb
(aHaI THIHO-TOCITiTHHAIIbKA YACTHHA)
(excrieprMeHTaIbHA YaCTHHA U IPUPOTHUYHNX i O10JIOTIYHUX HAYK)
Po3min 3 KBITE€Hb
(mpoekTHO-peKoMeHTaIliiiHa YacTHHA)
(aHaJti3 pe3ysbTaTiB €KCIIEPUMEHTY JUIsl IPUPOAHUYHX 1 O10JIOTIUHMX HAYK)
7. IToBHe 3aBepuIeHHs HarmucaHHs KBamiikamiiHoi po6oTH, oopMIIeHHS i1 3TiAHO 3 KBITE€Hb — TPAaBEHb
BHUMOTI'aMH H MMOJAHHS Ha BiJI'YK HAYKOBOMY KEPiBHHUKY
8. [Mopanus kBaidikaniiHoT poOOTH /I epeBipKU MUCbMOBUX poOiT cTyneHTiB HaYKMA TpaBeHb
Ha BIJINOBIIHICT BUMOT'aM aKaJIeMi4HOi J00p0oYecHOCTI,
9. [TopaHHs Ha 30BHIIIHIO pelIeH3i10 TpaBeHb
10. [MinroroBka 1o 3axucty kBajidikariiHoi poOOTH Ha 3aciiaHHi KadeapH: HaMCaHHs 10 29 TpaBHA
JIOTIOBI/Ii Ta BUTOTOBJICHHS IJTFOCTPATHBHOTO MaTepiany
11. IMomepeniii 3axucT kBamidikaniiHoi pobOTH Ha 3acigaHHI Kadeapu 10 29 TpaBHS
12. [Monanus kBauidikaniiHOT poOoTH Ha Kadeapy 3 yciMa CylnpoBOIKYBaILHUMH JI0 8 4epBH:
JIOKyMEHTaMH
13. [MTy6niunmii 3axucT kBadidikaniiHoi poOOTH nepes eK3aMeHaIIHHOI0 KOMICI€ro 13 uepBHs
I'padik y3romxeHo «_ » 2025p
HayxkoBwuit kepiBHHK (ITIb)

BukonaBerp Marictepchkoi pobotn (I11b)
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AHOTALIISA

KpamidikamiitHa poOGoTa mOpHCBIYEHA ITOCTIIHKCHHIO JTWHAMIKM HEJIKBIIHUX
¢iHaHCOBHX pPHHKIB 3a JOMOMOrOI0 CyOaudy3iiHOTO MOAETIOBaHHA. Y SKOCTI
cybopauHaTopa Oyl0 BHKOPUCTAaHO CTaHAAPTHUHA 1HBEPCHHUU TayCiBCHKHIA IMPOIEC
IG(0,1), 10 103BOJISIE BpaXOBYBAaTH HETPUBIAJIbHY YaCOBY CTPYKTYPY Ta 3aTPUMKH, SIKi

XapaKTepHI JJIsl PUHKIB 13 HU3bKOIO JIIKBIAHICTIO.

Jlo oriiHIOBaHHS OMITIOHIB OYyJ10 3aCTOCOBAHO JIBa METOJIU: TIEPIIUi 0a3yeThbcs Ha
KJIaCMYHOMY Tiaxonl Marniazepa; apyruii — Ha ¢paxTanbHOMYy piBHsAHHI Jlromipa
OTPUMaHOMY IIISIXOM BBEJEHHS Apo0oBoi nmoxiaHoi Kamyro—/xepOalsHa 1o yacosiii
3MiHHIA. CTBOpPEHO NpPOrpaMHUN MPOAYKT [UIsi OOYMCICHHS CHpPaBEUIMBOI LIHU
€BPOIECUCHKUX ONIIOHIB JBOMa MeronaMu. IIpoBeneHO MOPIBHAHHS OTpPUMaHUX
pe3yabrariB 3 Moaeno biaeka—Illoyn3a Ha ocHOBI peanbHUX AaHUX KomnaHii AMD 13

BUKOPHCTaHHSM CTaJIOl Ta JOKAJIbHOI BOJATHIBHOCTI.



BCTYII
AKTyaJIbHICTb TeMH:

Maremarnune MonenioBaHHS (DIHAHCOBUX PHUHKIB € BaXKJIMBUM 1 aKTHUBHO
JTOCITIDKYBaHUM HANpPSIMOM TPHUKIAAHOI MaTEeMaTWKH, IO Ma€ IIUPOKHN CIIEKTP
3aCTOCyBaHb y (DIHAaHCOBIM aHANITUIN, PU3UK-MEHEKMEHTI Ta I[IHOYTBOPEHHI
¢dbiHaHCOBUX 1HCTpyMeHTIB. BoHO 3a0e3mneuye (opmasizoBaHy OCHOBY JJIsi OIIUCY,
aHaJli3y Ta MPOTHO3YBAaHHS MOBEIIHKHA PUHKIB, JO3BOJISIOUN MPUHAMATH OOIPyHTOBaH1
pillieHHST B yMOBax HeBU3Ha4eHOCTi. OJHI€I0 3 LEHTpajJbHUX 3a7ad (iHAHCOBOT
MaTeMaThKU € MoOyA0Ba MOJENEH NIl OI[IHKKU CIPaBEJIMBOI BapTOCTI JIEPUBATHUBIB,

30Kpema OII[IOHIB.

Knacuynoro Ta HalOUIBII BiJIOMOIO MOJE/UII0 B I[LOMY KOHTEKCTI € MOJEINb
bneka—Illoymn3a, sika cTana (yHIaMEHTOM Cy4acHOi T€Opii HIHOYTBOPEHHSI OIIIOHIB.
BoHa rpyHTy€eThCS Ha NpUIYHICHHSX PO Oe3MepepBHICTh TOPTIBII, JTOCKOHATY
JKBIAHICTH PUHKY Ta OPOYHIBCHKY MPUPOY AMHAMIKH I1iH akTUBIB. [IpoTe B pealibHUX
PUHKOBUX YMOBax Ili IPUITYIIECHHS 9aCTO HE BUKOHYIOTHCSA. OCOOIUBO 11€ CTOCYETHCS
PHUHKIB 13 HU3bKOIO JIKBIIHICTIO, JI€ CIOCTEPIralOThCs 3aTPUMKHU B PYC1 IIHU, & TAKOXK
nepion Mayioi abo HYJIbOBOI TOPrOBENbHOI AKTUBHOCTI. Y TaKUX CHUTyaIlisiax
TpaAMIiiHI MOAei, MmoOyaoBaHi Ha 0a3l CTaHJAPTHUX OpOYHIBCBKUX MPOLECIB,

BHUABJIAIOTHCA HCCIIPOMOXKXHUMU JII aICKBATHOI'O OIIUCY pI/IHKOBO'l' I[I/IHaMiKI/I.

[le 3yMOBIIO€ HEOOXIOHICTH pPO3pOOKM aJbTEPHATUBHUX MIIXOAIB [0
MOJICJIIOBaHHs, SKI BPaXOBYIOTh CKJAaJHy 4YacoBy CTPYKTypy TIpOLIECiB Ta
HETPUBIAJIbHY MOBEIIHKY I[IH Y CEPEOBUIII 3 0OMEXEHOI0 JIKBIAHICTIO. OMHUM 13
TaKUX MEpPCIEeKTUBHUX MIAXOMIB € cyOonudy3iiiHe MOIENIOBaHHA, 110 0a3yeThCsl Ha
BUKOPHUCTaHHI CTOXaCTUYHHUX YACOBUX 3MIHHUX — CyOOPIUHATOPIB — Ta BIMOBITHUX
JI0 HUX 00€pHEHMX TporieciB. Takuil miaxXia J03BOJISIE€ THYYKO MOAU(DIKYBAaTH YaCOBY
HIKaJIy MOJIENI, Bi1oOpaxaroun e(heKTH «3acToro» ado YMOBUILHEHHS TUHAMIKH, L0 €

XapaKTepHUMH JIJIs pealbHuX (piHancoBux puHKiB(auB. [1], [3], [4], [S]).
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KpiM TOro, BaKJIMBUM KPOKOM JI0 BIOCKOHAJIEHHS MOjEJEeH I[IHOYTBOPEHHS €
BIIMOBA BiJ MPUIYIIEHHS NP0 CTaly BOJNATWIBHICTh. Ha mpakTuill BONATHIBHICTH
3MIHIOETBCSl 3aJICKHO BiJ PUHKOBOI CHTYyallli, TOMY JOLLUIBHO BpaxoByBaTH ii
3aJIeKHICTh BiJ Yacy Ta ILIHU aKTUBY. Y 3B’SI3Ky 3 IIUM BUHHUKA€E 1/1es MO€THAHHSA
cyomudy3iiHIX TIIXOMIB 3 JIOKAJIHHOI BOJATWIBHICTIO[3], MO BiAKpUBA€E HOBI

MOXJIMBOCTI JUIsl TOOYTOBH O1IbII TOYHUX 1 THYYKHX MOJICICH.
O0’€eKT AOCTiIKEeHH

®diHaHCOBI PUHKH 3 OOMEKEHOI JIKBIJHICTIO Ta MEXaHI3MHU IIHOyTBOPEHHS

MOX1THUX (PIHAHCOBUX IHCTPYMEHTIB, 30KpeMa €BPOMEUCHKUX KOJI-OMII1OHIB.
IIpeamer poc/aiasKeHHs:

Cyomudyziiiai 1G(0, 1) wmomeni AuHAMIKKA I[IH aKTHBIB 3 JIOKAJIBHOO
BOJIATWJIBHICTIO Ta 1X 3aCTOCYBaHHA 1O LIHOYTBOPEHHS OILIOHIB Ha HEIIKBIIHHX

pHUHKaX.
Meta podotu:

[ToOynyBatu, peanizyBaTh ¢ mpoaHaiizyBaTh cyOnudy3iiiHi TIOXOOU 10
I[IHOYTBOPEHHS €BPOIEUCHKUX KOJI-OIMIIIOHIB Ha HEJIKBIHUX PUHKAX Ta MOPIBHATH 1X

TOYHICTH 13 K1acuyHoro Moaeiunto biexa—Illoymn3a.
3aBiaHHs:

1. IlpoanamizyBaru kinacu4Hy mojenb brnexka—Illoym3a Ta i 0OMeXeHHsI B yMOBax
HEJTIKBIIHUX PUHKIB.

2. PosmisHyTH TeOpeTUdH1 epeyMOBH cyoudy31MHUX MOEICH.

3. IloGymyBatu cyOaudy3iiiny Monmenb Jisd PU3UKOBUX AaKTHUBIB 3 1HBEPCHO-
rayCcCiBCbKUM CyOOPIMHATOPOM.

4. Jlns OIHIOBaHHS OMINIOHIB PO3TISAHYTH KJIACHYHHMM minxin Marmiazepa Ta
HiX11 Ha OCHOBI MOAM(IKOBAHOTO piBHSAHHS Jltomipa, 3aMIHUBIIN KJIACUYHY
MOXIHY 3a YacoM Ha apoOoBy moxinny Kamyto—JlxepOamisiHa. Po3pooutu
YUCeIbHI CXeMH JUIA 1X po3B’si3aHHs. J[s 1X peamizamii CTBOPUTH MPOTPaAMHHIA

npoAyKT Ha MoBi Python.
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5. Buxopucratd JOKajdbHY BOJIATWIBHICTH ISl YTOUYHEHHS Cyomudy3iiiHux
MOJIeNIEH, 1100 MOKPAIIUTH IXHIO BIATIOBITHICTh peaibHii pUHKOBIM TUHAMIII.

6. IIpoBecTu uncenbHI EKCIIEPUMEHTH Ha peajbHUX PUHKOBUX JAHUX, 3MIACHUTH
OIIHKY TOYHOCTI MOOYIOBaHUX MOJEJICH Ta MOPIBHATH OTPHUMaHI PE3yIbTaTH 3

KiacuuHoro monaesuno biieka—Illoyisa.
HaykoBa HOBH3HA OTPHUMAHMX Pe3yJIbTATIB:

Y poboTi peamizoBaHO ABa MIAXOOAH N0 CyOau(y31HHOTO MOACIIOBAHHS IIiH
OMIIIOHIB 3 ypaxyBaHHSIM €(eKTy HeNKBITHOCTI puHKY. OOuIBa miaxoau 6epyTh 10
yBaru JiokajabHy BonatuibHicTh. g Bunaaky [G(0,1) cdopMyaboBaHO TBEpIKEHHS
po BUIIA (hpakTajgbHOTO piBHSHHSA Jronipa y sikomy noxigHa Kanyro—/lxepOanisina
MEePETBOPIOEThCST Ha MoxigHy KamyTo, 1m0 BIAKpUBaE€ MOXKIHUBOCTI 3aCTOCYBaHHS
BIJIOMUX YHCEIbHUX MeToiB. IIpoBeneHo peamizanio mMoaenei 13 BUKOPUCTAHHAM
CUMBOJIbBHMX 1 YHCEIBbHUX METOJIB, CTBOPEHO MPOrpaMHUI MPOIYKT 1 IMOKa3aHO
nepeBaru cyonudy3iiHUX Mojened HaJa KIAaCUYHUMH JUIS peajbHUX (P1HAHCOBHUX

JAHUX.
IIpakTHyHe 3HAYEHHSI OTPUMAHUX Pe3yJIbTATIB:

Po3poOneni momeni MOXyTh OyTHM BHKOPUCTaHI JUisi OUIbII TOYHOI OIL[IHKH
BapTOCTI OMIIIOHIB HA PUHKAX 13 HU3BKOIO JIKBIAHICTIO. BpaxyBaHHs cyOnudy3iiiHux
e(EeKTIB 1 JJOKaJIbHOI BOJATHIIBHOCTI J03BOJISE MOOYyBaTH OLIBIN ajeKBaTHI MO
L[IHOYTBOPEHHSI, Kl BPAaXOBYIOTh pe€ajibHI PUHKOBI yMOBU. CTBOpEHE NpOrpamHe
3a0e3MeueHHsT MOXKE CIYTyBaTH I1HCTPYMEHTOM JUIS TMOAAJBIIUX JOCTIHKEHb Y
¢db1HaHCOBIM MaTeMarTuIll, a TAKOX OyTH KOPUCHUM Y MPUKIIATHUX 3a/1a4ax (PiHAaHCOBOTO

aHai3y Ta pU3HK-MEHEIKMEHTY.
Metoau nocaixKeHHA:

Y po06oTi 3aCTOCOBAaHO aHAIITUYHI MIAXOAN Ta METOIU HAOIMKEHUX OOUHCIICHb.
Peanizamito Monmeneit BUKOHAHO MOBOIO TporpamyBaHHs Python 13 BUKOpuCTaHHAM

616mi0oTex SymPy (nmst cumBonbHUX oOuncnens), NumPy ta SciPy (st yucensHOTO



9

ananizy), CuPy (nns nmpuckopeHHs oO4HCIIeHb Ha rpadidHOMY IMPOIECOPi), a TAKOXK

Joblib (nns mapanenbHUX OOYUCIIEHD 1 KEIIyBaHHS PE3YNIbTaTiB).
Anpobairisi pe3yJbTaTiB MaricrepcbKoi podoTu:

Marepianu kBadinikaniiHoi poOOTH TOMOBIJANHCh Ha HAyKOBIM KOH(pepeHIil
«XIII Beceykpaincpka HaykoBa KOH(EpPEHIII MOJIOAUX MareMaTukiB» 9 tpasus 2025
poky[9]. Kpim Toro, 3a pe3yabraTamMmu 10CHIiPKEHHS MiATOTOBJICHO CTATTIO, SIKY MOAAHO
no myOmikamii y 30ipHHUKY MarepiajiiB MiKHapoaHoi koHbepeHuii «lnternational
Conference of the Mathematical and Statistical Methods for Actuarial Sciences and
Finance (MAF 2025)»[10].

CtpykTypa podoru:

Marictepcbka kBamiikaiiiHa poOoTa CKJIala€Thbes 31 BCTYIY, TPhOX PO3JLIIB

OCHOBHO{ YaCTUHU, BUCHOBKIB, CIIUCKY BUKOPUCTAHUX JKEPEN Ta JOJATKIB.

Yy IICPIIOMY pOSI[iJ]i II0AaHO TeOpeTI/I‘-IHi OCHOBH MATCMATH4YHOI'O MOJCIIOBAHHS

(b1HaHCOBUX PUHKIB, 30KpeMa PO3MISTHYTO KiacuuHy Monenb brnexka—Illoymza.

Jpyruil po3ain MOpUCBSIYEHO CyOonudy3iiiHOMY MIOXOAy A0 MOJAETIOBAHHS
TUHAMIKA aKTUBIB. PO3MISHYTO BBEIEGHHS 3MIHHOTO 4Yacy 3a JIOIIOMOIOIO

cyOopauHaropa Ta JABa MiIXOAH JJIsS OLIHIOBAHHS OMI[IOHIB:

e kiacuyHuM MetonoM (Crocib 1);

e yepe3 (pakranbHe piBHAHHS Jromipa (Crocid 2).

Y TperboMy pO3AUII peali30BaHO YHCENIbHI OOYUCICHHS Ta TPOBEICHO
NOPIBHSUIBHUI aHami3 Mojened A peadbHuX (piHaHCOBUX JaHUX Kommanii AMD.
[Toxazano BIMB BUOOPY cTajoi Ta JIOKAJbHOI BOJATUJIBHOCTI HAa TOYHICTh

I[IHOYTBOPEHHSI OIIII0HIB.
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PO3JIJI 1. TeopeTuuHi 0OCHOBH MOIe/JIIOBaHHS (PIHAHCOBUX PUHKIB

OnHiero 3 6a30BHX MoOJENed MaTeMaTUYHOro (H)iHAHCOBOTO PHHKY € MOJENb
brexa—Illoyn3a, sika MIUPOKO BUKOPUCTOBYETHCS ISl I[IHOYTBOPEHHS OMIIOHIB. Y
IIOMY PO3ALTI PO3MITHYTO KIACHYHUHN TIX1 10 MOJETIOBaHHS (DIHAHCOBUX aKTHBIB,
110 JISKUTh B OCHOBI 111€1 MOJIE1, @ TAKOXK 0a30B1 MPUMYIIECHHS IOA0 CTPYKTYpPU PUHKY

Ta TUHAMIKH HOT0 €JIEMEHTIB.

[Mpumyctumo, 1m0 ¢IiHAHCOBUM PHUHOK CKJIQJA€ThCS 3 TPbOX 0a30BUX

1HCTPYMEHTIB:

o 0Oe3pu3uKoBOro akTuBy B(t), Hanpukiaa, OaHKIBCHKOTO JACMO3UTY YU
ooOmiramii;

o PU3HKOBOIO aKTHUBY S(t), IK-OT aKIIii;

e JIEPUBATHUBY — 30KpeMa €BPOMNEHCHKOTO OMI[IOHY Ha KyMiBIt0 a00 Mpoax

aKTUBY.
be3pusukoBuii aKTHB:

OpnuMm 13 KIouoBUX NpunyiieHb moaeni bieka—1lloyn3a € HasBHICTh Ha PUHKY
0€3pU3MKOBOTO aKTUBY — (PIHAHCOBOTO 1HCTPYMEHTY, KU 3abe3mnedye CTaOUIbHY
JIOX1HICTD 1 HE 3a3Hae KOJINBAHb BapTOCTI.
VY peanbHUX yMOBaxX TaKUMU aKTHUBaMHU BBaXKarOTh, HAIIPUKIIAJI, OAHKIBCHKI JEITO3UTH

a00 neprkaBHi obumirailii 3 ikCOBaHOIO CTABKOIO.

BBaxaeTbcs, 110 1iHa O0€3PU3UKOBOTO aKTUBY B; 3pocTae €KCIMOHEHIIAJBHO 3i

CTaJIO0 MPOIIEHTHOIO CTaBKOIO 7', BIAMOBIAHO J0 TU(GEPEHINIaTbHOTO PIBHSIHHS

dB,
E = 'l"Bt,BO =1

PO3B’SI3KOM SIKOTO €

rt

RS
I
Q

PusukoBuii akTuB (aKuis):
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JuHamika I1IHU PpU3UKOBOTO akTuBy S; y Mozeni bneka—Illoyn3a omucyerbcs

CTOXacCTHYHUM AudepentiaabauM piBHIHHAM (CIP) mepioro mopsaaky

ds, o?
_— T'-l—— dt+O-th,SO>O;
S, 2

Jc:

e 7 — 0e3pU3UKOBA MPOIIEHTHA CTABKa,
® (0— BOJIATWJIBHICTH aKTHBY,
o W, — crannapTHuit OpOyHIBCbKUH PyX.

e S, — MOYaTKOBAa I[IHA AKTUBY.

Po3B’s130K ObOIO0 piBH}IHHH 3HAXOOUTHCA MUJIAXOM 3aCTOCYBAHHA JICMHU ITo a0

jorapudMy I[iHU aKTUBY, IO JI03BOJISIE OTPUMATH
St — Soert+0'Wt’

ne Sy — MOoYaTKoBa I[iHA aKTUBY.

/lepuBaTuB (€BponeiicbKMH KOJI-OMIiOH):

€BpONEHCHKHUI KOJ-OMIIIOH € OJHUM 13 HAWMOUIUPEHIMNX THUIIB (DIHAHCOBUX
nepuBatuBiB. BiH Hasae iHBecTOpy MpaBo (ajne He 3000B’s3aHHs) NpUAOATH Oa30BUIA
aKkTUB 32 (PIKCOBAHOIO I[IHOIO BUKOHaHHS K y BU3Ha4eHUIl MOMEHT yacy 1. Skiio Ha
JIaTy TIOTAIIEHHS I[1HA aKTUBY S TIEPEBUIILYE I[IHY BUKOHAHHS, OIIIIOH BUKOHYETHCS 1
OPUHOCUTH NpUOYyTOK St — K. SIKIIO X HA MOMEHT MOTalleHHsS IiHa aKTUBY HE
MEPEBUIIY€E CTPANKOBY IIHY, BUKOHAHHS OMIIIOHY € HEJOUUIBHUM, 1 HOTO BapTIiCTh Y
IIell MOMEHT JIOpPiBHIOE HYNMIO. TakMM YHMHOM, BUILIaTa TaKOTO OIMIIIOHY OIMHUCYETHCS
byHKIIi€I0

(Sy — K)* = max(S; — K, 0).
Buxonsiun 3 piBHSHHA ISl TUHAMIKHM IIHM PU3UKOBOTO aKTHUBY Ta MOOYI0BU

XEKOBAHOTO TOPTQeis, CIpaBeJiiBa BapTICTh €Bponeiicbkoro kon-omiiony C (S, t)

3aJI0BOJIbHSIE HACTYITHE YaCTUHHE TU(depeHLiabHe PIBHIAHHS
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dc  dC 1 b2 d2C _
w0 g = e

Po3B’s3aHHSl 1IHOTO PIBHSHHA 3 TPAHUYHOIO YMOBOIO MPUBOAUTH 10 (HOpMyNH

brexa—Illoymnsa
C = SOCD(dl) - Ke_TT(P(dZ),

Jac

log(SI‘()+rT+%aT log(i{)+rT—%a T
~NT T ~NT

a @ () ctanmapTHa QyHKIIIS KyMYJISITUBHOTO HOPMAJILHOTO PO3IOILTY.

d, =

Takum ynHOM, Monenb breka—Illoyn3a € HallBaXKIMBILIOK Y Te€Opii PiHAHCOBOL
MaTeMaTUKU Ta IIHPOKO BUKOPHCTOBYETHCS JAJISl OLIHKU BapTOCTi ommioHiB. [Ipore
BOHa 0a3yeTbcsd Ha HU3LI MPUIIYLIEHb — 30KpeMa NpO CTally BOJATUJIBHICTH Ta
Oe3nepepBHY JIWHAMIKY I[IHU aKTUBY, — $IKI HE 3aBXJU BUKOHYIOTHCSI B yMOBax

peaslbHOTO, 0COOJIMBO HENIKBIAHOTO, PUHKY.
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PO3I1JI 2. Cyonudy3iiiHi miaxoam 10 Moael0BaHHs (PIHAHCOBUX PUHKIB
2.1 Beegennst cy0opamHaTopa Ta 3MiHHOIO 4acy

Knacuuni moneni ¢hiHaHCOBOI MareMmaTWKd, 30Kpema mojeiab bieka—Illoyn3a,
0a3yl0ThCsl Ha MPUITYIICHHI PO BUCOKY JIKBITHICTh PUHKY Ta Oe3MepepBHY 3MIHHICTh
IiH ()IHAHCOBUX AaKTHBIB. Y TaKHX MOJEISAX BBAKAETHCSA, IO YYACHUKUA MOXYTh
yKJIaJaTH yromd y OyIdb-sSKHA MOMEHT, a I[iHa aKTHBY 3MiHIOEThCS TIOCTIHHO,

BIJIITOBITHO 10 TEOMETPUYHOTO OPOYHIBCHKOTO PYXY.

[TpoTe Ha MpaKTHIl YaCTO COCTEPIratoThCs NEPIOAHU ““3aCTO0”, KOJIU 111HA aKTUBY
3aJIUIIAE€THCS HE3MIHHOIO MTPOTATOM TpHUBaJIOTo yacy. Lle xapakTepHo /Uit HET1KBITHUX
PUHKIB, JI€ YTOIH YKJIaIat0ThCS P1IKO, 00 /1JIs1 aKTUBIB 3 00OMEKEHUM 001roM, 30Kpema
y mo3abipxoBoMy cepenouii. [IpuknagoM Takoi MOBEAIHKH € JMHAMIKA AaKIii
Ryanair Holdings, 300paxkxeHa Ha pucyHky 2.1, ne BHOHO TpHUBall I1HTEpBAIH

CTaOUIBHOI [IIHA MK OKPEMUMU CTPUOKaAMHU.

Ryanair Holdings Plc (RYAOF): 2020-2022
221

Close Price
20}

1B

16}

Close Price (USD}

12

101

Puc. 2.1. [loBeninka LiHK akTUBY Ha peaiibHOMY puHKY (Ryanair Holdings Plc,

2020-2022)

[ToniOHa moBeniHKa Ma€ MpsiMI aHAJIOTIT y cTaTUCTUYHIN (i3uni. Hanpuknaz, as
OIMKCY TOBUTHHOTO TPAHCHOPTY HOCIIB 3apsiny B aMOp(HHX HamiBIPOBITHUKAX ab0

PYXy YaCTMHOK y HEOIHOPIAHUX CEPEelOBUIIAX BUKOPUCTOBYIOTh MOAEINI CyOaudys3ii.
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VY Takux cucTeMax 4aCTHHKA MO)KE MOTPAMTHU B ACTKY 1 3aJIMIIATUCS Y Hil TpyUBaIuii
yac, [0 yMOBUIBHIOE 3arajibHy AuHaMiky mporecy. [logiOnum yuHOM, y ¢iHaHCaX
MOXHA CIIOCTEepiraTd ‘‘3aBHCaHHS” I[IHM aKTUBY — KOJIM BOHA TPHUBAIMH dYac
3aJMIIAETbCA  CTAjJOl0, HE3BaXKaloud Ha Te, 10 KaJeHJapHUIl dYac MMHAE.
Y (dinaHcoBUx Mopensx MOAIOHI ePeKTH TOIIIBHO BpPaxOBYBaTH 4epe3 BBEACHHS

BHITAIKOBOI'O YacCy, SIKUM A03BOJIIE€ OIIMCATHU 3aTPUMKH B I[I/IHaMiHi AKTHBY.

VY KJIaCHYHMX MiJXOAaX 4Yac BBAXKAETHCS JIHIMHUM 1 PIBHOMIPHHMM, TOAI SK Ha
MPaKTUIIl MDK MOISIMH Ha PUHKY MOXKYTh BUHUKATH TPUBAJI May3u — IEP10IH, KOJIU
KOJHUX YTroj He BiIOyBaeTbcs. Lle cynepeunTs NpUIyIIEHHSIM OpOYyHIBCHKOTO PYXY.
[Io6 kpame onucatu nonaiOHI e(eKTH, TPOMOHY€EThCS 3aMiHa (PI3UYHOro Yacy t Ha
orepaniiHuii (BUNIAAKOBHIN ) 4ac, 110 3pOCTaE JIUIIIE TO1, KOJU Bi10yBaeThCs (haKTHUHA
3MiHa Ha puHKY. Taka 3amiHa 103BoJIsiE BOYlyBaTH caMy CTPYKTYpPY PUHKY 3 ITep1oJlaMu

0€3/11sUTbHOCT1 Y 4YacOBY BiCh MOJIETII.

OmauM 31 croco6iB peamizaliii i€l i7ei € BBEICHHS HOBOTO CTOXaCTHYHOTO
yacy([6], [7]), fkuli BU3HAYAETHCS Yepe3 JTOMOMIKHUN 3pPOCTAIOUMl BUMAJIKOBHUI
npouiec G(T), mpeacTaBieHud Ha PUCYHKY 2.2., IO HA3UBAETHCS CYOOPAMHATOPOM.
Takuii mporiec BHKOHYE pPOJIb BUIAIKOBOI YacOBOI ITKAIH, SKa 3pPOCTA€E JIUIIE B

MOMEHTH MOIABH ITOJIIN.
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Puc. 2.2. Croxactuunuii npouec G(t)
Ha #ioro ocHOB1 BU3Haua€eThCs 00epHeHUii cyoopauHaTop (ado hitting time)
H(t) =inf(t > 0:G(7) > 1)),

SKUW BKa3zye€ Ha TEPIIMA MOMEHT, KOJIM 3Ha4eHHs mporiecy G (T) mepeBuIlye
¢dikcoBaHy KaJeHAapHy MITKy udacy t. Takum 4MHOM, SIKIIO HAa PUHKY MEBHUHN 4ac
HIYOTO HE BinOyBaeThes, mporiec H(t) mpocTo He 3MIHIOETHCS — BIH «UYEKA€», TIOKH
cyOOpIMHATOp HE Ha3lokeHe KaleHaapHuil yac. Lle no3Bosisie mMpUPOIHUM YHMHOM

BpaxyBaTu 3aTpUMKH a00 (a3u 0e3IsUIbHOCTI y TUHAMILII aKTUBIB.
VY uiii HOBIM YacoBiH MIKall TMHAMIKa O€3pU3UKOBOTO aKTUBY MOJIETIOETHCS K
By, = Boe™.
AHaoTiuHO MOJU(IKYETHCS 1 PUBUKOBUN aKTHUB

SH — Soey.Ht+O'WHt.

t



16
2.2 OuiHroBaHHS ONIiOHIB KiIacu4YHUM MeToaoM (Crocio 1)

OnHuM 13 e()eKTUBHUX MITXO/IB 10 CyOaudy31iiHOrO MOIETIOBaHHS I[iH OMI[IOHIB
€ MeToJ 3anpornoHoBanuii Maraiazepom| 1]. Bid rpyHTyeTbCs Ha 3aMiHi KaJleHJapHOTO
yacy y kinacuuHiit moaeni bnexa—Illoyn3a Ha BUagkoBy 4acoBy IIKalTy, IPEICTaBIECHY

oOepHEHUM CYyOOpANHATOPOM.

CrpaBeniBa IiHa €BPOTICHCHKOTO KOJI-OMIIIOHY B TaKiid MOJEJi BHU3HAYAETHCS
HACTYIMHOIO (JOPMYJIOF0

(00]

CHt(S,K,T,a)z j C(S,K,x,0)hy(x,T)dx,
0

ne C(S,K,x,0) — uina ommiony 3a moxenio bieka—Illoyn3a, ane 3 4acoBuM
napametpoM X, hy(x,T) — uUIIbHICT WMOBIpHOCTI hitting time (oOGepHEHOTO
cyoopaunaropa) Hy. Takuii miaxia 103BOJsiE BpaxXyBaTh YacoOBY BHITQJIKOBICTb, IO

BUHUKAE Yepe3 Mepioiy 1HEPIiT UM 3aCTOI0 HA PUHKY.

Cyb6opaunatop G; y UbOMYy MIJIXOAl € HecmaaHUM mporecoM JleBi, nmpupoctu
SIKOTO MalOTh iHBEPCHO-TAyCCiBChKMil posnoin o(8t, y). Moro mineHicTs 3anaeThes
dhopmyioro[7]

ot

— Syt—(82t?/x+y?x)/2
glx,t) — e , x> 0.

OOepHenwmii 1o HEOro npoiec H,, xoua i He € mporecoM JIeBi, Ma€ MOHOTOHHO
t

3poctaroui TpaekTopii([2], [7]). Moro miibHICTh IMOBIPHOCTI BU3HAYAETHCSI BUPA3OM

t;:_z (v sin(8x/2y) + /2y cos(x,/2y))dy.

o=
y+2

6 y2 [0e]
hy(x,t) = ge‘syx_T j
0

Maremarnune crniofiBaHHs Ta gucnepcis hitting time H; mMaioTh aCUMOTOTHYHI

OIiHKH[ 7]
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( (g) t,y>0
E(H)~3 (1 [t Var(H)~ (g)ztz.
\3y7 Ly=0

VY AoCHimKeHHI TaKOXK PO3TIIAIAETHCA TaK 3BaHUNM CTAaHIAPTHUMN BUTAIOK, KOJH
napameTpu mporecy mMaioTh 6 = 1,y = 0. YV 1npoMy BHNAAKY MIIbHICTE hy (X, t)

HaOyBa€e BUITISLY

a ¢hoopMyia JJig BApTOCTI OIMIIIOHY CIPOIILYETHCS 10

oo 2

X
CHt(S,K,T,a)=j C(S,K,x,0) Ee_ﬁdx.

0

[leit aHamiTUUHUA BHUpa3 Ja€ 3MOTY 3aCTOCOBYBAaTH METOAM CHUMBOJIBHUX

OOYMCIIEHb JUIsl BUBHAYEHHS CIIPABEIJIMBOI BAPTOCTI OMIIOHY.

OO6uucnenHs Oyno peani3oBaHO B cepefoBuill Python 13 BukopucTaHHAM
010m10Tekn SymPy, sika 3a0e3neuye CUMBOJIBHY MOOYAOBY IHTETPaIiB Ta OOUHUCIECHHS

3HaYeHb 03 HEOOXITHOCTI YHUCEIHLHOTO AampOKCUMAIIMHOTO 1HTEerpyBaHHs. Jlis

i . :
KO)KHOTO MOMEHTY dyacy T = A6 1= 1,2,...,252, iurterpan ¢dopmyBaBcs

aHaJIITUYHO, MICJS YOr0o JI0 HbOTO MIJCTABISUIUCS (DIKCOBAHI MapaMeTpu MOJENI.

3 METOI0 IMPUCKOPEHHSI 00UHCIIeHb, TOOYA0BaHUN OOUHCITIOBAIBHUI LUK OyII0
pealli3oBaHO 3 BUKOPUCTAHHSIM TapajieibHoi 00poOku (616i0Teka joblib), mo gano
3MOTY €(EeKTHBHO OTpPUMATH CEpil0 OIIHEHWX 3HA4YeHb CIPABEMIMBOI BapTOCTI
OMI[IOHY JUIi TOBHOTO [llalla30Hy KaJICHAApPHUX TEPMiHIB. PesynbTaTtu 11010
MOJIETIIOBAHHSI BHUKOPUCTOBYIOTHCS y HACTYMHOMY pO3AUN Ui  €MIIIPUYHOTO

MOPIBHSHHS 3 1HIIIUMH IT1IXOAaMH JI0 IIHOyTBOPEHHSI.
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2.3 OuiHlOBaHHS ONIIOHIB Yepe3 ppakTaabHe piBHAHHA Jromipa (Cnocio 2)

Hpyruit miaxia g0 cyoaudy3iitHoro MoieIroBaHHS LIHU OMIIOHIB IPYHTY€THCS Ha
Moaudikamii  kimacuyHoro  piBHsaHHA  Jromipa[3]. Ile piBHAHHA  IIMPOKO
BUKOPUCTOBYETbCA JUIS BH3HAYEHHS BAapTOCTI OMIIOHIB Yy BHUMNAJAKY, KOJIU
BOJIATHIIBHICTB 3aJI€XKHUTh BiJl IiHM 6a30BOTO aKTHBY Ta yacy. Moro KacHaHMil BUIIISAL
HACTYITHUH
2 72

’ C(Tk)——ra C(T k) + £

> k2 C(T, k).

Ha peanpHux (piHaHCOBUX pUHKAX LIHU aKTUBIB YaCTO AEMOHCTPYIOTh 3aTPUMKH
Ta Mepioan HU3bKo1 akTUBHOCTI. 1100 BpaxyBatu 111 e(peKTH, y KIaCUYHOMY PiBHSIHHI
Jlromipa MoxigHa 3a 4YacoOM 3aMIHIOETHCS APOOOBUM I1HTErPabHO-AUPEPEHIIITHIM
oneparopom Kamyrto—/[xep6anisina. Lleit oneparop BU3Ha4a€ThCs HACTYITHUM YHHOM

+00

YDu(t) = j —u(t —s)v(s)ds; ¥(x) = J (1 —e ) v(dz).

0

VY 3aragpHOMY BUIIAJKY, KOJIM CyOOPAMHATOPOM € THBEPCHO-TayCCIBCHKUH MPOIIEC

13 mapameTpamu y Ta &, BiImoBigHe AApo v(S) Mae BUTTIA[4]

Sy 1 sy?
0 =27 (-2F)

Takum unHOM, I1iHA e€Bponeiicbkoro kom-ommiony C(T,k) BHU3HAYa€THCS

PO3B'SI3KOM HACTYITHOTO JPOOOBOrO PiBHSIHHS

" 0 o5 02
DC(T,k) = —rak Cy(T, k) +— > 9KZ Cy(T, k).
VY po3ropHyTOMY BUIVISIAI PIBHSHHS MA€ BUTIISIT
sy?

f 5%CH(T —s,k) V((p(]/\/g)
0

262

r d of

20k 4 0k? Cu (T, lo).
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VY it poOoTi po3rIsIa€ThCS CTAHIAPTHHMA BUTIAIOK, Ko Y = 0,5 = 1. Y npomy
BUIIAJIKy PIBHSHHS HaOyBa€ BUTIISAY:

jTaaC(T k)( = )d— r9 e+l e,
, Car Y TGS T T2k 4 oKz H

Ile no3BoJIsIE CIIPOCTUTHU omepaTop A0 ApoOoBoi noxinHoi Kamyro nopsaky a =

1 :
> Orxe, ns nmapametpiB IG(0, 1) cipaBeasiuBO HACTYIHE TBEPXKEHHS.

Teeposncenna. /[nsa cmanoapmuozo eunaoxy 1G(0, 1) ¢paxmanvue pieHsaHHA
Iwonipa nabysac suensioy:
V2 r o o5 02
4

_D1/2CH(T, k) == ___CH(T k) + — akz

2 20k gz Cu (T k).

I[JBI YHUCCJIIBHOI'O pOSB,HBaHHH 3aCTOCOBY€TBCA aHp0KCI/IMaI_[i51 HOXiI[HOI

Kanyro(nanpukian [3], [8]). ¥V 3arasbHOMY BUIIISIII BOHA 3alMUCYETHCS SIK

D)) = 7g s (o)) = Gl = 1)) +
AN T
e Z(k M) (G (m + 1,J) — Gy m, ).

1 . .
v BUIIAAKY @ = E’ MMOX1AHY MOXXHa IIOAATH B MAaTPUYIHOMY BHIJISAA1

vz . f(Aa--
7D%CH(k,.) >

(Call,) = Cy(k—1,.))" +

T

V2
+7(D(k)CH(O: k—1,.)) 1,4,
ne 1, _; - BekTop onunmIlb, a MaTpuils D(k) mae po3mipaicTs (k — 1) X k Ta enemenTu

) 0 0 _(2)—% (2)—%
pry= L2 L 0 —®F @7 0
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J{nst HabmuKEHHS TOX1THUX 3a CTpaiikoM K 3aCTOCOBYIOTHCS IIEHTPAIbHI PI3HMIT.

dopmynu HAOIM>KEHHS MatOTh BUIIIAA| 3 |

oK 240k
0Cy(k,0)  Cy(k, 1) — Cy(k,0)
oK Ay ’
0Cy(k,ng +1)  Cy(k,ng + 1) — Cy(k,ng)
0K Ak

0%Cy(k, j) o Cy(k,j+1) —2Cy(k,j) + Cy(k,j — 1)

0K? A% ’
0%2Cy(k,0) B 0%Cy(k,1) 0%Cy(k,ng + 1) B 0%2Cy(k,ny)
0K? oKz '’ 0K? oKz '’

neng = [M]. KpaiioBi yMOBH peasti3yroThes NIISXOM TyOIF0BaHHS 3HAYEHb

Ag

MOXITHUX Y HAHOMMKUMUX BHYTPIIIHIX TOUKAX.

VY marpuuHii popmi MOX1IHI 3aTUCYIOTHCS SIK

Cy(k,j) - 0°Cy(k,j) _ -
T:KRch(k, .)T,T = KZRZCH(k,.)T,
ne K = diag(K;), a marpuui

-1 1 0 0
—3 > 0 1 -2 1 0 0

1 1 —

R, = — 1 1 Ry =— 0 1 .2 1 0

Ayl 0 —= 0 = A% R 0
.2 2 0 0 1 -2 1
0 . 0 -1 1 0 0 1 -2 1

[Ticnst miaCTaHOBKM BCIX CKJIAJJOBUX MAEMO MaTpUYHE PIBHSHHS BUIY

_ N - of
KRch(k,.)T (_ E) + KZchH(k,.)T (TH> =

VI r V2 | '
= (Cy(k,.) —Cy(k—1,.)) +7(D(k)CH(O.k—1,.)) 1)1
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Po3B’s13aHHS IHOTO PIBHSAHHS 3A1MCHIOETHCS 3a IOTIOMOTOIO 1TepaIliitHOl cXeMu

-1

1
_r _., _ of V2 (A) 72
Co(k, )T =| KRy = — K?R, 2+ , ——t2
u(k,.) 15 24+nk+12 N

V(02
2 vz

(D(k)Cy(k—1,.)) 1,y

OCKIJIBKY 1151 YHCEJIbHA CXeMa IPYHTYEThCS HA MAaTPUYHUX Olepanisix (100yTKax,
TPaHCIIOHYBaHHI, JOJaBaHHI, 1HBEPCISIX), il 3pyYHO peani3oByBaTh Ha TpadiuHOMY
nporecopi (GPU). lle 3abe3neuye 3HaYHE MPUCKOPEHHS OOUUCICHb 1 Ja€ 3MOTY
e(eKTUBHO OOpOOJIATH BENUKI OOCSATH JNaHMX TpPH MOJAEIIOBaHHI CyOonudys3iiHoi
JMHAMIKH B ONIIIOHHOMY I[IHOyTBOPEHHI. ¥ 11il poO0TI 00unciaeHHs Oyno peani30BaHO
3 BUKopucTanHaM 0i0mioreku CuPy, sixa 3a0e3neuye API, cymicamii i3 NumPy, mis

BUKOHAHHS 004mncieHb Oe3nocepenaro Ha GPU.
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PO3IJI 3. 3acTocyBaHHs MojieJieid 10 peajibHUX JTaHUX

3.1 Craja BOJATHWIBHICTH

Jliist o1iHKU e(heKTUBHOCTI MPEICTaBICHUX MOAeTeH Oylo MPOBEAECHO YHCETIbHE
I[IHOYTBOPEHHs €BPOIEHCHKUX KOJ-OMIIOHIB Ha akuii komnaHii AMD, 3adikcoBane

cranom Ha 13.02.2025. Byno BUKOpPHCTaHO TaKi MapaMeTpu:

o CrpaiikoBa 1iHa omiiony: K = 111,
o [Ilorouna mina akmii: S = 111,
o bespusukosa craBka: v = 5%,

o Piuna crana BomatunbHICTE: 0 = 47.37%, po3paxoBaHa Ha OCHOB1 1ICTOPUYHUX

PHUHKOBHUX OAdHHX.

[{inu omiioHiB OyJiK po3paxoBaHi JJisl KIJTBKOX JaT eKCIipallli 3 BAKOPUCTAHHAM
TPbOX MOJEIEN:
« kiacuuHoi Mmoxaem bneka—Illoyn3a,
o KJIacuuHui cyOaudysiinuii maxia (Croociod 1),

o CcyOaudys3iiiHui miaxia Ha ocHOBI MonudikoBaHoro piBHsAHHS [romipa (Crioci0 2).

VY rtabmuimi 3.1 mpeacTaBieHO TOPIBHSIHHS OTPUMAHMX PE3YAbTATIB 3 peaTbHUMU
PUHKOBHMMH I[iIHAMH OIIIIIOHIB, 3T1JIHO 3 TaHUMU pecypcy Nasdaqg.com.

Tab6. 3.1 TabnuuHe MOPIBHSHHS 3MOJIEIHOBAHUX I[1H 3 peajbHUMU pruHKOBUMH(CTana

BOJIATUJIHHICTB )

Exp. Date ﬁzgg;(,b()gf::?ﬁ 1) Szggzg)()g::}c[?ﬁ 2) ﬁ;;;f: pTlI{;:wKa- Peasbna nina
Iloy3a

2025-03-21 | 10.39 11.43 7.00 6.7
2025-04-17 | 11.99 13.33 9.31 8.58
2025-05-16 | 13.27 14.94 11.38 10.95
2025-06-20 | 14.44 16.53 13.47 12.75
2025-07-18 | 15.22 17.63 14.96 13.75
2025-08-15 | 15.90 18.64 16.33 15.45
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. . CranpaptHa
Exp. Date Cyﬁzmq)y:%mnfl Cyﬁuml)y?.mnfl moaeab buaeka- | PeagbpHa nmina
Monaeab(Cnocid 1) | mogean(Cnocio 2)
Hloyna3a

2025-09-19 | 16.65 19.80 17.91 16.9
2025-10-17 | 17.18 20.66 19.09 18
2025-11-21 | 17.80 21.67 20.48 19.5
2025-12-19 | 18.25 22.43 21.54 20.4
2026-01-16 | 18.70 23.16 22.55 21.5

Ha pucynky 3.1. mokazaHo mOpiBHSHHS 3MOJIETTbOBAaHUX I11H 3 PUHKOBUMH:

MopiBHAHHA LiH MOdenei 3a natamMm

22.5
20.0 1

—@— PeanbHa WiHa

17.5 A

12.5 4

10.0 A

7.5 1

Mogenb
—8— Cybawdysiitna moaens(Cnocib 1)
- CybawndysiitHa mogens(Cnoci6 2)

—®— CTaHiapTHa mogens bneka-lWoynsa

T
2025-03-21

T
2025-05-16

T
2025-07-18

T
2025-09-19
HaTa

T
2025-11-21

T
2026-01-16

Puc. 3.1 I'padiune mopiBHSIHHS 3MO/IETLOBAHUX II1H 3 pEAIbBHUMHU

punkoBuMU(CTana BOJATHIIbHICTb)

Monensr bnexa—Illoyn3a Hanmae Halikpaie HAONMMKEHHS A0 PEATbHUX IIH Y

oinbIocTi BunaakiB. Crioci0 1 mokaszye ToUHiIe HAOIUKEHHS Y CePeIHBOCTPOKOBOMY

nepiofi (Ha TOPU3OHTI OJNM3BKO TMIB POKY JO eKchipailii), ajge B KOPOTKO- Ta

JIOBTOCTPOKOBOMY Tepiogax jnae ripmi pesynbratd. Cmocié 2 cucteMarudHo

MIEPEOITIHIOE I[IHU OMIIIOHIB.
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st 6151b11 TIIMOOKOT OIIHKY €(peKTUBHOCTI MOJIeJIed OyJI0 OOYHMCIICHO KJIAaCHYHI
metpuku  ToyHocti:  MAE  (cepemns ~ aOcomiotHa ~— moxubka), MSE
(cepenubokBasipaTruHa noxuoka), RMSE (cepenHbokopeHeBa KBaJpaTuyHa Moxuoka)
ta ARPE (BimHOCHa moxmOka y BicOTKax). Po3paxyHKH MpOBEACHO OKPEMO IS
cepenHbocTpoKkoBoro mepioxy (3 2025-07-18 mo 2025-10-17) ta Bchoro mepiogy i

npeacTaBiieHl B Tabmuii 3.2.

Tab. 3.2. Metrpuxu Tourocti(Crana BOJTaTHILHICTD)

Mepion Mozxen MAE MSE RMSE ARPE
Brek-1lloyms 1.044 1.105 1.051 0.066
2025-07-18  — ﬁfi‘fﬂ““a 0.745 0.769 0.877 0.049
2025-10-17 AT L
Cybmudysiiina |5 55 10.179 3.190 0.202
MOJIEND 2
bnek-Ioyn3 0.867 0.829 0.911 0.059
. Cybudysiiina | ¢gq 4735 2.176 0.165
Bech nepion mozenb 1
Cybnudysiiina |5 4o 11.577 3.403 0.274
MOIenb 2

3HaueHHS METPUK TIATBEPKYIOTh TIOMEPENHI CIHOCTEPEIKEHHS: KIaCHYHA
monens breka—1lloyn3a 3arasom 3abe3nedye HalMEHINI TOXMOKK Ta HaKparie
HaOMMKEHHST 110 peadbHUX pUHKOBUX IiH. CyonudysiiiHa momens 1 aeMoHCTpye

MOKpAIIeHY TOYHICTh y CEPEAHbOCTPOKOBOMY IHTEPBAJI.

J1y1st ToabIol OLIHKY SIKOCTI MOJIesIeil OyJio TPOBEIEHO CTAaTUCTUYHI TECTU Ha
HOPMAaJIbHICTh Ta AaBTOKOPENALII0 3aMIIKIB, OTPUMAHUX SK PpI3HUIS MIX

3MOJICTbOBAaHUMHM Ta PEATHHUMU PUHKOBUMH I[iIHAMH OIIIIIOHIB.
TecTr Ha HOPMATBHICTh 3AJTUIIKIB:

o bnek-Iloyn3:
o Shapiro—Wilk p-value: 0.2104
o Jarque—Bera p-value: 0.5264
o CyOmudysiitna monens 1:
o Shapiro—Wilk p-value: 0.7144
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o Jarque—Bera p-value: 0.6941

o CyOmudysiitHa Mmozaens 2:
o Shapiro—Wilk p-value: 0.5873
o Jarque—Bera p-value: 0.7010

TecTtu Ha aBTOKOpeEsAIito 3anumkiB (Durbin—Watson):

o buek-Illoymn3: 0.085
o CyOmudysiitna mogens 1: 0.096
o CyO6mudysiitna moxaens 2: 0.013

3a pe3ynbpraraMu T€CTIB Ha HOPMAJIBHICTh, YC1 MOJIEN1 JEMOHCTPYIOTh 3aJIUIIKH,
AK1 HE cyIepeydarhb rinoresi mpo HopMalibHUM po3noain (p-value > 0.05), 1o cBiIUUTH
PO KOPEKTHY NOOYI0BY MOZEJIel 3 TOUKH 30py pO3noAuTy noMuiiok. [Ipore 3HaueHHs
cratuctTukd Durbin—Watson B ycix BHMaakax 3HaYHO HMKYl 32 2, 10 BKa3y€e Ha
HASIBHICTh CUJIbHOT MO3UTHBHOI aBTOKOPEJISIii 3anumikiB. Lle o3Havae, mo momeni He
MOBHICTIO BPaXOBYIOTh YAaCOBY CTPYKTYpPY JMHAMIKU OMI[IOHHUX IIH 1 MOXYTh OyTH

BJIOCKOHAJICHI B [IbOMY HAIMPSMKY.

JI71st mepeBipKy MPUTTYIIEHHS TIPO HOPMAJIbHICTh 3aJUIIKIB Oys10 mo0ynoBaHo Q-

Q rpadiku s koxkHO1 3 Mozeneu(pucynku 3.2., 3.3., 3.4.):

Q-Q rpadik 3annuwkis Black-Scholes

—0.4 1

—0.6

—0.8 4

Sample Quantiles

—-1.0 1

—-1.2 1

T T T T T
-1.0 -0.5 0.0 0.5 1.0
Theoretical Quantiles

Puc. 3.2. Q-Q rpadik nns brnexa-Iloymn3a(Crana BoJaTUIBHICTS)
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Q-Q rpadik 3anmwkie Subdiffusive model 1

Sample Quantiles

—4

T T T T
-=1.0 —0.5 0.0 0.5 1.0
Theoretical Quantiles

Puc. 3.3. Q-Q rpadik ansa CnocoOy 1(Crana BOJaTHIBHICTS)

Q-Q rpadhik 3annwkie Subdiffusive model 2

—2.0 1

|
=t
5

L

—3.0 1

Sample Quantiles
|
w
wn
|

—4.0 4

—4.5 1

T T T T T
—-1.0 —=0.5 0.0 0.5 1.0
Theoretical Quantiles

Puc. 3.4. Q-Q rpadix ansa CrocoOy 2(Crana BOJaTHIBHICTS)

Bi3yanbHuii aHai3 mokasye, M0 3aJMIIKH BCIX MOJENIEH MPUOIU3HO CIIAYIOTh
HOpMaJIbHOMY pO3MONLTY, 3 HE3HAYHUMHU BiAXWICHHAM. lle y3romkyerbes 3
pesynbraramu craructuyHux TecTiB (Shapiro-Wilk 1 Jarque—Bera), siki He paroTh
M1JCTaB BIAXWIUTHU TIMOTE3y HOPMAJIbHOCTI 3aJIMIIKIB. TakuM YMHOM, MPUIYILIEHHS

PO HOPMAJIbHICTh 3AJIMIIKIB BBAKAETHCS OOTPYHTOBAHUM.
3.2 JlokaJibHA BOJIATWIBHICTH

J1y1st moKpaIieHHs: TOYHOCTI MOJISITFOBAHHS I11H OIIIIOHIB OYJIO PO3TIISTHYTO ITi X1
13 BUKOPUCTAHHSAM JIOKaJIbHOI BOJIATHIIBHOCTI. BoHa BpaxoBye 3MiHY BOJATUIBHOCTI

3QJIEKHO BiJI Yacy J10 €KCIipallii, 10 Ja€ 3MOTy Kpaille BifoOpa3uTH peaibHy pUHKOBY
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JTUHaMIKy. Y MoJielli BHUKOPHUCTOBYEThCA Taka (yHKI[lOHaIbHA (opMma JIOKaJIbHOI

BOJIATWJILHOCTI

O_local(o) =0, O-local(i) = Ulocal(i - 1)(.80 + .Bliy + Blizy)'i = 1' ey Nt

[Tapametpu Oynu OTprUMaH1 NUITXOM ONTHUMI3aLIHHOI POLIETypU

o =0.99,3, =—-11x10"1,y = 1.63.

YucenbHI po3paxyHKH MTPOBOAMIHCH JIJIST THX CAMHUX YMOB, IO W paHiIle: CTpaik

K = 111, noroyna mina akmii S = 111, 6e3pu3ukoBa CTaBkar =

5%. Ta0mura 3.3

JIEMOHCTPY€E 3MOJICThOBaHI I[IHU OMIIIOHIB JJIsI KOXKHOI 3 MOJeNield 3 JIOKAJIbHOIO

BOJIATUJIBHICTIO MOPIBHSIHO 3 peAIbHUMHU PUHKOBUMH I[IHAMH, K1 OyJ10 B35TO Ha CalTi

Nasdaq.com ta kiacuunoro mojaesuno biexa—Illoynza:

Ta0. 3.3 TabnuuHe NOPIBHAHHA 3MOJEIbOBAHUX I[1H 3 pE€aJTbHUMU
punkoBuMH(JIOKaIbHA BOJIATUIILHICTH )

Cyomudysiiina monennb | Cyoaudysiiina wmogeans | CtanaapTHa
Exp. Date JoKaIbHA __ | moxanbHa . Mo/1eJ1b Pf:anbna

BoJIaTWIBHICTH(Coci6 | BoratuibHicTh(Cnocio baexa- wina

1) 2) Iloymn3a
2025-03-21 | 10.39 10.93 7.00 6.7
2025-04-17 | 11.99 12.71 9.31 8.58
2025-05-16 | 13.26 14.22 11.38 10.95
2025-06-20 | 14.43 15.70 13.47 12.75
2025-07-18 | 15.20 16.73 14.96 13.75
2025-08-15 | 15.86 17.66 16.33 15.45
2025-09-19 | 16.56 18.73 17.91 16.9
2025-10-17 | 17.04 19.52 19.09 18
2025-11-21 | 17.54 20.45 20.48 19.5
2025-12-19 | 17.86 21.15 21.54 20.4
2026-01-16 | 18.11 21.82 22.55 21.5
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Ha pucynky 3.5. 300pakeHO TUHAMIKy 3MOJI€JIbOBAaHUX I[1H OMIIIOHIB BiAMOBITHO
710 KOXKHOTO 3 IMiJIXO/IiB Ha BChOMY YaCOBOMY TOPU30HTI, a TAKOXK iXHE MOPIBHIHHA 3
peaTbHUMH PHHKOBMMHM IiHaMH. lle BisyanbHE MpEACTaBICHHS 03BOJISIE OI[IHUTH

TOYHICTh MOJIETICH Ha Pi3HUX IHTEpBaJIaX yacy JI0 eKCIipartii.

MopiBHAHHA WiH MoAenel 3a nataMmu

Mopens

22 7 —e— Cy6andysiitHa MOOens NoKaNbHa BoNaTUNbHICTE{Cnoci6 1)
CybawndysifiHa Mogenb AoKanbHa BOAaTUALHICTL{Cnocib 2)
201 —®— CraHpgapTHa mogents bneka-lWoynsa

—&— PeanbHa UiHa

18 4

12 4

10 A

6 - T T ; T T ;
2025-03-21 2025-05-16 2025-07-18 2025-09-19 2025-11-21 2026-01-16
HaTa

Puc. 3.5. I'padpiune nopiBHSHHS 3MO/ICJIbOBAHUX I[1H 3 PEAIbHUMHU

punkoBuMU(JIokaabHa BOJATHUIIHHICTS)

Cyonudysiiina moxens (Croci6 2), sika padinie JeMOHCTpyBajia HaWOUIbIII
BIJIXWJICHHS, TETIEp HAOIMKAETHCS IO pealTbHUX PUHKOBHUX I[1H 1 HA JJOBTOCTPOKOBOMY
MPOMIKKY, KOJHM dYac 10 eKcImiparii HaOIMmKaeThCs 10 POKY, 3abe3redye Kparii
pesynbrati, HiX Mojaenb breka—Illoym3a. Croci6 1, sk 1 y BUIAAKy CTajioi
BOJIATWJILHOCTI, JAa€ TOYHIIIE HAOMMKEHHS Ha CEPEeIHBLOCTPOKOBOMY TOPU3O0HTI
(6u3BKO MIB POKY A0 €KCIIipallii), OAHAK Y KOPOTKOCTPOKOBOMY Ta JIOBITOCTPOKOBOMY

nepiofax JIEno TipIie y3roKy€eTbCs 3 pPUHKOBUMU IIHAMH.

Jlnst OumbIl  A€TAJIBHOTO aHaii3y €(QEeKTUBHOCTI Mofenei Oylno oO04HciIeHO
CTaHJApTHI METPUKU TOYHOCTI. OIIHIOBaHHS MPOBOJUJIOCH  OKpPEMO IS
CEPEeHbOCTPOKOBOTO, JOBIOCTPOKOBOTO Ta IOBHOTO IMEPIONY 1 MPENCTaBICHO B

tabmum 3.4.:
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Tab. 3.4. Metpuku TouHocTi(JIokambHa BOJATUIBHICTD)

Mepion Mozxen MAE MSE RMSE ARPE
Brex-1Lloyns 1.044 1.105 1.051 0.066
2025-07-18  — Cy6ﬂ“‘b¥3m‘*a 0.787 0.822 0.907 0.051
2025-10-17 MoAetb -
Cybmudysiina |, 1 4.860 2.204 0.138
MOZIENb 2
Brex-1Lloyns 1.066 1.140 1.068 0.054
2025-10-17 . —
026-01-16 ﬁgﬁjﬁf’fwa 2.210 5.670 2.381 0.109
Cybandysiiina | ceq 0.974 0.987 0.046
MOIenb 2
Brex-1Lloyns 0.867 0.829 0.911 0.059
. Cybnudysiina |, 15 5316 2.306 0.171
Becs nepion Mozensb 1
Cybnudysiiina |, 595 6.856 2.618 0.209
MOJIEND 2

3HaYeHHsS METPHUK HIATBEPPKYIOTh 3pOOJIEHI paHillle CIHOCTEPEKEHHS: MOJENb
bneka—Illoyn3a B cepeaHbOMYy JAEMOHCTPYE MEHINI MOXUOKU, OJHAK MOCTYHA€ThCs
cyonudy3iiiHMM MmiaxoAaM Ha MEBHHUX YaCOBUX FOPU30HTax. 30Kpema, cyoaudysiiina
MOJENb 2 3 JIOKaJbHOI BOJATWUJIBHICTIO JOCSrae HaWKpamioi TOYHOCTI Ha
JIOBFOCTPOKOBOMY 1HTEpBaJll, TOA1 SIK Mojeib | 30epirae TOUHIIIE Y3TOKEHHS 3
PUHKOBUMHU I[IHAMH Yy CEPEIHbOCTPOKOBOMY NEPI01I — MOAIOHO A0 pe3ynbTaTiB MpH

BUKOPHUCTAaHHI CTaJI0i BOJIATUILHOCTI.

JI71st moambIIol OLIIHKHU SIKOCTI MOJIeeil OyJIo MPOBEIEHO CTATUCTUYHI TECTH Ha

HOPMAaJIBHICTh Ta aBTOKOPEIISITIIO 3aTUIIKIB:
TecTr Ha HOPMATBHICTh 3AJTUIIKIB:

o bnek-Iloyn3:
o Shapiro—Wilk p-value: 0.2104
o Jarque—Bera p-value: 0.5264
o CyOnmudysiitna mozens 1:
o Shapiro—Wilk p-value: 0.7548
o Jarque—Bera p-value: 0.7032
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o CyOmudysiitna Mmozens 2:
o Shapiro—Wilk p-value: 0.6442
o Jarque—Bera p-value: 0.7034

TecTtu Ha aBTOKOpeEsAIito 3anumkiB (Durbin—Watson):

« Black-Scholes: 0.085
o CyOmudysiitna mozaens 1: 0.100
o CyOmudysiitna moaens 2: 0.030

3a pe3ynbraraMu TECTIB Ha HOPMAJIBHICTh, YC1 MOJIEN1 JEMOHCTPYIOTh 3aJIUIIKH,
SK1 HE CyIlepedarh TinoTe3l Mpo HOpMajdbHUM po3noaut (yci p-value mnepeBUIyIOTh
noporoBe 3HadeHHs 0.05). Ile cBIIUUTH PO BIAMOBIAHICTH MOJENEH 13 TOYKH 30py

PO3IOILTY MOXHUOOK.

Boanouac HU3bK1 3HaU€HHS cTaTucTUKK Durbin—Watson Bka3zyoTh Ha HassBHICTb
CUJILHO1 MO3UTHUBHOI aBTOKOPEJIAIll 3aJUIIKIB ¥ BCIX TPhOX BUMajakax. Lle cBimuuTh
Ipo Te, 110 JKOTHA 3 MOJIeNICH He 3a0e3Meuye TOBHOTO BpaxyBaHHS YacOBOI CTPYKTYPH
y IUHaMIilll PUHKOBUX OMIIIOHHUX II1H, [0 BiJKPUBAE MEPCIEKTUBH JJISl OJAJIBIIIOTO

BJIOCKOHAJIEHHS] MOJIEJIEN Y IIbOMY HaIIPSIMKY.

JI71st mepeBipKy MPUMYIIEHHS PO HOPMAJIbHICTh 3aJUIIKIB Oy10 mo0y1oBaHO Q-

Q rpadiku ansa koxHo1 3 Mozeneu(pucynku 3.6., 3.7., 3.8):

Q-Q rpadik 3annwkie Black-Scholes

—0.4 4

—0.6 1

—0.8

Sample Quantiles

-1.0 1

—L.Z:4

T T T T T
-1.0 -0.5 0.0 0.5 1.0
Theoretical Quantiles

Puc. 3.6. Q-Q rpadik ansa breka-1lloyn3a(JlokansHa BOTaTUIBHICTD)
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Q-Q rpadiik 3anmwkie Subdiffusive model 1

Sample Quantiles

-4

T T T
-1.0 —-0.5 0.0 0.5 1.0
Theoretical Quantiles

Puc. 3.7. Q-Q rpadik ans CnocoOy 1(JIokanbHa BOJATHIBHICTD)

Q-Q rpadhik 3annwkie Subdiffusive model 2

—2.0 1

|
=t
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L

—3.0 1

Sample Quantiles
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w
wn
|

—4.0 4

—4.5 1

T T
—-1.0 —=0.5 0.0 0.5 1.0
Theoretical Quantiles

Puc. 3.8. Q-Q rpadik ans CriocoOy 2(JlokanbHa BOJATHIBHICTD)

BizyanbHa omninka Q-Q rpadikiB CBIJYHMTH, IO 3aJUIIKA 3MOJEIBOBAHUX LIIH
371€01TBIIIOTO BiJIMOBIAI0Th HOPMAIBHOMY PO3MOALTY, 3 HE3HAYHUMHU BIIXUJICHHSIMU
Bil npsamoi. Lle miaTBepmxkye pesynasratu craructTuyHux TectTiB (Shapiro—Wilk 1
Jarque—Bera), siki He BHUSBWIM ICTOTHUX BIAXWICHBb BIJ HOpMasbHOCTI. OTXe,
NPUMYIIEHHS TPO HOPMAJIBHUN PO3MOMIT 3aNHINKIB € TPUHHATHUM 7S BCIX

PO3MIAHYTUX MOJIEJIEH.
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BUCHOBKH

Y it poboti Oylio MOCHIHKEHO MIAXOMW 10 MOJMACTIOBAaHHS JWHAMIKH IIiH

(GhiHAHCOBMX AaKTHUBIB Ha HEMIKBIIHUX pHUHKAX 3a JOTMOMOIOK CyOaudy31iMHUX

nporeciB. Y skocTi cybopamHaropa Oylno BHUKOPHUCTAHO CTAHIAPTHUM 1HBEPCHUN

rayciBcekuil mpouec (IG(0,1)), mo m03Bosiss€e BpaxoOBYBaTH HETPUBIAIIbHY YacOBY

CTPYKTYpY Ta 3aTPUMKH, K1 XapaKTepHi JUIsl PUHKIB 13 HU3BKOO JIIKBIAHICTIO. Takuii

HIiAXI] € aKTyaJIbHUM Y KOHTEKCT1 TOLIYKY aJbTepHATHB 0 KJIACHUYHUX MOENEH, 110

HCAOCTATHHO TOYHO OIINCYIOTH PCAJIbHY PUHKOBY I[I/IHaMiKy Y CKIIAJHUX YMOBaAX.

l.

2.

Y pamkax JociiKeHHsT OyJIO 3acTOCOBAaHO JBa IMIJAXOAU IO PO3PAXyHKY
CIPABEIJIMBOI BAPTOCTI €BPONEHCHKUX KOJ-OMIIIOHIB:
nepmuid miaxia 6asyerscs Ha Momudikaiii kimacuyHoi momeni bieka—Illoyn3a
IUISIXOM 3aMIHHM JIETEPMIHOBAHOIO Yacy Ha BUIIAJKOBY BEJIMYMHY — IHBEPCHOTO
rayciBcbkoro cyoopaunaropa 1G(0,1). CnpaBemmuBa 11iHa €BpPONEHCHKOTO
KOJIOTIIIOHY B TakKiil MOJIeNi BHU3HAYA€TbCS I1HTErpajioM JOOYTKY KJIACUYHOI
dbopmynu baeka—Illoyn3a Ta miJibHOCTI 00EPHEHOTO CYyOOpAUHATOPA;
Ipyruil  mepembadae BUKOpUCTaHHS ¢pakuiiiHoro piBHAHHS [romipa 3
ypaxyBaHHSIM JIOKaJIbHOI BOJATHUIIBHOCTI, Y SIKOMY KJIacCHYHA IMOXiTHA 32 4acoM
3amiHeHa Ha noxiaHy Kamyro—/[xepOanisnHa.
st Bummanky 1G(0,1) chopmynboBaHO TBEPIHXKEHHS PO BUIIST (PpaKTaIbHOTO
piBHsiHHS tomipa y sikomy noxigHa Kamyto—/[xepOaiisiHa nepeTBOPIOETbCA Ha
noxiaHy KaryTo, 1m0 BiIKpuBae MOMKIJIMBOCTI 3aCTOCYBaHHS BIJOMHUX YHCEIIBHUX
METO/TIB.
Cyonudy3iiini moaeni Oyi0 mpoTeCTOBaHO Ha MPUKJIA/A] pealbHUX PUHKOBUX JaHUX
Juis oniioHiB komnaHii AMD. OtpuMaHni pe3ynbTartu mokasaiu, o cyoaudysiiina
MOJENIb 3 IHTErpallbHUM  MIAXOIOM  3a0e3rnedye  Kpally TOYHICTh — Ha
CEPEeIHbOCTPOKOBOMY TOPHM30HTI, TOAlI SK MOJENh Ha OCHOBI MOAM(IKOBAHOTO
piBHsHHS Jlforiipa AEMOHCTpPY€E BUIIY TOYHICTh Ha JIOBTOCTPOKOBUX IHTEpBaJIax
JUIe 3a YMOBHM BpaxyBaHHs JIOKaJbHOI BoJaTuiabHOCTI. OOuaBa miaxonu B

OKpEMHUX yMOBax MepeBeplIyIOTh KiacuuHy Moneib biexa—Illoyn3a 1 momaTkoBe
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BKJIFOYCHHS  JIOKAJbHOI  BOJIATMJILHOCTI AO3BOJIMJIO  CYTT€EBO  IIOKpPAIIHUTHU

BIJIMTOBITHICTh 3MOJCIIEOBAHUX ITiH JI0 PEAUTHPHIX PUHKOBHUX JaHUX.
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Honatok A Cepaoxk @. O., Cnyuuncekuii JI. FO. MonentoBaHHsS JuHaMiKu
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MOAEJIFOBAHHSA JTUHAMIKW HEJIIKBIZTHUX
PTHAHCOBUX PUHKIB

®. 0. CEPIIOK, . 0. CJIYUMHCHKHUIT

Ouinka onmnioHis Ha pUHKAX 3 0OMEXKEHOIO JIKBIIHICTIO € KPUTHIHO BAKJIH-
BOIO jyist yipasiinss pusukamu. [Ipore Tpajuiiiini Momesi, 30KkpeMa MOIEb
Buaeka- Iloyza, yacro BUpOKYIOTLC 34 yMOB Heqiksianocti. e 3ymosinoe
HeoDOXiAHICTh BUKOPHUCTOBYBATH 1HIIN MOMIE/I, SKi BPAXOBYIOThH 3YIHHKY 3MiHK
tinu Ta Hecrabuibiy BosaTwibHicTs. Hanpuwian, cybuudysiiini mogeni, mo
UPYHTYIOTHCS HA BBEJIEHHI 1Ipoliecy HoBoro yacy Hi.

VY pobori posrisiyro cybaudysiini momeni ninoyrsopennst ounjonis [1] 3
ypaxyBaHHsAM JIOKAALHOI BOJIATWILHOCTI 0y, [ BHIIAAKY O0EpHEHOro ray-
cisenbkoro cybopaunaropa 3 napamerpanvu (0, 1). JIiast 0poro BUNAAKY 1Mpo-
[MOHYIOTLCH JIBA METOIH 3HAXOKEeHHS clipaBe/yinBol iny onmiodis. [Tepimii
METO/ BUKOPHCTOBYE MapPTHHIAILHMIT 1ixi, 3anpononosanuii Marjiazp [2]:

V2
VnT

e 3T de, (1)

Cu, (S, K, T,on,) = [ C(Su,, K, =z, J?{t)'
Jo

Iie:

e Sy, — uinma akTuBy B MOMeHT uacy Hi,
e K — mina crpaifiky,
e T — 1ac ;10 peasnizarii oriony.

Hpyruii - 6asyerbes na dpakransuomy pisusani Jonepi [3].

s mux niaxoais 6y/10 peasizoBaHo YHCEIbHI MEeTO/H 1 3HAIEHO OLIHKY
rpeMiii onmionis nis peasibinx punkosux jgannx 3 Nasdaq. IIposeneni cratu-
CTHYH] Ta eMIIPUYHI TeCTH Uit OLUiHIOBAHHS SKOCTI MOJIesl.
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Subdiffusive models with local volatility for
illiquid markets

Nataliya Shchestyuk!, Dmytro Sluchinsky!, and Fedir Serduk!
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Kyiv, Ukraine

Abstract. The paper focuses on subdiffusive models with local volatil-
ity that extend classical approaches to capture illiguidity effects and
trapping events through stochastic time changes. The main option pric-
ing tool in this paper is a fractional extension of Dupire equation. We
apply the equation for subdiffusive in Brownian setting in the case of
the inverted tempered stable subordinator and demonstrate numerical
results for real financial data.

Keywords: Option pricing, subdiffusion, local volatility, tempered sta-
ble subordinator.

1 Intoduction

Iiquid market refers to the state of a stock, bond, or other assets that cannot
easily and readily be sold or exchanged for cash without a substantial loss in
value. It happens for crisis periods that negatively affect financial activity or for
emerging markets in which the number of participants. and thus the number
of transactions, is rather low. As a result, illiquid assets tend to have lower
trading volume, wider bid-ask spreads, greater price volatility and long periods
without any trading. To account for the market’s ability to accelerate or slow
down during periods of varying trading intensity, fractal models of activity over
time have been proposed(see for example [5], [2], [7]. ete.). In the context of this
model, the “activity time” process can be interpreted as time over which market
prices evolve, and it is often associated with trading volume or the flow of new
price-sensitive information. However these models and any other models based
on Brownian motion are perpetually moving, they are not adapted for modeling
periods with motionless stock returns.

Nevertheless, in statistical physics. there are subdiffusion processes that are
well suited to describe the dynamice of underlying returns with trapping events
[10]. Magdyarz was the first to propose a subdiffusion extension of the Bachelier
and Black-Scholes models (see [9], [8]). He considered the standard diffusive
process S; = Sg,, which is time-changed by some stochastic process H, called
the inverse subordinator ("hitting time”). In general, for a given subordinator
;. the inverse subordinator H; is defined as

Hi=inf{r>0:G; =1t}, (1)
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and interpreted as the first time at which G hits the barrier ¢. The subordinator
G in (1) is generally Lévy process with Laplace transform in the following form:

E (E—uf},) — f—ﬂF[u]:

where (u) is called Lévy exponent, which can be written in the following drift-
less form

-+ Do
w{u}:fu (1 - ™) i(dx),

p(dx) is an appropriate Lévy measure. By construction, the inverted process
may be constant, and any process subordinated by H, exhibits motionless peri-
ods. Magdziarz constructed the corresponding martingale measure, showed that
the model is incomplete and derived the formulas for European put and call
option prices using martingale method ([9], [8]). However the approach has two
drawbacks. Firstly, following the martingale method, the option price can be
evaluated by computing an integral that includes the hitting time density. Thus,
the density should admit a closed form. An alternative is to calculate the price
using Monte-Carlo simulation. These solutions are explored in [8] in a Brownian
setting for a-stable subordinator, in [12] for inverse Gaussian subordinator, and
in [13] for Gamma subordinator. Unfortunately, in the general case, the closed
form of the hitting time density is unknown. and we need to look for other ways.
Secondly, Magdziarz considered subdiffusive models in Brownian setting with
constant volatility. In fact, the realized volatility of an underlying asset actually
varies with time and with the underlying itself.

In the paper, we consider a subdiffusive model in the Brownian setting with
local volatility. To price options we use the Dupire fractal equation, that does
not require a closed form for hitting time and takes into account local volatil-
ity. It is a forward partial differential equation in which the derivative with re-
spect to time is replaced by a Dzerbayshan—Caputo (D-C) derivative. In [3] was
proved that option prices for subdiffusion can be found as solutions of the frac-
tal Dupire equation. The form of the D-C derivative depends upon the chosen
Lévy subordinator. In [3] it was detailed for a-stable and Poisson subordinators

in the jump-diffusion setting. We detail this for a Tempered Stable Subordinator

TS(ev, A, e). 1t is a type of Lévy subordinator with Lévy exponent
B(z) = (A +2)* - ), 2)

where 0 < o < 1 is stability parameter, A > () is tempering parameter and ¢ > 0.
The corresponding process H, is called an inverse tempered stable subordinator
(ITS). Its analytical properties are fully detailed in [6] and [1].

The paper is organized as follows. In the second section we consider the
subdiffusive model and present the form of fractal Dupire equation for option
pricing in case of the tempered stable subordinator. The third section is devoted
to the numerical approach and pricing of options for real financial data.
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2 Subdiffusive option pricing via fractal Dupire equation

We assume that the subdiffusive market consists of at least three components:
a risk-free bond, a risky asset and an option. The idea of subdiffusion models
is to replace the calendar time ¢ in the risk-free bond motion and the classical
geometrical Brownian motion (GBM) by some stochastic process H; that rep-
resents the hitting time, defined as (1). Thus, the bond B; and stock S; are the
solutions of the time-changed stochastic differential equations:

E.iBgﬁ';. f— TdHt’ B() — 11

H,

ds o}

SGH, - (“+ %) dH, + o, dBr,, t>0,
H,

where o; = gy, is local volatility.

To model option pricing, we use the fractional approach that was introduced
in [3] in jump-diffusion setting. We denote the option price as Cy (T, k), where
T is the time to maturity and the logarithmic strike price as k = log K. We
then replace the standard time derivative in the classical Dupire equation with
a convolution-type derivative. Thus, the Fractal Dupire equation can be written
in the form

62

SZCu(Tk), (3

1,
"DrCu(T, k) = —T%Cu(T,k) + 50"(‘1’, SH,)

where ¥ Du(t) is the convolution-type derivative, called the Dzerbayshan-Caputo
(D-C) derivative and defined as

¥ Du(t) = /O -gzu(t — s)v(s)ds. (4)

The Lévy measure ©(dz) for the subordinator G; with Lévy exponent ¥ can be
expressed throw the inverse Laplace transform:

#(dz) = L1 [%d/(z)] ().

The tail of the Lévy measure, or kernel v(s), is obtained as

v(s) ds=/ v(dx) ds.

We apply the equation (3) to diffusion in Brownian setting with the inverse
tempered stable subordinator defined by Lévy exponent (2).

Proposition 1. The European call option price Cu(T. k) = Cu (S, K.T.0on)
for a time-changed version of the Brownian setting with local volatility in case of
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an inverse tempered stable subordinator Hy is a solution of the fractional Dupire
equalion:

aAs A il

‘Ti-a /), 7%

N . a B 1 L ]
T—5)I'(a, As) ds = —r 5 Cir (T, k)4 50%(T, S11,) 5z Cr (T
(5)

with the initial condition Cy (0, K) = (Sy,—K)*. The European put option price
is a solution of the same fractional Dupire equation but with initial conditions

Py (0,K) = (K — Py )+

Proof. Using (2) we compute

d¥(x) e
el a(A+x)" 7,
and obtain Lévy measure:
T ) P P :
v(dr) = r'f'{l — u},z.' ¢ Ii-pdx.

To compute the kernel v(s), we evaluate the tail integral:

i .xv, R o 'x_—n-h-;.:,
H{S}dh_[,— L{c.{.r}—f:———r{l_m)./; T e “dz.

Using the change of variables # = £ = dr = % we have

al\”™ = A"
v(s)ds = e t—* e tdt = ¢

ri—-a) s, Fli—a) \ o),

where I'(—ea, As) denotes the upper incomplete gamma function. Then D-C
derivative (4) for T'S(«, A, ¢) subordinator can be written as

aA™ T
¥ Du(t) = r:mfn ﬁu{i’ — ), As) ds. (6)

Thus. if we substitute (6) in (3), the proposition follows.

Remark 1. The issues of the existence of arbitrage opportunities and the com-
pleteness of the T'SS subdiffusion market were investigated in [15], [14], where
was proved that subdiffusive T'SS market is arbitrage-free and incomplete.

Remark 2. The presented option pricing subdiffusive model with TS(w, A, ¢)
subordinator has an interesting interpretation of its parameters in light of the
market price of risk. Thanks to the theorem about the incompleteness of the
subdiffusive market, the existence of a market price of duration risk naturally
arises (see [15]). Once S, is calibrated to liquid market prices, the market price
of duration risk will be reflected in the martingale density parameters, and these
same features will be thus reflected in the (risk-adjusted) frequency and duration
of trade pauses incorporated in hitting time H;.
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In [15] was shown the parameter A expresses belief in the speed at which
the granular price evolution of the asset will revert to a fully "liquid” state,
which is well approximated by a standard L'evy-driven diffusion. So, A captures
the risk of latency to liquidity, while absolute trade duration risk defined by a.
Therefore, T'S{wv, A, ¢) models offer a unified framework in which ultra short-
term option pricing accounts for the microstructural duration effect, whereas
options at typical maturities are priced according to the usual L'evy paradigm:
the cut-off between the two states is encoded in A.

Remark 3. Since inverse Gaussian /G/(d,v) subordinator can be considered as
tempered stable L'evy subordinator TS(1/2,42.48), we can refer to the paper of
[12], where the fair option price for IG market was explored as a solution of the
PIDE:

T a #
l EEC'HI:T—S,# ("}‘l[‘i}("}'\/_) —1) m)d’ﬁ

r a? &
=——— — Tk
EBLCH{ k) + 1 .}kzpﬁi );
with the initial condition Cy (0, K) = (Su, —K)™, and k = [nK. Here parameter
~ captures the risk of latency to liquidity, while absolute trade duration risk
remaing constant and is defined by 1/2 (see [12], [15]).

Remark 4. If v = 0 for TS(1/2.4%,8), we get a regime where prices exhibit
maximum staleness at all temporal scales. Moreover, in this case D-C derivative
becames Caputo derivative. In fact,

|
v 2ms

Using the substitution u =t — s = ds = —du, we get:

ds.

£
YDul(t) =2a‘f ﬁcﬂgf—s,k}-
o Ot

CH (u, ke 24 .
AL Dy2Cu(T k),

V/‘— r(s) 1_;)f (- w2 =7§

where Dy 5Cg(T, k) is Caputo derivative. This leads to the fractional Dupire-
type equation:

YDu(t) =

(1. Syy,) O
4

i)
—=Dy5Cx(t) = _-—CH{t k) + BT

7 5 5% sCr (L, k). (7)

3 Numerical approach and illustration

In the section a numerical approach involving the discretization of the integro-
differential equation (7) is applied. The Caputo derivative in the left side of (7)
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admits the numerical representation by the finite difference sum [4]:

(At)—=

'DerH{k.j] = m {

Culk.j) = Culk—1,7))+

(A= 2. & s e
tra—a P IR LA Gl

The matrix form of Caputo derivative for the case n = % can be written as

%mmcﬂfh Y= fﬂg’ (Caitk:) = Calk=1,9)"+

- V% (D(R)CH(0: k—1,))T 15_1,

where D(Fk) is a special matrix of dimension (k — 1) x k with appropriate coeffi-
cients:

D cw owe 0 —(@)2(2)7

~(k)"F (k)" 0 ... ... 0
The first and second order derivatives with respect to k on the right side of (7)

can be calculated by a central finite difference approximation:

aCn(k.j) _ Culkj+1) ~Calkk—1) 3Cu(k0) _ Cu(k.1) — Cu(k,0)

ok 2Ax ; ok Ay
dCH(k.nx + 1) B Culk,ng +1) = Culk.ng)
dk B Ag ‘
PCu(k,j) _Cu(k,j+1)—2Cu(k j)+ Culk,j—1)
oKz A2 -‘
ﬂzf_ﬁ-r”{k‘ ﬂ} = f}ECH{k', 1:] ["]'ECH{A?.?IK b o l} . EQCH”Q ?L_[{J
ak? N a7 k2 N k2 '
where ng = [R'%K_ﬁ“] These derivatives are represented in matrix form:
AC gk, J = Cu(k, i =
Xoa0d) — RRCulh ), TEEEI) — RORCu (R, T,
where
-1 1 Q.00 1—-21 0. {
. -10431...0 p [EEL D
o el _ L lp3 21 B
Ri=as L 7 =
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Therefore, the final numerical iterative scheme for solving (7) in the case d = 1
can be written in the form:

x (\%m} (D(k)Cr(k - Lrnm_l) |

Numerical experiments were performed to compute European call option
prices on AMD stock for the date 13/02/2025 with the following parameters:
strike price K = 111, spot price § = 111, and interest rate r = 5%. The annual
constant volatility from historical data equals o = 47.37%. Local volatility ojoca
was constructed iteratively using the recurrence relation:

|
. o 2 1 (Af)~" =
Cu(k, )" = (KRI% = Kszg?H + 1, (4%) )

Tiocal (1) = Olocat(i—1) - (fo + 187 + i), fori=1,...,n,

with initial value o15ca1{0) = o and parameters 3y = 0.99, 5; = —1.10 x 101
v = 1.63, which was found by optimization procedure.
Three models were evaluated:

— Classical Black-Scholes model:
— Subdiffusive model with constant volatility:
— Subdiffusive model with local volatility.

Figure 1 presents the comparison of call option model prices and actual market
prices (premiums) for varying times of maturity.

Comparizon of model prices by expiration dates

Moded

23.5 1 —%— Market Price
—#— Black-Gcholes
== Subdiff. {corstant vol.|
0.0 —8— Buibeilf {locad val.i

o

INI5-03-21 201540518 0T5-0a7-18 I‘ﬂ-}ﬁ.ﬂ}lg IIH-11-21 T0I6-01-16
Diabe

Fig. 1: Comparison of model call option prices with actual market premiums

As we can see from the graphics in Fig. 1, the Black-Scholes option pricing
model shows better results in the short-term period, while the subdiffusive model
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is more effective in the long-term perspective. To assess and compare the pre-
dictive performance of the models, for two time periods the following accuracy
metrics were caleulated: MAE — Mean Absolute Error, MSE — Mean Squared
Error, RMSE - Root Mean Squared Error, ARPE — Average Relative Pricing
Error.

The results are presented in the Table 1.

Table 1: Accuracy metrics by time interval and model
Interval Model MAE| MSE |RMSE[{ARPE
Black-Scholes 0.753] 0.652 | 0.807 | 0.061
2025-03-21 to 2025-09-19|Subdiffusive (const)|3.888(15.533] 3.941 | 0.369
Subdiffusive (local) |3.087|10.218; 3.197 | 0.302
Black-Scholes 1.066] 1.140 | 1.068 | 0.054
2025-10-17 to 2026-01-16|Subdiffusive (const)|2.128| 4.656 | 2.158 | 0.109
Subdiffusive (local) |0.888] 0.974 | 0.987 | 0.046

4 Conclusion

The paper develops a sub-diffusive model with local volatility time-changed by
inverse T'SS subordinator. The main pricing tool for European call and put
options in this paper is a fractional extension of Dupire’s equation in Brownian
setting with local volatility. We apply the equation for TSS and demonstrate
numerical results for real historical financial data.

The study finds that subdiffusive models are more accurate and sensitive,
especially in capturing market behaviors like periods of price motionless for
illiquid markets. The results of comparing the studied model with the classical
one show that the classical B-S model demonstrates better results in the short-
term period, while the sub-diffusive models is more effective in the long-term
perspective. Moreover, the accuracy of sub-diffusive model with local volatility
prevails over sub-diffusive model with constant volatility

Due to the proposed approaches and numerical algorithm, the investor gets
tools that allow him to take into account the market’s illiquidity and a local
volatility.
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Honarok B Kox nporpamu

3aranbHum 610K

[MigknroueHHs 6ibnioTek

import pandas as pd

import math

import statistics

from sympy.stats import cdf, Normal

import numpy as np

from scipy.special import gamma

import matplotlib.pyplot as plt

from scipy.stats import norm

from scipy.integrate import quad

from joblib import Parallel, delayed

from sklearn.metrics import mean_absolute_error, mean_squared_error
from scipy.stats import shapiro, jarque_bera, t

import statsmodels.api as sm

from statsmodels.stats.stattools import durbin_watson
from sympy import *

from tgdm.notebook import tqdm

import cupy as cp

3aBaHTaXkeHHs dannis.

historic_df = pd.read_csv('HistoricalData_1739451966876.csv')
print(historic_df.head())
Date Close/Last Volume Open High Low
0 02/12/2025 111.72 25319730 $109.52 $111.8356 $109.0649
1 02/11/2025 111.10 35033760 $108.98 $113.07 $108.94
2 02/10/2025 110.48 34905360 $108.44 $111.40 $108.15
3 02/07/2025 107.56 46082500 $109.13 $109.92 $106.79
4 02/06/2025 110.16 50426590 $110.93 $112.56 $109.02

D_k

def fractional_derivative_matrix(delta_t, alpha, k):

Create the fractional derivative matrix D(k) for fractional order alpha.

Parameters:

- delta_t: Step size in the k-grid.

- alpha: Fractional order of the derivative.
- k: Number of points in the k-grid.

Returns:

- D_k: Fractional derivative matrix.

coef = (delta_t**(-alpha)) / gamma(1 - alpha)
coef_gpu =float(coef)

D_k = cp.zeros((k-1, k), dtype=cp.float64)
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foriin range(k-1):
D_Kk[i, k-i-2] = -((i+2)**(-alpha))
D_Kk[i, k-i-1] = (i+2)**(-alpha)

return coef_gpu * D_k

R_k

In [9]:
def finite_difference_matrix(n_k, Delta_K):

Create the finite difference matrix R_k for first derivative approximation.

Parameters:
- n_k: Number of points in the k-grid.
- delta_t: Step size in the t-grid.

Returns:
- R_k: Finite difference matrix for the first derivative.
R_k =np.zeros((n_k + 1, n_k + 1))
foriinrange(1, n_k):
R_K[i,i-1]=-1/2
R_K[i,i+1]=1/2

R_k[0, 0] = -1

R k[0, 1] =1
R_k[n_k,n_k-1]1=-1
R_k[n_k,n_k]=1
R_k=R_k / Delta_K
return R_k

R_2k

In [11]:
def second_derivative_matrix(n_k, Delta_K):

Create the finite difference matrix R2_k for second derivative approximation.

Parameters:
- n_k: Number of points in the k-grid.
- delta_t: Step size in the t-grid.

Returns:
- R2_k: Finite difference matrix for the second derivative.
R2_k =np.zeros((n_k+ 1, n_k + 1))
foriinrange(1, n_k):
R2_k[i,i-1]1=1
R2_Kk[i, i] =-2
R2_k[i,i+1]=1

R2_k[0, 0] = 1
R2_k[0, 1] = -2
R2_k[0,2] =1

R2_kin_k,n_k-2]=1
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R2_k[n_k, n_k-1]=-2
R2_k[n_k, n_k]=1
R2_k /= Delta_K**2
return R2_k

[NouaTkoBi NnapameTpu

In [8]:
S = pd.read_excel('data.xIsx', sheet_name='S'").loc[0, 'PriceUSD'] #lMoyamKosa yiHa 3 peanbHUxX OaHUX
historic_df['Date'] = pd.to_datetime(historic_df['Date']) #lMepemeopeHHAa 8 popmam dam
K=111 #Cmpalik yiHa
k_min =50 #MiHimanbHa cmpalk yiHa
k_max = 150 #MakcumanoHa cmpalik yiHa
A 0=111 #lMoyamkosa yiHa
n_t=252 #KinbKicmo npomixckie Ha peasnbHUX 0aHUX
delta_t=1/252 #Pi3HUUA MiXC MPOMIXKAMU 8 POKAX
print(n_t,delta_t)
alpha=0.5 #Mapamemp cybopouHamopa
K_j = np.arange(k_min, k_max + 0.5, 0.5).tolist() #CmeopeHs crnucky cmpalikogux YiH 3 ntogpmom e 0.5
Delta_K = K_j[1] - K_j[0] #06paxyHOK pazHuyi mix cycioHimu(0.5)
n_k =len(K_j)-1 #KinbKicmos cmpalikosux yiH
K_plot_BS =K #Mapamemp 05 nobydosu bneka LLloy3a
K_plot_dif = int((K-k_min)/Delta_K) #Mapamemp 015 nobyodosu cyb6ouysil

252 0.003968253968253968

Po3paxyHOK pi4YHOI BOATUAbHOCTI Ta NPOLEHTHOT CTaBKMW:

In [10]:

OptionPrice = pd.read_excel('data.xlsx', sheet_name='Option')
print(OptionPrice.head())
hni =]
for i in range(historic_df.shape[0]):

ifi==0:

continue

hn = math.log(historic_df.loc[i, 'Close/Last']/historic_df.loc[i-1, 'Close/Last'])

hni.append(hn)
hn_av = sum(hni)/len(hni)
st_dev = statistics.stdev(hni)
print('CepeaHe 3 hn: ')
print(hn_av)
print('CTaHgapTHe KBagpaTU4He BiaxuneHHs: ')
print(st_dev)

sigma = st_dev * math.sqgrt(historic_df.shape[0])
vol_per = sigma*100
print("PiyHa BoNaTUAbHICTb Yy BigcoTKax: ")
print(vol_per)
#r=(hn_av + math.pow(sigma,2)/2)
r=0.05
print("MpoueHTHa cTaBKa: ")
print(r)
Exp. Date Last Change Bid Ask Volume Open Int. Strike Last.1 \
02025-02-21 0.05 -0.01 0.05 0.06 12 597 133 22.1
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12025-02-21 0.05 -0.01 0.05 0.06 663 5880 134 23.9
2 2025-02-21 0.05 -0.01 0.04 0.05 512 17088 135 23.55
32025-02-21 0.03 -- 0.02 0.03 1028 20719 140 27.79
42025-02-21 0.01 -0.02 0.01 0.02 1053 21076 145 34.05

Change.1 Bid.1 Ask.1Volume.1 Open Int..1

0 - 2122145 - -
1 --2215 2245 - 1
2 -0.21 232 234 117 3430
3 - 281 284 - 631

4 0.23 33.15 33.45 8 1755
CepepHe 3 hn:
0.0017152829379411961

CTaHpapTHe KBagpaTUUHe BioXWUIEHHA:
0.02990096736454434

PiuHa BoNaTMAbHICTb Y BiACOTKax:
47.372041351753246

MpougeHTHa cTaBKa:

0.05

Crana cirma
CH

In [18]:
def compute_C_H(n_t, n_k, R_k, R2_k, K_j,alpha,r,sigma,A_0,delta_t):

Compute C_H(t, k) iteratively over time steps.

Parameters:

- n_t: Number of time steps.

- n_k: Number of strike price steps.

- delta_t: Step size in the t-grid.

- alpha: Fractional order of the derivative.
- R_k: First derivative matrix.

- R2_k: Second derivative matrix.

- D_k: Fractional derivative matrix.

Returns:

- C_H: Matrix of C_H values over time and k.

|_nk_1 = np.identity(n_k + 1)

coef = (delta_t**(-alpha)) / gamma(1 - alpha) * 1/np.sqrt(2)

C_H =np.zeros((n_t+1, n_k + 1))
K_1_d=np.diag(K_j)
K_2_d = np.diag(np.array(K_j) ** 2)

for j in range(len(K_j)):
C_HI0, j] = np.maximum(A_0 - K_j[j], 0)

nk_1 gpu=cp.array(l_nk_1, dtype=cp.float64)

|

K 1 d_gpu =cp.array(K_1_d, dtype=cp.float64)
R_k_gpu =cp.array(R_k,  dtype=cp.float64)

K 2 d_gpu =cp.array(K_2_d, dtype=cp.float64)



R2_k_gpu =cp.array(R2_k,

coef_gpu = float(coef)

dtype=cp.float64)

C_H_gpu = cp.array(C_H, dtype=cp.float64)

for kin tqdm(range(1, n_t+1), desc="Time steps on GPU"):

M = (coef_gpu * |_nk_1_gpu

+(r/2) *K_1_d_gpu @ R_k_gpu

- ((sigma**2) / 4) * (K_2_d_gpu @ R2_k_gpu))

invM = cp.linalg.inv(M)

I_k 1 =cp.ones((k-1,1), dtype=cp.float64)

c_
D_

multiplier2 = (C_H_k1 * coef_gpu
- (1/cp.sqrt(2)) * (D_k_gpu @ C_H_gpul:k,:]).T@ |_k_1)

H_k1 =C_H_gpulk-1,:].reshape(-1,1)
k_gpu = fractional_derivative_matrix(delta_t, alpha, k)

C_H_gpulk,:] = (invM @ multiplier2).T

C_H_result = cp.asnumpy(C_H_gpu)

return C_H_result

Po3paxyHok bneka LLoy3a

N = Normal('N', 0.0, 1.0)

def d1(S, K, T, r, sigma):

return (In(S / K) + (r + 1/2 * sigma ** 2) * T) / (sigma * sqrt(T))

def d2(S, K, T, r, sigma):

return (In(S / K) + (r - 1/2 * sigma ** 2) * T) / (sigma * sqrt(T))

def C(S, K, T, r, sigma):

return S * cdf(N)(d1(S, K, T, r, sigma)) - K * exp(-r*T)* cdf(N)(d2(S, K, T, r, sigma))

def compute_values(i):

try:
t=i/252.0

c_ val=C(A_0O, K, t, r, sigma).evalf()

return i, c_val

except Exception as e:
print(f"Error at i={i}: {e}")
return i, None, None

results = Parallel(n_jobs=-1, verbose=10)(

delayed(compute_values)(i) for i in range(1, 253)

)

C_val_BS = [item[1] for item in results]
Using backend LokyBackend with 24 concurrent workers.

[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:

[Parallel(n_jobs=-1
[Parallel(n_jobs=-1
[Parallel(n_jobs=-1
[Parallel(n_jobs=-1

)
)

)
)

1:
1:
1:
1:

Done
Done
Done
Done
Done

2 tasks
13 tasks
24 tasks
37 tasks
50 tasks

| elapsed:

| elapsed:
| elapsed:
| elapsed:
| elapsed:

1.3s
1.3s
1.4s
1.4s
1.4s
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In [21]:

In [22]:



[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
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Batch computation too fast (0.17446639472742925s.) Setting batch_size=2.

Done 65 tasks | elapsed: 1.4s
Done 80tasks | elapsed: 1.4s
Done 97 tasks | elapsed: 1.4s
Done 114 tasks | elapsed: 1.4s

Batch computation too fast (0.025600671768188477s.) Setting batch_size=4.
Done 147 tasks | elapsed: 1.4s

Done 184 tasks | elapsed: 1.4s

Done 231 out of 252 | elapsed: 1.5s remaining: 0.0s

Done 252 out of 252 | elapsed: 1.5s finished

Po3spaxyHok Cybandy3mBHoi mogeni yepes iHTerpan(Cnocié

1)

def h(x, T):

In [25]:

return sqrt(2 / (pi * T)) * E ** (-(x ** 2)/(2*T))

def IG_sub_C(x, S, K, T, r, sigma):

return Integral(C(S,

x = symbols('x")

K, x, r, sigma)*h(x, T),(x, 0, 00))
In [26]:

def compute_values(i):

try:
t=i/252.0
C_sub_vall=1G_

sub_C(x, A_O, K, t, r, sigma).evalf()

returni, C_sub_vall
except Exception as e:

print(f"Error at i=

{i}: {e}")

return i, None, None

results = Parallel(n_jobs=-1, verbose=10)(
delayed(compute_values)(i) for i in range(1, 253)

)

C_sub_vall = [item[1] for item in results]

[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:
[Parallel(n_jobs=-1)]:

Using backend LokyBackend with 24 concurrent workers.

Done 2tasks | elapsed: 20.8s
Done 13 tasks | elapsed: 21.6s
Done 24 tasks | elapsed: 25.4s
Done 37 tasks | elapsed: 43.8s
Done 50tasks | elapsed: 1.1min
Done 65 tasks | elapsed: 1.3min
Done 80tasks | elapsed: 1.4min
Done 97 tasks | elapsed: 1.5min
Done 114 tasks | elapsed: 1.6min
Done 133 tasks | elapsed: 1.8min
Done 152 tasks | elapsed: 1.9min
Done 173 tasks | elapsed: 2.1min
Done 194 tasks | elapsed: 2.2min

Done 231 out of 252 | elapsed: 2.5min remaining: 13.4s
Done 252 out of 252 | elapsed: 2.6min finished
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Po3paxyHok Cybandy3nBHOT mogeni uepes
HabamxeHHA(Cnocib 2)

In [28]:
R_k = finite_difference_matrix(n_k, Delta_K)
R2_k = second_derivative_matrix(n_k, Delta_K)
C_sub_val2 = compute_C_H(n_t, n_k, R_k, R2_k, K_j,alpha,r,sigma,A_0,delta_t)
Time steps on GPU: 0% | | 0/252 [00:00<?, ?it/s]
[Mobyposa rpadikis
In [30]:
plt.plot(range(n_t), C_sub_val1[0:], color = 'blue’, label='Cyb6andysiiiHa mogenb(Cnoci6 1)')
plt.plot(range(n_t), C_sub_val2[1:,K_plot_dif], color = 'red’, label='Cy6andysiliHa moaens(Cnocib 2)')
plt.plot(range(n_t), C_val_BS[0:], color = 'green’, label='CtangapTHa mogenb bneka-LLloynsa')
plt.title('MogaentoBaHHA LiHK cnocib')
plt.xlabel('AHi')
plt.ylabel('LliHa")
plt.legend()
plt.grid(True)
plt.show()
MooentoBaHHA LiHW cniocib
20+
15
5]
xz
=
10
5 1 s .
— CybawndyziitHa mogene(Cnocib 1)
—— CybaowndyziitHa mogens(Cnocib 2)
—— CTaHfapTHa Moaenes bBneka-lloyn3a
T T T T T T
0 50 100 150 200 250
JHi
PeanbHi aaHi.
In [32]:

OptionPrice = pd.read_excel('data.xlsx', sheet_name='Option')
print(OptionPrice.head())

start_date = pd.read_excel('data.xIsx', sheet_name='S").loc[0, 'Date'].strftime('%Y-%m-%d")
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print(start_date)

range_strikes = (OptionPrice['Strike'] >= K - 1) & (OptionPrice['Strike'] <= K + 1)
real_price = OptionPrice[range_strikes][['Strike', 'Exp. Date', 'Last']]

real_price['Exp. Date'] = pd.to_datetime(real_price['Exp. Date']).dt.strftime('%Y-%m-%d")

real_price['busday diff'] = real_price['Exp. Date'].apply(lambda x: np.busday_count(start_date, x))
real_price['busday diff'] = real_price['busday diff'] - 1
real_price

K_merge = real_price['Strike'].max()
K_merge

Exp. Date Last Change Bid Ask Volume Open Int. Strike Last.1 \
02025-02-21 0.05 -0.01 0.05 0.06 12 597 133 221
12025-02-21 0.05 -0.01 0.05 0.06 663 5880 134 23.9
2 2025-02-21 0.05 -0.01 0.04 0.05 512 17088 135 23.55
32025-02-21 0.03 -- 0.02 0.03 1028 20719 140 27.79
4.2025-02-21 0.01 -0.02 0.01 0.02 1053 21076 145 34.05

Change.1 Bid.1 Ask.1Volume.1 Open Int..1
0 -- 21.2 21.45 - --
1 --22152245 - 1
2 -0.21 23.2 234 117 3430
3 - 281 284 - 631
4 0.23 33.15 33.45 8 1755
2025-02-13
Out[32]:
110

36epeXKeHHs AaHUX

In [34]:
df = pd.DataFrame({
'CybandysiiHa moaenb(Cnoci6 1)': C_sub_vall,
'CybandysiiHa moaenb(Cnocib 2)': C_sub_val2[1:253,K_plot_dif],
'CraHpgapTHa moaenb bneka-LWoynsa': C_val_BS

1

file_path = 'models_result.xlsx'
df.to_excel(file_path, index=False)

3aBaHTa)XeHH4

In [36]:
C_models_result = pd.read_excel('models_result.xlsx')
C_models_result = C_models_result.reset_index()
print(C_models_result)

oprion_dates = np.sort(OptionPrice['Exp. Date'].unique())
oprion_dates = pd.DataFrame(oprion_dates, columns = ['Exp. Date'])
oprion_dates['Exp. Date'] = pd.to_datetime(oprion_dates['Exp. Date']).dt.strftime('%Y-%m-%d')
oprion_dates['busday diff'] = oprion_dates['Exp. Date'].apply(lambda x: np.busday_count(start_date, x))
oprion_dates['busday diff'] = oprion_dates['busday diff'] - 1
oprion_dates
index Cy6andysiiHa mogens(Cnocib 1) CybamdysitHa moaens(Croci6 2) \
0 0 4.459847 5.433990



B WOUN R

247

248
249
250
251

CraHpapTtHa mogenb bneka-Lloynsa

WO NER O

247
248
249
250
251

A WON PR

247
248
249
250
251

5.330819
5.919180
6.376631
6.756304

18.811093
18.831071
18.850989
18.870849
18.890650

1.332322
1.890423
2.321082
2.685748
3.008226

22.898473
22.947427
22.996289
23.045059
23.093738

[252 rows x 4 columns]

Exp. Date

2025-02-21

2025-03-21

2025-04-17

2025-05-16

2025-06-20

2025-07-18

2025-08-15

2025-09-19

2025-10-17

2025-11-21

busday diff

25

44

65

90

110

130

155

175

200

6.267608
6.828747
7.268299
7.636654

23.410490
23.445829
23.481102
23.516309
23.551450
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out[36]:



Exp. Date busday diff

10 2025-12-19 220
11  2026-01-16 240
O6'eaHaHHSA

C_dates = pd.merge(oprion_dates, C_models_result, left_on='busday diff', right_on='index’,
how='left').drop(columns=['busday diff', 'index'])

real_price = OptionPrice[OptionPrice['Strike'] == K_merge][['Exp. Date','Last']]
real_price['Exp. Date'] = pd.to_datetime(real_price['Exp. Date']).dt.strftime('%Y-%m-%d")
C_dates = pd.merge(C_dates, real_price, left_on="Exp. Date', right_on='Exp. Date',
how='left').rename(columns={'Last": 'PeanbHa uiHa'})

C_dates = C_dates.set_index('Exp. Date')

C_dates = C_dates.dropna()

C_dates

Cyoaudysiiina Cyonudysiiina CrangapTHa Mojelb
Mojaeab(Cnocio 1) Moaeab(Cnocio 2) Baeka-Illoya3a

Exp.

Date
2025'0;1' 10.385482 11.430188 7.003773
2025'0147' 11.994422 13.325633 9.312592
2025'0156' 13.266494 14.939495 11.377206
2025'026(; 14.438533 16.525806 13.469069
2025'0172; 15215347 17.633399 14.956644
2025'0185' 15.895237 18.641515 16325099
2025-09- 16.645103 19.797098 17.906533

19
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In [38]:

Out[38]:

Peanbna
niHa

6.7

8.58

10.95

12.75

13.75

15.45

16.9
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Cyonudysiiina Cyomudysiiina CraHaapTHa MoJelb Peaabna
moaeab(Cmocio 1) Moaeab(Cnocio 2) Baexa-Iloyn3a miHa
Exp.
Date
2025_1107_ 17.183575 20.656254 19.088826 18
2025'1211' 17.796601 21.665294 20.482221 19.5
- 18.247682 22.429442 21.539649 20.4
2026_0116- 18.669556 23.161211 22.553153 21.5
[padik NOPIBHAHHA
In [40]:
C_dates.plot(marker='0', figsize=(10, 6))
plt.title("MopiBHAHHA LiH Moaenei 3a gatamn")
plt.xlabel("daTa")
plt.ylabel("LiiHa")
plt.grid(True)
plt.legend(title="Mogenb')
plt.show()
[MopiBHAHHA UIH MOoOenen 3a gatamMu
Mogens __—»
22.5 1 —8— CybawdyziiiHa mogens(Cnocib 1)
—&— CybawdysiiiHa mogens(Cnocit 2)
- CTaHﬂapTHa Mogen. Ener(a—UJoyma
20.0 7 —®— PeantHa UiHa e
17.5 4
2 15.0
= |
12.5 4
10.0 -
7.5
2025-03-21 2025-05-16 2025-07-18 2025-09-19 2025-11-21 2026-01-16

HaTta



AHaniz 1

1. MeTpukum TOUHOCTI
2. TecTv Ha HOPMabHICTb 3aAULLKIB
3. TecTv Ha aBTOKOpENsL|i 3aAULLKIB

real_data = np.array(C_dates['PeanbHa uiHa'], dtype=object).astype(float)

# Moodenb Black-Scholes (BS)
pred_BS = np.array(C_dates['CtaHgapTHa moaenb bneka-LLoynsa'], dtype=object).astype(float)

# cy60ugpysiliHa modens 1 (SD1)
pred_SD1 = np.array(C_dates['CybandysiiHa moaenb(Cnocib 1)'], dtype=object).astype(float)

# cy60ugpysziliHa modens 2 (SD2)
pred_SD2 = np.array(C_dates['CybandysiiHa moaenb(Cnocib 2)'], dtype=object).astype(float)

n = real_data.shape[0]
cut=4

idx_middle = slice(4, 8)
idx_all = slice(0, n)

datasets = {
"cepegHbocTpokosuit nepioa": idx_middle,
"Becb nepioa": idx_all

}

# 1 ———
# 1. Ob4ucneHHA MempuK MoYHocmi
# 1 ———

def print_error_metrics(true, pred, label):
O6uyuncntoe Ta BUBOAUTb OCHOBHI METPUKN MOMUIIKU:
- MAE (Mean Absolute Error)
- MSE (Mean Squared Error)
- RMSE (Root Mean Squared Error)
- ARPE (Average Relative Pricing Error)
mae = mean_absolute_error(true, pred)
mse = mean_squared_error(true, pred)
rmse = np.sqrt(mse)
arpe = np.mean(np.abs(true - pred) / true)
print(f"{label}:")
print(f" MAE = {mae:.3f}")
print(f" MSE = {mse:.3f}")
print(f" RMSE = {rmse:.3f}")
print(f" ARPE = {arpe:.3f\n")

def print_normality_tests(resid, label):
shapiro_test = shapiro(resid)
jb_test = jarque_bera(resid)
print(f"{label}:")
print(f" Shapiro-Wilk p-value: {shapiro_test.pvalue:.4f}")
print(f" Jarque-Bera p-value: {jb_test[1]:.4f}\n")
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In [42]:



for name, idx in datasets.items():
print(f"=== MeTtpuku ana {name} ===\n")

y_true_BS = real_datalidx]
y_pred_BS = pred_BS[idx]
y_pred_SD1 = pred_SD1[idx]
y_pred_SD2 = pred_SD2[idx]

print("MeTpuku TouHocTi:")

print_error_metrics(y_true_BS, y_pred_BS, "Black-Scholes")
print_error_metrics(y_true_BS, y_pred_SD1, "Subdiffusive model 1")
print_error_metrics(y_true_BS, y_pred_SD2, "Subdiffusive model 2")

#=== ==
# 2. AHaniz 3anuwkis (residual analysis)
#=== ==

resid_BS =y true_BS -y pred_BS
resid_SD1 =y true_BS-y pred_SD1
resid_SD2 =y _true_BS-y_pred_SD2

print("TecTn Ha HOpManbHICTb 3aMLWKiB:")
print_normality_tests(resid_BS, "Black-Scholes")
print_normality_tests(resid_SD1, "Subdiffusive model 1")
print_normality_tests(resid_SD2, "Subdiffusive model 2")

# === ==
# 3. AHani3 asmoKopenauii 3anuwkKie
# === ==

dw_BS = durbin_watson(resid_BS)
dw_SD1 = durbin_watson(resid_SD1)
dw_SD2 = durbin_watson(resid_SD2)

print("TecTn Ha aBTOKOpensUii 3anMwkis :")
print("Durbin-Watson ana Black-Scholes:", dw_BS)
print("Durbin-Watson ana Subdiffusive model 1:", dw_SD1)
print("Durbin-Watson ana Subdiffusive model 2:", dw_SD2)
print("\n")

=== MeTpuKN ANA cepeAHbOCTPOKOBUIA Nepioa ===

MeTpUKN TOYHOCTI:

Black-Scholes:
MAE =1.044
MSE =1.105
RMSE =1.051
ARPE = 0.066

Subdiffusive model 1:
MAE =0.745
MSE =0.769
RMSE =0.877
ARPE = 0.049

Subdiffusive model 2:
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MAE =3.157
MSE =10.179
RMSE =3.190
ARPE =0.202

TecTn Ha HOPMANbHICTb 3a/INLLKIB:
Black-Scholes:
Shapiro-Wilk p-value: 0.9977
Jarque-Bera p-value: 0.8823

Subdiffusive model 1:
Shapiro-Wilk p-value: 0.8921
Jarque-Bera p-value: 0.8437

Subdiffusive model 2:
Shapiro-Wilk p-value: 0.6541
Jarque-Bera p-value: 0.8007

TecTn Ha aBTOKOpeNAL,ii 3a/IMLWKIB :

Durbin-Watson gns Black-Scholes: 0.03030668289876296
Durbin-Watson gns Subdiffusive model 1: 0.5999759276002898
Durbin-Watson gns Subdiffusive model 2: 0.015310918474656578

=== MeTpuKM gnAa Becb nepiog ===

MeTpUKM TOYHOCTI:

Black-Scholes:
MAE =0.867
MSE =0.829
RMSE =0.911
ARPE = 0.059

Subdiffusive model 1:
MAE =1.888
MSE =4.735
RMSE =2.176
ARPE = 0.165

Subdiffusive model 2:
MAE =3.248
MSE =11.577
RMSE = 3.403
ARPE =0.274

TecTy Ha HOPMaANbHICTb 3a/MLLKIB:
Black-Scholes:
Shapiro-Wilk p-value: 0.2104
Jarque-Bera p-value: 0.5264

Subdiffusive model 1:
Shapiro-Wilk p-value: 0.7144
Jarque-Bera p-value: 0.6941

Subdiffusive model 2:
Shapiro-Wilk p-value: 0.5873
Jarque-Bera p-value: 0.7010
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TecTn Ha aBTOKOpenALii 3a/INLWKIB :

Durbin-Watson ans Black-Scholes: 0.08525399663326999
Durbin-Watson ans Subdiffusive model 1: 0.09633682778535661
Durbin-Watson ans Subdiffusive model 2: 0.01293832580705588

AHaniz 2

1. QQplot

sm.qqplot(resid_BS, line='s')
plt.title("Q-Q rpadik 3anmwkis Black-Scholes")
plt.show()

sm.qqgplot(resid_SD1, line='s')
plt.title("Q-Q rpadik 3anmwkis Subdiffusive model 1")
plt.show()

sm.qqgplot(resid_SD2, line='s")
plt.title("Q-Q rpadik 3anumwkis Subdiffusive model 2")
plt.show()

Q-0 rpadik zannwkie Black-5choles

_D.4 -

Sample Quantiles

T T
—1.0 -0.5 0.0 0.5
Theoretical Quantiles

1.0
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In [44]:



Q-Q rpadik 3annwkie Subdiffusive model 1

Sample Quantiles

T T
=1.0 —0.5 0.0 0.5 1.0
Theoretical Quantiles

Q-Q rpadpik 3anmuwkie Subdiffusive model 2

Sample Quantiles

T T
—1.0 -0.5 0.0 0.5 1.0
Theoretical Quantiles

JlokasbHa BOATUNBHICTb
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CBOpEHHS I0KaNbHOT BONATUABHOCTI

def sqrt_func(x, a, b):
return a * np.sqrt(x) + b

def volatility(sigma,n_t):
sigma_local =[]
sigma_local.append(sigma)
foriinrange(1,n_t):
beta_0, beta_1, gamma = 9.99999674e-01, -1.09660059e-11, 1.62917518
sigma_local.append(sigma_local[i-1]*(beta_0 + beta_1 * i ** gamma + beta_1 * i ** (2 * gamma)))

return sigma_local

sigma_local = volatility(sigma,n_t)
C_H local

def compute_C_H_local(n_t, n_k, R_k, R2_k, K_j,alpha,r,sigma_local,A_0,delta_t):

nn

Compute C_H(t, k) iteratively over time steps.

Parameters:

- n_t: Number of time steps.

- n_k: Number of strike price steps.

- delta_t: Step size in the t-grid.

- alpha: Fractional order of the derivative.
- R_k: First derivative matrix.

- R2_k: Second derivative matrix.

- D_k: Fractional derivative matrix.

Returns:

- C_H: Matrix of C_H values over time and k.

|_nk_1 = np.identity(n_k + 1)

coef = (delta_t**(-alpha)) / gamma(1 - alpha) * 1/np.sqrt(2)

C_H =np.zeros((n_t+1, n_k + 1))
K_1_d = np.diag(K_j)
K_2_d = np.diag(np.array(K_j) ** 2)

for j in range(len(K_j)):
C_HI0, j] = np.maximum(A_0 - K_j[j], 0)

I_nk_1_gpu =cp.array(l_nk_1, dtype=cp.float64)
K 1 d_gpu =cp.array(K_1_d, dtype=cp.float64)
R_k_gpu =cp.array(R_k,  dtype=cp.float64)

K 2 d_gpu =cp.array(K_2_d, dtype=cp.float64)
R2_k _gpu =cp.array(R2_k, dtype=cp.float64)
coef_gpu =float(coef)
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In [12]:

In [49]:
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C_H_gpu = cp.array(C_H, dtype=cp.float64)

for k in tgqdm(range(1, n_t+1), desc="Time steps on GPU"):
M = (coef_gpu * |_nk_1_gpu
+(r/2) *K_1_d_gpu @ R_k_gpu
- ((sigma_local[i-1]1**2) / 4) * (K_2_d_gpu @ R2_k_gpu))

invM = cp.linalg.inv(M)

k_1 =cp.ones((k-1,1), dtype=cp.float64)
H_kl1 =C_H_gpulk-1,:].reshape(-1,1)
k_

gpu = fractional_derivative_matrix(delta_t, alpha, k)

o O

multiplier2 = (C_H_k1 * coef_gpu
- (1/cp.sqrt(2)) * (D_k_gpu @ C_H_gpul:k,:]).T@ I_k_1)

C_H_gpulk,:] = (invM @ multiplier2).T

C_H_result = cp.asnumpy(C_H_gpu)
return C_H_result

Po3paxyHok bneka LLoy3a

In [52]:
N = Normal('N', 0.0, 1.0)

def d1(S, K, T, r, sigma):
return (In(S / K) + (r + 1/2 * sigma ** 2) * T) / (sigma * sqrt(T))

def d2(S, K, T, r, sigma):
return (In(S / K) + (r- 1/2 * sigma ** 2) * T) / (sigma * sqrt(T))

def C(S, K, T, r, sigma):
return S * cdf(N)(d1(S, K, T, r, sigma)) - K * exp(-r*T)* cdf(N)(d2(S, K, T, r, sigma))
In [53]:
def compute_values(i):
try:
t=i/252.0
c_val=C(A_O, K, t, r, sigma).evalf()
return i, c_val
except Exception as e:
print(f"Error at i={i}: {e}")
return i, None, None

results = Parallel(n_jobs=-1, verbose=10)(
delayed(compute_values)(i) for i in range(1, 253)

)

C_val_BS = [item[1] for item in results]

[Parallel(n_jobs=-1)]: Using backend LokyBackend with 24 concurrent workers.
[Parallel(n_jobs=-1)]: Batch computation too fast (0.010439872741699219s.) Setting batch_size=2.
[Parallel(n_jobs=-1)]: Done 2 tasks | elapsed: 0.0s

[Parallel(n_jobs=-1)]: Done 13 tasks | elapsed: 0.0s

[Parallel(n_jobs=-1)]: Done 24 tasks | elapsed: 0.0s

[Parallel(n_jobs=-1)]: Done 37 tasks | elapsed: 0.0s

[Parallel(n_jobs=-1)]: Batch computation too fast (0.021210908889770508s.) Setting batch_size=4.
[Parallel(n_jobs=-1)]: Done 52 tasks | elapsed: 0.0s

[Parallel(n_jobs=-1)]: Done 82 tasks | elapsed: 0.0s
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[Parallel(n_jobs=-1)]: Done 112 tasks | elapsed: 0.0s
[Parallel(n_jobs=-1)]: Done 252 out of 252 | elapsed: 0.0s finished

Po3paxyHok Cybandy3mBHoi mogeni yepes iHTerpan(Cnocié

1)

In [56]:
def h(x, T):
return sqrt(2 / (pi * T)) * E ** (-(x ** 2)/(2*T))
def IG_sub_C(x, S, K, T, r, sigma):
return Integral(C(S, K, x, r, sigma)*h(x, T),(x, 0, 00))
In [57]:
x = symbols('x')
def compute_values(i):
try:
t=i/252.0
C_sub_vall_local =1G_sub_C(x, A_0, K, t, r, sigma_local[i-1]).evalf()
returni, C_sub_vall_local
except Exception as e:
print(f"Error at i={i}: {e}")
return i, None, None
results = Parallel(n_jobs=-1, verbose=10)(
delayed(compute_values)(i) for i in range(1, 253)
)
C_sub_vall_local = [item[1] for item in results]
[Parallel(n_jobs=-1)]: Using backend LokyBackend with 24 concurrent workers.
[Parallel(n_jobs=-1)]: Done 2 tasks | elapsed: 21.3s
[Parallel(n_jobs=-1)]: Done 13 tasks | elapsed: 22.1s
[Parallel(n_jobs=-1)]: Done 24 tasks | elapsed: 25.6s
[Parallel(n_jobs=-1)]: Done 37 tasks | elapsed: 45.3s
[Parallel(n_jobs=-1)]: Done 50tasks | elapsed: 1.1min
[Parallel(n_jobs=-1)]: Done 65 tasks | elapsed: 1.3min
[Parallel(n_jobs=-1)]: Done 80tasks | elapsed: 1.4min
[Parallel(n_jobs=-1)]: Done 97 tasks | elapsed: 1.6min
[Parallel(n_jobs=-1)]: Done 114 tasks | elapsed: 1.7min
[Parallel(n_jobs=-1)]: Done 133 tasks | elapsed: 1.8min
[Parallel(n_jobs=-1)]: Done 152 tasks | elapsed: 1.9min
[Parallel(n_jobs=-1)]: Done 173 tasks | elapsed: 2.1min
[Parallel(n_jobs=-1)]: Done 194 tasks | elapsed: 2.2min
[Parallel(n_jobs=-1)]: Done 231 out of 252 | elapsed: 2.5min remaining: 13.4s
[Parallel(n_jobs=-1)]: Done 252 out of 252 | elapsed: 2.6min finished
Po3spaxyHok Cy6andy3mBHOI Mmoaeni yepes
HabamxeHHA(Cnocid 2)
In [59]:

R_k = finite_difference_matrix(n_k, Delta_K)

R2_k = second_derivative_matrix(n_k, Delta_K)

C_sub_val2_local = compute_C_H_local(n_t, n_k, R_k, R2_k, K_j,alpha,r,sigma_local,A_0,delta_t)
Time steps on GPU: 0% | | 0/252 [00:00<?, ?it/s]



Mobyposa rpadikis

plt.plot(range(n_t), C_sub_vall_local[0:], color = 'blue’, label="Cy6audy3ziitHa mogenb(Cnoci6 1))
plt.plot(range(n_t), C_sub_val2_local[1:,K_plot_dif], color = 'red’, label='Cyb6andysiiiHa moaenb(Cnocib 2)')
plt.plot(range(n_t), C_val_BS[0:], color = 'green’, label='CtangapTHa mogens bneka-LLloynsa')
plt.title('MogentoBaHHs WiHK cnocib')

plt.xlabel('4Hi")

plt.ylabel('LliHa")

plt.legend()
plt.grid(True)
plt.show()
MopentwoBaHHA LiHKW cnocib
— CybawdwysiAHa mogens(Cnocib 1)
—— CybaudyziiHa mogens(Cnocib 2)
20 4 —— CraHpapTHa Mmoaens Bneka-LWoynsa

15

LiHa

10

T T T T
0 50 100 150 200 250
JHi

PeanbHi aaHi.

OptionPrice = pd.read_excel('data.xlsx', sheet_name='Option')
print(OptionPrice.head())

start_date = pd.read_excel('data.xlsx', sheet_name='S").loc[0, 'Date'].strftime('%Y-%m-%d')
print(start_date)

range_strikes = (OptionPrice['Strike'] >= K - 1) & (OptionPrice['Strike'] <= K + 1)
real_price = OptionPrice[range_strikes][['Strike', 'Exp. Date', 'Last']]

real_price['Exp. Date'] = pd.to_datetime(real_price['Exp. Date']).dt.strftime('%Y-%m-%d')
real_price['busday diff'] = real_price['Exp. Date'].apply(lambda x: np.busday_count(start_date, x))

real_price['busday diff'] = real_price['busday diff'] - 1
real_price
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In [61]:

In [63]:
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K_merge = real_price['Strike'].max()
K_merge

Exp. Date Last Change Bid Ask Volume Open Int. Strike Last.1 \
02025-02-21 0.05 -0.01 0.05 0.06 12 597 133 22.1
12025-02-21 0.05 -0.01 0.05 0.06 663 5880 134 23.9
2 2025-02-21 0.05 -0.01 0.04 0.05 512 17088 135 23.55
32025-02-21 0.03 -- 0.02 0.03 1028 20719 140 27.79
4 2025-02-21 0.01 -0.02 0.01 0.02 1053 21076 145 34.05

Change.1 Bid.1 Ask.1Volume.1 Open Int..1
0 - 2122145 - --
1 -- 22.15 22.45 - 1
2 -0.21 23.2 234 117 3430
3 - 281 284 - 631
4 0.23 33.15 33.45 8 1755
2025-02-13
Out[63]:
110

36epeXKeHHA AaHuX

In [65]:
df = pd.DataFrame({
'CybandysiiHa moaenb nokanbHa BonatuabHicTb(Cnocib 1)': C_sub_vall_local,
'Cy6amndysiriHa moaenb fIoKanbHa BonatuabHictb(Cnocib 2)': C_sub_val2_local[1:253,K_plot_dif],
'‘CTaHfgapTHa moaenb bneka-LWoynsa': C_val_BS

N

file_path = 'models_result_local.xlIsx'
df.to_excel(file_path, index=False)

3aBaHTa)XeHH4

In [67]:
C_models_result_local = pd.read_excel('models_result_local.xIsx')
C_models_result_local = C_models_result_local.reset_index()
print(C_models_result_local)

oprion_dates = np.sort(OptionPrice['Exp. Date'].unique())
oprion_dates = pd.DataFrame(oprion_dates, columns = ['Exp. Date'])
oprion_dates['Exp. Date'] = pd.to_datetime(oprion_dates['Exp. Date']).dt.strftime('%Y-%m-%d')
oprion_dates['busday diff'] = oprion_dates['Exp. Date'].apply(lambda x: np.busday_count(start_date, x))
oprion_dates['busday diff'] = oprion_dates['busday diff'] - 1
oprion_dates

index CybandysiiHa mogenb noKanbHa BofaTUAbHICTb(Cnocib 1) \

0 0 4.459847
1 1 5.330817
2 2 5.919177
3 3 6.376625
4 4 6.756296
247 247 18.172737
248 248 18.181313
249 249 18.189677
250 250 18.197828

251 251 18.205765



Cy6amnodysiliHa moaenb NoKanbHa BonaTUAbHicTb(Cnocib 2) \

H WONNER O

247
248
249
250
251

CraHpapTtHa moaenb bneka-Lloynsa

W NN ER O

247
248
249
250
251

5.219254
6.019153
6.556867
6.977550
7.329692

1.332322
1.890423
2.321082
2.685748
3.008226

22.898473
22.947427
22.996289
23.045059
23.093738

[252 rows x 4 columns]

22.053074
22.085452
22.117768
22.150021
22.182211

Exp. Date busday diff

2025-02-21

2025-03-21

2025-04-17

2025-05-16

2025-06-20

2025-07-18

2025-08-15

2025-09-19

2025-10-17

25

44

65

90

110

130

155

175

67

out[67]:
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Exp. Date busday diff

9 2025-11-21 200
10 2025-12-19 220
11  2026-01-16 240
1
O6'eaHaHHA
In [69]:
C_dates_local = pd.merge(oprion_dates, C_models_result_local, left_on='busday diff', right_on='index',
how='left').drop(columns=['busday diff', 'index'])
real_price_local = OptionPrice[OptionPrice['Strike'] == K_merge][['Exp. Date','Last']]
real_price_local['Exp. Date'] = pd.to_datetime(real_price_local['Exp. Date']).dt.strftime('%Y-%m-%d')
C_dates_local = pd.merge(C_dates_local, real_price_local, left_on='Exp. Date', right_on='Exp. Date',
how='left').rename(columns={'Last": 'PeanbHa uiHa'})
C_dates_local = C_dates_local.set_index('Exp. Date')
C_dates_local = C_dates_local.dropna()
C_dates_local
out[69]:
Cyoaudysiiina moaenb Cyonudysiiina moaennb CrangaprTHa
Peanbna
JIOKAJIbHA JIOKAJIbHA moaeab bieka- ina
BoJIATHIBHICTH(CHocio 1) BOJIATHIBHICTH(CHocio 2) Mloya3a 1
Exp.
Date
2025-
03-21 10.385379 10.931051 7.003773 6.7
2025-
04-17 11.993970 12.713298 9.312592 8.58
2025- 13.264568 14.222938 11.377206 10.95
05-16
2025- 14.431019 15.700565 13.469069 12.75
06-20
2025- 15.197391 16.728914 14.956644 13.75
07-18
2025- 15.857818 17.662652 16.325099 15.45

08-15
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Cyoaudysiiina moaeab Cyoaudysiiina mogenb CrangapTHa

Peanbna
JIOKaJIbHA JIOKaJIbHA Moaenb Bieka- ina
BoJAaTWIBHiCTH(Crocio 1) BOJIATWIBHICTH(CHocio 2) Mloyna3a 1
Exp.
Date
2025- 16.563668 18.730457 17.906533 16.9
09-19
2025- 17.044159 19.522670 19.088826 18
10-17
i(l)?zsl- 17.544770 20.451315 20.482221 19.5
igis; 17.864000 21.153333 21.539649 20.4
2026- 18.106834 21.824617 22.553153 21.5
01-16
[padik NOPIBHAHHA
In [71]:

C_dates_local.plot(marker='o', figsize=(10, 6))
plt.title("MopiBHAHHA LiH moaenei 3a gatamu")
plt.xlabel("daTa")

plt.ylabel("LiiHa")

plt.grid(True)

plt.legend(title="Mogens')

plt.show()



[MopiBHAHHA UIH MOoOenen 2a gataMmu

70

Monenb
22 1 —e— CybaudysiiiHa Mogens NoKanbHa BoNaTUAbHICTL{CNoci6 1)
—@— CybawdysiiiHa Mogenb noKanbHa BonaTUAbHICTL(Cnocib 2)
20 4 —® CTaHmapTHa Molenk breka-lloynsa
—&— PeankHa LiHa -

18 1

16 A
m
z
g 14

12 ~

10

B .

6 = 5 T = T T T

2025-03-21 2025-05-16 2025-07-18 2025-09-19 2025-11-21 2026-01-16
laTa
AHani3 1

1. MeTpukm TOUHOCTI

2. TecTn Ha HOpMaNbHICTb 3aAULLKIB

3. Tectv Ha aBTOKOpeNAL,ii 3a1MLLKIB

In [73]:

real_data_| = np.array(C_dates_local['PeanbHa uiHa'], dtype=object).astype(float)
pred_BS_| = np.array(C_dates_local['CtrangapTHa mogenb Bneka-Loynsa'], dtype=object).astype(float)

pred_SD1_| = np.array(C_dates_local['Cy6audysiiiHa mogenb nokanbHa BoiatuabHicTb(Cnoci6 1)'],
dtype=object).astype(float)

pred_SD2_| = np.array(C_dates_local['Cy6audysiiiHa mogenb nokanbHa BosaTuabHicTb(Cnoci6 2)'],
dtype=object).astype(float)

n = real_data.shape[0]
cut=4

idx_middle = slice(4, 8)
idx_long = slice(n - cut, n)

idx_all = slice(0, n)

datasets = {
"cepeaHbocTpoKkoBuit nepioa: idx_middle,
"posroctpokosuii nepioa": idx_long,

"Becb nepiog": idx_all

}



# —1— ———
# 1. O64ucneHHa MempuK moYyHocmi
# —1— ———

def print_error_metrics(true, pred, label):
O64MCNIOE Ta BUBOAUTL OCHOBHI METPUKM MOMMIIKMA:
- MAE (Mean Absolute Error)
- MSE (Mean Squared Error)
- RMSE (Root Mean Squared Error)
- ARPE (Average Relative Pricing Error)
mae = mean_absolute_error(true, pred)
mse = mean_squared_error(true, pred)
rmse = np.sqrt(mse)
arpe = np.mean(np.abs(true - pred) / true)
print(f"{label}:")
print(f" MAE = {mae:.3f}")
print(f" MSE = {mse:.3f}")
print(f" RMSE = {rmse:.3f}")
print(f" ARPE = {arpe:.3f\n")

def print_normality_tests(resid, label):
shapiro_test = shapiro(resid)
jb_test = jarque_bera(resid)
print(f"{label}:")
print(f" Shapiro-Wilk p-value: {shapiro_test.pvalue:.4f}")
print(f" Jarque-Bera p-value: {jb_test[1]:.4f}\n")

for name, idx in datasets.items():
print(f'=== MeTtpuku ana {name} ===\n")
y_true_BS_| =real_data_I[idx]
y_pred_BS_| =pred_BS_lI[idx]
y_pred_SD1_| = pred_SD1_l[idx]
y_pred_SD2_| = pred_SD2_l[idx]

print("MeTpuku TouHocTi:")

print_error_metrics(y_true_BS_|, y_pred_BS_I, "Black-Scholes")
print_error_metrics(y_true_BS_|, y_pred_SD1_I, "Subdiffusive model 1")
print_error_metrics(y_true_BS_|, y_pred_SD2_I, "Subdiffusive model 2")

# === ==
# 2. AHaniz 3anuwkis (residual analysis)
# === ==

# 064uCAtOEMO 30AUWKU

resid_BS_ | =y_true_BS_|-y_pred_BS_|
resid_SD1_| =y_true_BS_|-y_pred_SD1_|
resid_SD2_| =y_true_BS_|-y_pred_SD2_|

print("TecTn Ha HOpManbHICTb 3aaMLWKiB:")
print_normality_tests(resid_BS_|I, "Black-Scholes")
print_normality_tests(resid_SD1_|, "Subdiffusive model 1")
print_normality_tests(resid_SD2_|, "Subdiffusive model 2")
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# _——— o o S S 4 ——
# 3. AHani3 aeMmoKopenAauii 3anuwkKie
# _——— o o o — S S 4 ——

dw_BS_| = durbin_watson(resid_BS_l)
dw_SD1_| = durbin_watson(resid_SD1_]I)
dw_SD2_| = durbin_watson(resid_SD2_I)

print("TecTv Ha aBTOKopensLii 3aiMwkis :")
print("Durbin-Watson ana Black-Scholes:", dw_BS_I)
print("Durbin-Watson gns Subdiffusive model 1:", dw_SD1_I)
print("Durbin-Watson gns Subdiffusive model 2:", dw_SD2_I)
print("\n")

=== MeTpuKM ANA cepeaHbOCTPOKOBUI Nepioa ===

MeTpUKn TOYHOCTI:

Black-Scholes:
MAE =1.044
MSE =1.105
RMSE =1.051
ARPE = 0.066

Subdiffusive model 1:
MAE =0.787
MSE =0.822
RMSE = 0.907
ARPE =0.051

Subdiffusive model 2:
MAE =2.136
MSE =4.860
RMSE = 2.204
ARPE =0.138

TecTn Ha HOPMANbHICTb 3a/INLLKIB:
Black-Scholes:
Shapiro-Wilk p-value: 0.9977
Jarque-Bera p-value: 0.8823

Subdiffusive model 1:
Shapiro-Wilk p-value: 0.9157
Jarque-Bera p-value: 0.8482

Subdiffusive model 2:
Shapiro-Wilk p-value: 0.7496
Jarque-Bera p-value: 0.8188

TecTn Ha aBTOKOpeNsAL,ii 3a/MLWKIB :

Durbin-Watson ans Black-Scholes: 0.03030668289876296
Durbin-Watson gns Subdiffusive model 1: 0.6138254172507788
Durbin-Watson ans Subdiffusive model 2: 0.042593230613345856

=== MeTp1KM 419 LOBrOCTPOKOBUIA Nepiog ===

MeTpPUKM TOYHOCTI:
Black-Scholes:



MAE =1.066
MSE =1.140
RMSE =1.068
ARPE = 0.054

Subdiffusive model 1:
MAE =2.210
MSE =5.670
RMSE = 2.381
ARPE =0.109

Subdiffusive model 2:
MAE =0.888
MSE =0.974
RMSE = 0.987
ARPE = 0.046

TecTy Ha HOPMaNbHICTb 3aNMLLKIB:
Black-Scholes:
Shapiro-Wilk p-value: 0.9679
Jarque-Bera p-value: 0.8762

Subdiffusive model 1:
Shapiro-Wilk p-value: 0.9950
Jarque-Bera p-value: 0.8836

Subdiffusive model 2:
Shapiro-Wilk p-value: 0.9458
Jarque-Bera p-value: 0.8897

TecTn Ha aBTOKOpenAL,ii 3a/INLWKIB :

Durbin-Watson ana Black-Scholes: 0.009571626914347185
Durbin-Watson ans Subdiffusive model 1: 0.09129963478371175
Durbin-Watson gns Subdiffusive model 2: 0.14101210090382274

=== MeTpUKK 4N BECb nepiog ===

MeTpMKKU TOYHOCTI:

Black-Scholes:
MAE =0.867
MSE =0.829
RMSE =0.911
ARPE = 0.059

Subdiffusive model 1:
MAE =2.012
MSE =5.316
RMSE = 2.306
ARPE =0.171

Subdiffusive model 2:
MAE =2.287
MSE =6.856
RMSE = 2.618
ARPE =0.209

TecTn Ha HOPMANbHICTb 3a/INLKIB:



Black-Scholes:
Shapiro-Wilk p-value: 0.2104
Jarque-Bera p-value: 0.5264

Subdiffusive model 1:
Shapiro-Wilk p-value: 0.7548
Jarque-Bera p-value: 0.7032

Subdiffusive model 2:
Shapiro-Wilk p-value: 0.6442
Jarque-Bera p-value: 0.7034

TecTn Ha aBTOKOpeNAL,ii 3aNNLKIB :
Durbin-Watson gna Black-Scholes: 0.08525399663326999

Durbin-Watson gns Subdiffusive model 1: 0.09965416308099205
Durbin-Watson ans Subdiffusive model 2: 0.0295927973236136

AHanis 2

1. QAQplot

sm.qqplot(resid_BS_|, line='s")
plt.title("Q-Q rpacdik 3anunwkis Black-Scholes")
plt.show()

sm.qqplot(resid_SD1_|, line='s')

plt.title("Q-Q rpadik 3anunwkis Subdiffusive model 1 3 nokanbHO0 BoNATUAbLHICTIO")

plt.show()

sm.qgplot(resid_SD2_|, line='s")
plt.title("Q-Q plot Subdiffusive(local volatility) residuals")
plt.show()
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In [75]:



Q-0 rpadik zannwkie Black-5choles
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Q-Q plot Subdiffusive(local volatility) residuals

Sample Quantiles

T T
—1.0 -0.5 0.0 0.5 1.0
Theoretical Quantiles

3arajibHe NMOpPIBHAHHS

3aranbHa Tabaunus

In [78]:
duplicate_cols = [col for col in C_dates.columns if col in C_dates_local.columns and col !="Exp. Date']
C_dates_clean = C_dates.drop(columns=duplicate_cols)
C_all = pd.merge(C_dates_local, C_dates_clean, on='Exp. Date', how='"left')
C_all
Out[78]:
Cyoaudysiiina CyoOpudysiiina  Cranpapr Cyopudysiiin  Cyoaundysiiin
Moedb JOKaJIbHA MoAedb JIOKaJIbHA  Ha MoAedab PeajabH a a
BOJIATWIBHICTH(Co  BosaTWiIbHicTH(CHo Baeka- anina Mogeab(Cnoc moaeab(Cnoc
cio 1) ¢ 2) loya3za i0 1) i0 2)
Exp.
Date
2025
-03- 10.385379 10.931051 7.003773 6.7 10.385482 11.430188
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Exp.
Date

2025
-04-
17

2025
-05-
16

2025
-06-
20

2025
-07-
18

2025
-08-
15

2025
-09-
19

2025
-10-
17

2025
-11-
21

2025
-12-
19

2026
-01-
16

Cyoaudysiiina
MO/IeJIb JIOKAJIbHA
BOJIATWIBHICTH(CIIO
cio 1)

11.993970

13.264568

14.431019

15.197391

15.857818

16.563668

17.044159

17.544770

17.864000

18.106834

Cyoaudysiiina
MOJeJIb JIOKAJIbHA
BOJIATWIBHICTH(CO
€i6 2)

12.713298

14.222938

15.700565

16.728914

17.662652

18.730457

19.522670

20.451315

21.153333

21.824617

Cranaapr
Ha MOJeJb
Baeka-
loyu3a

9.312592

11.377206

13.469069

14.956644

16.325099

17.906533

19.088826

20.482221

21.539649

22.553153

Peanbh

a miHa

8.58

10.95

12.75

13.75

15.45

16.9

18

19.5

20.4

21.5

Cyonudysiiin
a
Moaeab(Cnoc
i0 1)

11.994422

13.266494

14.438533

15.215347

15.895237

16.645103

17.183575

17.796601

18.247682

18.669556
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Cyoaudys3iiin
a
Moaeab(Cnoc
i0 2)

13.325633

14.939495

16.525806

17.633399

18.641515

19.797098

20.656254

21.665294

22.429442

23.161211



[padik NOPIBHAHHA

C_all.plot(marker='0", figsize=(10, 6))
plt.title("MopiBHAHHA LiH Moaenei 3a gatamn")
plt.xlabel("OaTa")

plt.ylabel("LiHa")

78

In [80]:

plt.grid(True)
plt.legend(title="Mogens')
plt.show()
[NopiBHAHHA UiH MOaenei 3a gaTaMin
22.5 1
20.0 1
17.5 1
£ 15.0
e §
12.5 A
Monene
—8— CybawdysiiHa Mmogens NoKajlbHa BONaTUAbHICTEICNOCIG 1)
10.0 A =@~ CybandysiiHa Mogens AoKalbHa BONaTUNbHICTBICNOCIO 2) -
—8— CTaHAapTHa Mofenb Bneka-lloynsa
—8— PealbHa UiHa
7.5 —8— CybawudysiiHa mogens(Cnocib 1)
—8— CybawudysziiHa mogens(Cnocib 2)
i . T i i i
2025-03-21 2025-05-16 2025-07-18 2025-09-19 2025-11-21 2026-01-16
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