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1 | INTRODUCTION

Many nonlinear partial differential equations (PDEs) and systems of PDEs possess Lie symmetries
that form a Lie algebra of a finite dimensionality. This is in contrast to linear PDEs: these always
admit an infinite-dimensional Lie algebra, reflecting the well-known principle of linear superpo-
sition of solutions. However, there are examples of nonlinear PDEs (including some arising in
real-world applications) that are invariant with respect to infinite-dimensional Lie algebras. For
example, the nonlinear diffusion equation with the fast diffusion

u = (u ')+ (u_luy)y €)

admits the Lie symmetry!
X = A(x, )0y + B(x,y)d, — 2A,ud,,

where A(x,y) and B(x,y) are arbitrary functions satisfying the Cauchy-Riemann system A, =
By, A, = —B,. This result can be extended also to systems of reaction-diffusion equations with
fast diffusion.” Notably, the above result was recently rediscovered by some authors in the context
of two-dimensional Ricci flow without citation of Refs. 1 and 2.

Very recently,’ it was shown that some nonlinear systems of PDEs related to the Ricci flows*>
on warped manifolds are invariant with respect to infinite-dimensional Lie algebras, reflecting
the geometrical content of such formulations (we note that (1) describes Ricci flow on a two-
dimensional manifold®). In cases in which symmetry allows the flow to be written as a system
of (1+1)-dimensional PDEs in x and ¢, the corresponding Lie algebra is generated by the Lie
symmetry

Xeo = g(x)ax + gx(x)l’ 2

where £(x) is an arbitrary differentiable function and I is a linear operator with respect to
unknown functions related to the manifold metrics—see Ref. 3. A natural question arises: what
kind of PDEs admit infinite-dimensional Lie algebras generated by operators of the form (2)?

We point out that the best known linear mathematical models arising in physics (the heat
and wave equation, the Laplace and Schrddinger equations, etc.) admit nontrivial Lie alge-
bras of invariance, which often reflect the fundamental laws of physics. Constructing nonlinear
generalizations preserving these symmetries of the classical equations is one of the most impor-
tant problems in Lie symmetry analysis. Many such problems were solved in 1980s and 1990s
by the prominent Ukrainian researcher Fushchych (Fushchich) and his collaborators (see the
monograph,’ the papers cited therein and the more recent studies®'°); see also Refs. 11, 12. Typ-
ically, a basic Lie algebra is finite-dimensional (Galilei algebra, Poincare algebra, and Euclid
algebra), hence the nonlinear PDE classes to be constructed consist of equations possessing
finite-dimensional algebras of invariance. However, the above operator X, generates an infinite-
dimensional Lie algebra. To the best of our knowledge, there are not many papers devoted to
solving such problems with respect to infinite-dimensional Lie algebras, though some examples
can be found in the above cited monograph; see also Refs. 13, 14.

The paper is organized as follows. In Section 2, a wide class of two-component evolution sys-
tems is constructed admitting the infinite-dimensional Lie algebra generated by operators of the

8SUB0| 7 SUOWILLIOD BAIERID 8|qedtjdde auy Ag pausenob aie 9 O 8N JO S3|nJ 10} ArIqIT8UIIUO A3]IA UO (SUOTIPUOD-PUR-SWIRI/L0 A8 | IM"ARIq 1 BUIUO//SANY) SUORIPUOD PUe SWIB | 8Y) 885 *[5202Z/TT/8T] U ARIGIT8UIUO AB|IM ‘BURIY00D -BuleNN AQ L€.2T Wdes/TTTT OT/I0p/wod oM ARIq1jeul|uo//Sdny Woiy papeojumod ‘€ ‘¥20Z ‘0656.9T



CHERNIHA and KING | 30f17

form (2). Some examples of such systems are highlighted. In Section 3, we show how a known
nonlinear evolution system®'>'° related to the Ricci flow on warped product manifolds with a
given metric follows from the above-mentioned class of systems as a very particular case. The Lie
symmetry properties of this system and its natural generalization are identified. In Section 4, a
wide range of exact solutions are constructed using the Lie symmetry obtained. Moreover, a spe-
cial case is identified in which the system in question is reducible to the fast diffusion equation (1)
in one space dimension. Finally, we discuss the results obtained and present some conclusions
in the last section. In particular, we present another class of two-component evolution systems
with an infinite-dimensional Lie symmetry that possess essentially different structures. In our
approach, starting from the Lie symmetry of geometric PDEs, we identify wider classes of PDEs
that possess exceptional symmetry properties but may lack geometrical interpretation. In this,
we are motivated in part by (1), which was known to be exceptional within the class of power-
law diffusion equations before its Ricci flow content was elucidated; our analysis proceeds in the
opposite direction.

2 | NONLINEAR EVOLUTION SYSTEMS ADMITTING
INFINITE-DIMENSIONAL LIE ALGEBRAS

Here are interested in the two-component evolution systems admitting the Lie symmetry (2) with
I = ud, +vd,, that is,

Xoo = &(x)0x + £x(X)(ud, + v3,). €©)
The general class of such systems involving the first- and/or second-order PDEs reads as

Uy = F(U, U, Uy, Uy, Uy, Uyy), )

Uy = G(u’ U; Uy, Uy, Uyxs Uxx)r
where F and G are arbitrary differentiable functions of their arguments.

Theorem 1. An evolution system from the class (4) admits the Lie algebra generated by the Lie
symmetry (3) if and only if this system possesses the form

w, = uf(ly,I1,1,),

3
vy = vg(ly, Ih, 1),

where f and g are arbitrary differentiable functions of their arguments, while Iy = =, I = v(=),,
1% v

and I, = u(v(*),), are absolute differential invariants of order zero, one, and two, respectively.
v

Proof. According to the classical Lie theory, a system from the class of evolution PDEs (4) admits
the Lie symmetry (3) if the following invariance criteria are satisfied (see, e.g., Refs. 17-20)

)2( (ut _F(u7v’ux7vxauxx7vxx)) |M =0,

(6)

)2( (Ut - G(u7 U, Uy, Uy, Uyy, Uxx)) |M =0,
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where the manifold
M ={u; = F(U, U0, Uy, Uy, Uy, Uyy) = 0, U = G(U, U, Uy, Uy, Uy, Uyey) = 0}
is considered in the prolonged space of independent variables
L, x, u, v, Uts Ups Uxs Uxs Upxs Uxps Upts Dpps Uxxs Uxxe

The second prolongation of the operator X reads as

X X"'P:a +P‘a +,ox +px—+
1 3 E] 2 0 ™
lea +Utxa +0 ”6 +O’”E +O' 5uxx +O—xx@‘

Here, the coefficients pX and o* with the relevant indices are expressed by the well-known
formulas via the coefficients of X and their derivatives. As a result, one obtains

§x(x)vt, ‘o)lc = gxx(x)u’ P)zc = gxx(x)v’

gxxx (v + gxx(x)vx gx (X)vxx

¢ =5y, pff =

1x = gxxx(x)u + gxx(x)ux - gx(x)uxx’ xx

(8)

while all other sigmas with indices vanish.

Thus, inserting the explicit expressions for pX and o* into (7), applying the second prolongation
of X to the invariance criteria (8), and making straightforward calculations, one arrives at the PDE
system

ng = gquu + ngFU + gxquux + gxxUva

+ (gxxxu + gxxux - é‘xuxx)FuxX + (gxxxv + gxxvx - ngxx)FUxx’

)
§.G = §,uG, +§,0G, + gxquux + gxxUva
+ (gxxxu + gxxux - gxuxx)Guxx + (gxxxv + gxxvx - ngxx)GUxx
that can be rewritten as
uF, + vF, —uy Fy  — U F, —F
§xx (uF,, +VF, +u.F,  +uv.F, )+ Sxxx (uF, , +vF, ) =0,
e §x
(10)

UGy + VG, — Uy Gy — UGy —

gxx
e

(uGy, + VG, +u,G, +0v,G, )+ Sxex (uG

+0vG =0

Uxx Uxx )

X

(here it is assumed &, # 0, otherwise (3) reduces to the trivial Lie symmetry X = d,.). Because
&(x) is an arbitrary given smooth function and for which the above equations should be satisfied,
each of the Equations (10) can be split into three equations. Thus, one obtains the overdetermined
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linear system of first-order PDEs

uby + vFy, —uy Fy  — U Fy, =F,

XX

uF, +vF, +u,F, +ulF, =0, 11)

XX

ukF, +vF, =0

for the function F(u,v,uy,Vy, Uy, Uyy). Obviously, the corresponding system for
G(U, U, Uy, Uy, Uy, Uyy ) has the same structure.

The last step of Proof consists in the construction of a general solution of the linear system (11),
which can be implemented by means of the method of characteristics for solving linear first-order
PDEs (see, e.g., the classical book?!). As a result, one obtains

F=uf(o,I1,I,), G=uvgy,I1,1), (12)
where the absolute differential invariants Iy, I;, and I, are defined above. O

Remark 1. Because absolute differential invariants are defined only up to functional dependence,
each of the above invariants can be presented in equivalent forms. For example, the first-order
invariant I; can be rewritten as u(z)x, u(g)x, or v(E)x.

v u u

Remark 2. One may consider the variable ¢ as an absolute differential invariant as well because
the operator X, does not involve the time variable.

Many real-world processes are described by the second-order PDEs or systems of PDEs
that are linear with respect to the second-order derivatives, that is, there are no terms
like (uy,)?, €xpuyy, logu,,, and so on. Such systems can be identified from (5) in the
form

Uy = u2d32(10)<v<% )x> + ud,(Iy, I),
* (13)
v = v2‘P2(IO)<v(%>x> + ¥, (I, I,).

Hereafter ®; and ¥; are arbitrary smooth functions of the relevant arguments. The most
common examples of this type are reaction-diffusion-convection (RDC) equations and their
generalizations. The relevant class of RDC systems possessing the Lie symmetry (3) thus reads

i (5)(o(2)) sm(2)() <m(2)
e () o(2),) o (E)E), ronl2)

Remark 3. Because (3) does not involve the variable ¢, similar systems with the same right-hand
sides can immediately be written down for wave and telegraph-type equations that admit the Lie
symmetry (3).

(14)
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All the systems derived above have a symmetric structure with respect to u and v. However,
one may simplify these systems by introducing the new variables

u
w= > v =u. (15)
Simple calculations lead to the new form of the operator X ,:
X6 = §(x)ax + gx(x)vav- (16)
For (16), the classes of nonlinear systems (13) and (14) reduce to the forms

(vw), = V2@ (w)(Vwy), + VP (W, vw,),
17)

v = VAP (w)(vwy), + 0¥ (w, vw,)
and

(vw); = V2P (Ww)(Vwy), + V2P (WIw, + VP (w),
(18)

v = VW (w)(vwy), + V7P (Ww, + V¥(w),

respectively. Here, @} = w?®,, ®} = w’®;, and @, = wd, are still arbitrary functions.
It should be noted that all PDE systems belonging to the above subclasses are nonlinear. The

simplest system of the form (18) involving second-order PDEs reads

(vw), = v*(Vwy),,
19)

v = v (vwy),.

This is anonlinear diffusion type system with cross-diffusion in the second equation. Interestingly,
system (19) possesses a highly nontrivial symmetry.

Theorem 2. The maximal algebra of invariance of system (19) is spanned by the Lie symmetries
X:O’ Pt = at, D = Ztat + Xax, Q = Uav + 2(1 - w)aw. (20)
Note that the Lie bracket [D, X% | = (x&, — )3, + (x&, — &), 08, is an operator of the same
form as in (16).
3 | SYSTEMS RELATED TO THE RICCI FLOW FOR SPECIFIC
METRICS
Recently, Ricci flow on warped product manifolds with a given metric has been investigated by

the Lie symmetry method in terms of a complicated nonlinear system of PDEs.? In the simplest
case of reduction to a single space variable, the system can be written in the form (see (46) in
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Ref. 3)

(vw), = (1 = MV, + o (m = Do*w? - ),

2y)

)
v = —ma(vwx)x,

where m = 1,2, 3 ... and u is a real parameter that we allow to be a function of time. Note that the
nonlinear system (21) can also be derived from the earlier studies.'>'

If one considers the subclass of systems (17) then it can be noted that the nonlinear system (21)
is obtained provided

1 m
P = E((m —Dw)? —p), ¥y =1-m, ¥, =0, ¥, = ~ %
Let us rewrite system (21) in a simpler form, while allowing u to be a function of ¢:

w, = v(ow,), + = ((m — Do?w} - u(o),

2 (22)
v = —m—(Vwy), .

w

Theorem 3. Depending on the function u(t), the nonlinear system (22) admits the maximal Lie
algebras of invariance generated by the Lie symmetries listed below.

1. If u(t) is an arbitrary given function, then

X&% = g(x)ax + gx(x)vau;

2. If u(t) = 0, then

Xi, P,=06;, Q=wd,, D;=2t3,+wd,—vd,;

3. If u(t) = ug # 0is an arbitrary constant, then

X%, P,=0;,, Dy=2t0,+wd, —vd,;

4. If u(t) = po(t + to)“, poat # 0, then

X%, Dy =2t3; + (1 + a)wd,, — vd,;

5. If u(t) = poe, uob # 0, then

X%, Ds =20, + bwd,.
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Proof. Because the nonlinear system (22) contains an arbitrary smooth function u(t) as a coef-
ficient, the Lie symmetry classification problem needs to be solved, that is, all possible forms of
u(t) should be identified that lead to Lie symmetries that cannot be produced by the Lie sym-
metry (16). Typically, such problems are highly nontrivial (see Chap. 2 in Ref. 20 and references
therein) and there are special algorithms for their solution. In the case of system (22), the relevant
algorithm can be essentially simplified because the arbitrary function u depends only on time (no
dependence on v and/or w). So, the corresponding routine leading to the four different cases with
new Lie symmetries listed above is omitted. [l

It should be highlighted that the arbitrary parameters y, and b arising in Cases 3-5 can
be reduced to +1 by appropriate equivalence transformations, while the parameter t, is
reducible to zero. For example, the nonlinear system (22) with uye?’, b > 0 reduces to the
form

1
w; = v(vw,), + w((m - Dv*wi —e'),
2
v
v = —ma(vwx)x
by the equivalence transformation
v w
t—-bt, V> —, W —

Vb Ho-

Remark 4. The Lie symmetries listed in Case 3 were derived in Ref. 3; the other four cases were
not considered therein.

4 | REDUCTIONS AND EXACT SOLUTIONS OF THE NONLINEAR
SYSTEM (22)

Here, we examine system (22) with u(t) = y, that is,

1
w, = v(Ewy), + — ((m — Do} - ),
2 (23)
v
v = —mw(vwx)x

with the aim of constructing its reductions to systems of ordinary differential equations (ODEs)
and, where possible, to find exact solutions. Note that we assume in what follows that wv # 0
because these functions determine the metric over time

1

- 2
g= 2 dx @ dx + w*(t, X)gcan>

where g, is related to the Einstein manifold (F™, g.,,,)—see Ref. 3.

First of all, we point out that system (23) admits the Lie symmetry X7 involving an arbitrary
differentiable function £(x). This allows the construction of a nontrivial formula for the genera-
tion of further solutions from any particular solution. Let us assume that (wg(t, x), vy(¢, x)) is an
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exact solution of (23). Applying to the above solution, the transformations generated by X, one
derives the following new solution:

i %
w(t, x) = wy (1, F (e + FQ)),  v(t,x) = vg (1, F (e + F(x))) exp/ el
(F"(x*))
where x* = F~1(¢ + F(x)), F~! is the inverse function to F and F(x) = %-

Formula (24) allows us to construct highly nontrivial solutions from a given solution, because
the function F is arbitrary. For example, taking the obvious solution
2 Mo

wo(t,x) =e%*, vy(t,x) =e % q°= ,m#0
o(t, X) o(t, Xx) M7

of the nonlinear system (23), one can construct the new solution

1
1—=
wo(t, x) = exp (ale + xMY™),  vy(t,x) = (1 + ;—n> " exp (—a(e + x™)Y/") (25)
using the function F(x) = x", n € R\ {0}.
Notably, the transformations generated by the Lie symmetries P, and D; (see Theorem 3) can
also be used for similar purposes but the resulting solutions retain practically the same structure

w(t, x) = e twy(e(t + ty), x), v(t,x) = evy(e*(t + ty), X), (26)

where € # 0 and ¢ are arbitrary. In particular, one may always set £, = 0 in the solutions obtained
without losing generality.

All possible Lie reductions can be systematically identified by constructing inequivalent
ansitze using the Lie symmetries listed in Case 2 (see Theorem 3). According to the standard
algorithm, we take a linear combination of all the Lie symmetries

X = agP; + 1Dy + X% = (g + 201 1)8; + E(x)0y + aqwdy, + (§(x) — a;)vd,, 27)
where oy and a are arbitrary parameters. So, the corresponding invariant surface conditions are

(ap + 21w, + E(wy = yw,

2
(0{0 + 2OCII)U[ + g(X)Ux = (gx(x) - 0(1)1). @9
Obviously, (28) is a linear system of two separate first-order PDEs that can be easily integrated.
Depending on «, a;, and £(x), there are four cases leading to inequivalent ansitze, namely: (1)
a1€(x)#0;(AD) at; #0,&(x) =0; ) a¢; =0, # 0, and (IV) a; = ay = 0.
Let us consider Case I. First of all, one may set «¢; = 1 without loss of generality. More-
over, the parameter ¢, can be set to zero (see Equation 26). As a result, one needs to solve the
system

tw; + EXw, = w,

(29)
tv; + EX)v, = (£(x) — Do,
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which is solvable using the method of characteristics. Finally, we arrive at the general solution

w(t,x) = ViW (), ot x) = Fie—FV(w), ©=F(x)— %lnt, Foo= [ 2. 6o

x £

By the definition, formulas (30) form an ansatz that reduces the system in question to ODEs. Thus,
substituting (30) into (23), one obtains

%eZwW(W —W)=VW (VW)Y =VW') +(m—-DVW) — e,

1 (31)
%eszV’ = V(YWY = VvW').
Hereinafter, primes denote differentiation with respect to w.
Cases II-1V can be treated in a similar way. Thus, the ansatz
1
w(t, x) = Viw(w), o(t,x)= \_[V(a,), ©=x (32)
t
and the reduced system
1
5W2 =VWEVW'Y +(m—-1)VW)? - u,
(33)
1
— W =vViywy
2m Vwh)

is derived in Case II. The ansatz
1 dx
w(t,x) =W(w), uvt,x)=—=—V(w), w=Fx)+at, Fx)= | —,a€R (34)
Fy §(x)

and the reduced system

aWW' =VWEVW'Y +(m—1)(VW)? - u,

aWVv’' = —mv2(VW’)y =
follow in Case III. Finally, the ansatz

w(t,x)=Ww), v, x)=ExX)V(w), w=t (36)
and the reduced system

apply in Case IV. Obviously, this ODE system is integrable and the exact solution

w(t, x) = V/=2ot, v(t,x) = §(x)
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of the nonlinear system (23) is immediately obtained. This solution can of course easily be noted
from the very beginning. However, we are able also to construct some more complicated solutions
of the nonlinear system (23) using the ansétze and the reduced systems derived above.

The nonlinear ODE system (31) is complicated because it involves coefficients explicitly
depending on the variable w. We were able to construct its general solution only under the
restrictions m = 1 and y, = 0 when the system is reducible to the form

1
WW" —(W'? = —W3W - W'
W= 3"« ) (38)
VW = Ce®.

Hereinafter C is an arbitrary constant. The nonlinear ODE in (38) is solvable in terms of the
Lambert function, hence one obtains the solution of (38) in an implicit form as follows:

-1

2
/ <WLambert <02 exp <—%>> + W> dW =w+c;, V =Ce*WL (39)

Thus, formulas (30) with the above functions W(w) and V(w) represent a family of exact solutions
in implicit forms of the nonlinear system (23) with m = 1 and y, = 0.

The ODE system (31) with m = 1 and y, = 0 possesses a special solution W = c;e®, V =c,
leading to the stationary solution presented below (see Equation 44).

Let us next consider the nonlinear ODE system (33). It can be noted that, using the second ODE,
the first equation reduces to the first-order ODE

(m—-1DVWN? + %(% - 1>W2 = Up. (40)

So, two different cases, m = 1 and m # 1, should be examined. Setting m = 1, one sees that the
above equation is satisfied automatically provided y, = 0 (otherwise a contradiction is obtained).
So, solving the second ODE in (33) with respect to V(x) and using ansatz (32), we arrive at the
following exact solution of the nonlinear system (23) with yy =m —1 =0:

1/2

w(t,x) = VIF(), u(t,x) = ﬁ(c + %Fz(x)) . (41)

X

Hereinafter, F(x) is an arbitrary differentiable function.

Assuming m # 1, one may solve (40) with respect to V2 and substitute the expression obtained
into the second ODE in (33). It turns out that the latter is satisfied for an arbitrary function W(x) =
F(x). Thus, applying ansatz (32) to the solution of (40) with m # 1, we obtain the exact solution
of the nonlinear system (23) as follows:

1/2
w(t,x) = VIF(), ut,x) = ﬁ(m“j -+ %F%x)) . (42)

It should be noted that the exact solution derived in Ref. 3 (see Section 5.1) follows from the
exact solution (42) as a particular case by setting 1, = m — 1 and applying an appropriate time
translation. In fact, instead of the invariant surface condition (47) in Ref. 3, one can simply solve
(28) with ety = 0,7 = 1, &(x) = 0, as was done here.
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We now consider the nonlinear ODE system (35). To the best of our knowledge, this system is
not integrable for arbitrary o and . Assuming u, # 0, one may use the ad hoc ansatz

W =, V =cw? (43)

with to-be-determined constants ¢; # 0 and y;, i = 1, 2. Making straightforward calculations and
using ansatz (34) the exact solution

— VF
l,U(t, X) = Cl F(X), U(t,X) = CZ#’ (m - 1)(0102)2 = 4,“0

can be easily constructed. Because F(x) is arbitrary the above solution can be rewritten as

w(t, x) = G, v(t,x) = o=, (m —1)(e16,)* = 4y, (44)

G
2G,’
where G(x) is still an arbitrary differentiable function.

Ansatz (34) under the assumption yu, = 0 leads to the exact solution

w(t,x) =c(at + F(x))“ﬂ/z\/%, u(t,x) = (oct + F(x))l/2 g —_20(, m#1. (45
1++/m
In the special case yy = m — 1 = 0, the ODE system (35) reduces to
=vw'y
VW’ 46)

aWvVv’' = -V Vvw'y,
which is integrable. In fact, it can be deduced that WV = C = const, hence the second-order ODE
" ne _ X 3
Vv — ") -5V =0

is obtained. The latter can be integrated by reducing to a first-order ODE. Finally, the following
solution of the nonlinear system (23) with g, = m — 1 = 0 was constructed

2¢+C ec1® 1/1 — ¢ e2c1@
w(t,x) = Cy/ =2 . u(t,x) = 2 w=at+Fx), (47)
a 1 —c e2c1co 201C2 eqF (x)

where none of the arbitrary parameters c;, ¢,,C, and a should vanish. Notably, the above
nonlinear ODE with a = 0 leads to the stationary solution (44).
In conclusion of this section, we present the following observation. By introducing the

transformation v = é, the nonlinear system (23) reduces to the form

2
_ Wyx  Wy®y wy 1
wy = S + (m — )E_#Ow,

(D =m wxx _ wxq)x
! wd w2 )’

(48)
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which gives exactly the system derived in Ref. 16 (one should additionally set uy = m — 1). In the
special case uy = m — 1 = 0, the above system simplifies to the form

wxx wX (Dx

w, = — ,
P2 @3
(49)
o = Wex WPy
T wd wd2

and it easily follows that the relation ®(t, x) = Q(x)w(t, x) holds (hereafter Q(x) is an arbitrary
smooth function). As a result, system (49) is reducible to the single equation

1 W,y
We = Q(x)w <Q(x)w >x' (50)

This reduces to the fast diffusion equation

u

if one applies the transformation

w=+Vu(t,x*), x*= /Q(x)dx. (52)

So, it is not surprising that the reduced ODE systems obtained above can be much more easily
integrated in the case when the nonlinear system (23) is reducible to the single equation (51).

Finally, we note that any exact solution of the fast diffusion equation (51) generates an
exact solution of the nonlinear system (49) by applying the formulas ®(¢, x) = Q(x)w(¢t, x) and
(52). Exact solutions of (51) were constructed in several papers and they are summarized in
Section 5.1.10 of Ref. 22 (see also Section 4.2 of Ref. 20 for more references).

5 | DISCUSSION

In this work, a wide class of two-component evolution systems (5) admitting an infinite-
dimensional Lie algebra is constructed. Some examples of such systems, in particular the
RDC-type equations are highlighted. It is shown that the known nonlinear evolution sys-
tem (23) related to Ricci flow on warped product manifolds®>'® is a special case of the
above-mentioned class of systems. The Lie symmetry properties of this system and its natural
generalizations are identified. It is proved that the system and its generalizations admit addi-
tionally Lie symmetry operators of scale transformations (see the operators D;, D,, and D5 in
Theorem 3).

Several exact solutions are constructed using the Lie symmetry method. It turns out that the
reduced systems of ODEs are too complicated to possess exact solutions in explicit form in the
general case. Thus, exact solutions are found under coefficient restrictions in the nonlinear system
(23). Moreover, a special case is identified in which the system in question is reducible to the fast
diffusion equation (51). Thus, known solutions of the 1D equation (1), that is, (51), can be used for
construction of exact solutions of (23) with ug = m —1 = 0.
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Interestingly, the evolution systems with infinite-dimensional Lie symmetry obtained in Sec-
tion 2 (including the nonlinear system (23) related to the Ricci flow) do not possess divergence
forms, unlike the fast diffusion equation (1) and many other evolution equations and systems
occurring in real-world applications. It turns out, though, that classes of evolution systems admit-
ting an infinite-dimensional Lie symmetry can be constructed if one starts with operator (2) setting
I = —ud, — vd,, that is,

Xeo = g(x)ax - gx(x)(uau + vav)- (53)

Indeed, using the same algorithm as in Section 2, one arrives at new classes of evolution systems in
divergence form. In particular, an analog of the class of RDC systems possessing the Lie symmetry
(53) reads as

= [ (E)(E),] v (E)E), vuo(?), »

o= [re(E)E),] @), o)

X

The simplest representative of the class of evolutions systems (54) in divergence form is

w=(w(2),) - w= (o)) 3

One notes that (55) is an evolution system involving both fast and cross diffusions.

It should be pointed out that systems admitting the infinite-dimensional Lie symmetry gen-
erated by the operator (2) can be constructed by direct calculation using the corresponding
transformations with an arbitrary differentiable function f(x), that is, without application of the
Lie method. For example, the transformations

x* = f(x), u* = mu, vt = mv (56)
can be used for constructing the class of RDC-type systems (54).

All evolution systems obtained, including those related to the Ricci flow, involve cross-
diffusion terms. It should be mentioned that cross-diffusion is a distinguished peculiarity in
some well-known mathematical models arising in biology, chemistry, ecology, and medicine?* %
that were extensively studied by different mathematical techniques, including symmetry-based
methods,?®~*! during the last decade. From the Lie symmetry point of view, evolution systems
with cross-diffusion terms often admit symmetries that are not common for similar systems with-
out cross-diffusion. For example, the class of evolution systems (54) with ®; = ¥; = 0is an analog
of the class of standard reaction-diffusion systems with variable diffusivities

Uy = [Py(Wuy ], + Doy, v),

(57)
v, = [Wa(0)oy ], + Po(u, v).

As follows from our previous study,*” there are no systems of the form (57) admitting the infinite-
dimensional Lie algebra (2), in contrast to any system of the form (54).
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Our final remarks are related to the special status of the differential expression
VU, — UV,

associated with the Lie symmetry (53). This plays a central role in the model of Ref. 23, as well as
in PDE systems above. The model in Ref. 23 does not possess an infinite-dimensional symmetry,
but the following remarks nevertheless seem in order.
Introducing the Lagrangian
2= / ldx

with (notations of Ref. 23 are adopted in what follows) I(c, h) being the entropic free energy
llc,hy=c(lnc—=1)+h(lInh—-1)+ L —-c—h)(In(L—c—h)—1),

and with v = L — ¢ — h, leads to the chemical potentials

_a _a
Mc:g—lnc—lnv, Uy = I =Ilnh—Inv.

Introducing the constitutive laws

po D0 Do
¢ v, ox’ " v, Ox

for the vacancy mediated diffusive velocities implies that the continuity equations
¢+ W)y =0, hy+(uh), =0

reproduce the model analyzed in Ref. 23, with the associated dissipation

ag / D.vc (du, 2 N Dyvh (duy, 2 d
dr — v, \ 8x v, dx X
(ignoring boundary contributions).
A related viewpoint is relevant here: setting

lu,v) =u(lnu —1)+v(nv—-1) — (u + v)(In(u + v) — 1)

(this can be associated with the combinatorial quantities (u + v)!/u!v! under Stirling’s approxi-
mation) implies

o (al 1 d (adl 1
dx <6u> u(u +v) (Wux —uve). - 5 <av> v(u +v) (uvy = viky) (58)
Obviously, these quantities are related with the absolute differential invariant I; = ;(vux -

uv(u+v)

uv,,) of the Lie algebra generated by (53). On the other hand, one may say that the relationship
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between these quantities is associated via Noether’s second theorem applied to the transforma-
tions (56). Notably, a straightforward generalization takes place if the above expression for the
function I(u, v) is replaced by vF(%) with an arbitrary function F.

1%

For arbitrary mobilities M; (u, v) and M,(u, v), the evolution equations

u, = [Mu(ou, —uvy)],, (59)
v = [Myu(uv, —vuy)],

then imply the dissipation

2 2
a8 _ _ o o, (S (9L v, (2o 9L
- /(u+v) uMl(dx(éu)) +v M2<6x<6v>> dx.

The purely diffusive versions of (54) arise as special cases of (59), being exceptional in possessing
an infinite-dimensional symmetry. In particular, the fast diffusion system (55) is obtained when
M;(u,v) = My(u,v) = ﬁ
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