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Abstract

This bachelor thesis introduces novel algorithms for the area minimization
of Multi-Input And-Inverter Graphs (MAIGs) within the field of logic synthesis.
The primary focus is on the implementation of a new method named "Boolean
network optimization by stochastic rewiring." This approach significantly diverges
from traditional techniques like algebraic factoring and AIG rewriting by adopt-
ing a global strategy to add and remove wires at various locations within the
circuit. The method relies on a simple randomization strategy to produce struc-
tural variations in the AIGs. Additionally, the thesis formulates and proves a new
criterion for acceptable fanins, which ensures valid insertions and deletions with-
out compromising the functionality of the circuit. Experimental results validate
the effectiveness of the proposed algorithm in optimizing benchmark circuits.

This work is important as it addresses the growing demand for smaller, more
efficient circuits in modern electronics, potentially reducing manufacturing costs
and enhancing performance.

Keywords: logic synthesis, Multi-input And-Inverter Graphs, area minimiza-
tion, Boolean network optimization, stochastic rewiring, redundancy addition and

removal.
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Introduction

In today’s rapidly evolving technological world, the demand for smaller yet
more powerful computers is escalating at an unprecedented pace, driving a signif-
icant need for research in circuit optimizations.

This surge in demand underscores the critical role of logic synthesis, which
lies at the heart of digital circuit design. Logic synthesis serves as a pivotal stage in
converting a high-level functionality description into an efficient hardware imple-
mentation. It is key to meeting the ever-increasing demands for miniaturization
and performance enhancement in modern electronics.

At its core, logic synthesis aims to optimize various aspects of circuit perfor-
mance, including area, power consumption, speed, and delay, while ensuring the
correct functionality of the circuit.

Among these optimization goals, area minimization stands out as one of the
most straightforward and natural criteria. The size of a circuit directly impacts
factors such as manufacturing cost, chip area, and overall system complexity.
By developing various solutions for area optimization, we address the industry’s
demand for producing smaller circuits, especially considering the increase in man-
ufacturing costs of silicon chips [7].

Traditionally, a variety of data structures, such as Sum-of-Products (SOPs),
Product-of-Sums (POSs), Binary Decision Diagrams (BDDs), and Reduced O1-
dered Binary Decision Diagrams (ROBDDs) have been used for circuit representa-
tion. However, recent years have witnessed a notable shift towards And-Inverter
Graphs (AIGs) as the preferred data structure for circuit representation. And-
Inverter Graph, a compact and canonical representation of Boolean functions,
became an essential data structure for circuit representations since they are easy
to implement and convenient to manipulate. In this bachelor thesis, the primary

focus is on the implementation of an algorithm that uses a multiple-input And-



Inverter graph as its central data structure.

There are many area minimization methods. One of the most widely used logic
synthesis methods is called algebraic factoring [3|, which looks for larger nodes
represented by sum-of-products and tries to break them down (decomposition)
while finding shared nodes (factorization). Another popular method is called
AIG rewriting [2]. This method reduces AIG size by computing 4-input cuts for a
given node, finding the Boolean function of each cut, and re-expressing the node
using its Boolean function while possibly reusing other nodes that are already
present in the AIG and depend on the same cut variables.

The research presented in this bachelor statement focuses on introducing a
novel algorithm for area minimization entitled "Boolean network optimization
by stochastic rewiring." The new method is conceptually different from algebraic
factoring and is more global than AIG rewriting since we add/remove wires in
various places.

The subject of research in this bachelor’s statement is algorithms on logic
circuits.

The object of research in this bachelor statement is the area optimization
of the logic circuit.

The proposed algorithm is a rewiring technique that is based on the notion
of redundancy addition and removal. Unlike the traditional work on rewiring
[4], [10] our approach uses AIG data structure for representing circuits instead
of AND/OR graphs. Also, it relies on a simple randomization strategy to detect
possible additions and removals while maintaining the correctness of the circuit
instead of using complex rules for computing possibilities of adding and removing
fanins. Additionally, our method introduces a new criterion for acceptable fanins,
which is based on internal don’t-cares computed to check if a fanin can be added

or removed. Another difference is that the proposed method targets structural



change rather than immediate improvement. This is particularly important for
hard-to-optimize circuits, which can be reduced only after a substantial restruc-
turing.

The outline of this work is as follows. Section 2 introduces the basics of
Boolean algebra. Section 3 demonstrates the implementation of the core data
structures: truth tables and AIGs. Section 4 elaborates on the algorithmic con-
cept and details the implementation of its main steps. Section 5 introduces the
heuristics used in the research. Section 6 delves into the crucial aspect of cir-
cuit verification, which is the second most important step in synthesis. Section 7
presents the experimental results obtained from the conducted research. Finally,
Section 8 provides a conclusion to the statement, summarizing the key findings

and insights.



1 Background

At its core, the proposed algorithm leverages Boolean algebra to minimize
the area of digital circuits. This section reviews the key notions, such as Boolean
functions, truth tables, logic gates, and AIGs, needed for the understanding of the
new algorithm introduced in the subsequent sections. Additionally, the section

introduces the concepts of structural and functional hashing.

1.1 Basics of Boolean algebra

This section introduces basic notions of Boolean algebra.

Definition 1.1. A Boolean wvariable is a variable that can take binary values
from the set B = {false,true}, or alternatively B = {0, 1}, depending on the

truth assignment.

Let the symbol ~ represent an unary operation, while A, v and @ represent

binary operation on the B = {0, 1} as follows: For arbitrary x and y in B,

r=1—-x
TANY=2-Y
ITNVNY=r+y—xr-y

r@®y=2x+y(mod2)=x+y—2xy
In the representation above, the symbols 4+, —, and - denote ordinary addition,
subtraction, and multiplication, respectively.

Definition 1.2. Boolean function —is a mapping f : B" — B, where B = {0, 1} —

set of Boolean values.

Definition 1.3. Literal — is a Boolean variable (z) or its complement (Z).
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Definition 1.4. An n-ary completely specified Boolean function, denoted as
f : B" — B, assigns true or false to every truth assignment on the n input

variables.

Definition 1.5. If the output of the function does not change after changing the

input, this input is called a don’t-care.

The don’t-care is represented as a symbol "-" "X" or "2". The augmented

set of B U {—} is denoted as B, .

Definition 1.6. An n-ary incompletely specified Boolean function, denoted as
f:B" — B, assigns true, false, or don’t care to every truth assignment on the

n input variables.

Definition 1.7. Single-output Boolean function is a boolean function that maps
f:B" — B, where B = {0, 1} is a set of Boolean values and n is the number of

inputs.

Definition 1.8. Multiple-output Boolean function is a boolean function that maps
f :B" — B™ where B = {0, 1} is a set of Boolean values, n is the number of

inputs and m is the number of outputs.

1.2 And-inverter graph

In this section, we define the main data structure used in this work.

Definition 1.9. The undirected graph is a pair G = (V, E), where
V = V(@) is a set of vertices (nodes),
E=E(G) cV® ={{a,b}|abeV}is a set of edges.

Definition 1.10. A directed graph is a pair G = (V| E), where
V =V(G) is a set of vertices (nodes),

E = E(G) is a set of ordered pairs of vertices, called arcs or directed edges.
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Definition 1.11. A directed acyclic graph (DAG) is a directed graph with no

directed cycles.

Definition 1.12. [5] Boolean network is defined as a directed acyclic graph
(DAG), where the nodes represent logic gates and the edges represent the con-

nections (wires) between these gates.

Definition 1.13. And-inverter graph (AIG) is a Boolean network composed of

two-input and-gates and inverters.

Definition 1.14. Multi-input And-inverter graph (MAIG) is a Boolean network

composed of multi-input and-gates and inverters.

In this work, we use multi-input And-inverter graphs.
Definition 1.15. Fanins of the node n are the nodes that are driving n.
Definition 1.16. Fanouts of the node n are the nodes driven by n.
Definition 1.17. Primary inputs (PIs) are nodes without fanins.

Definition 1.18. Primary outputs (POs) are a subset of the network nodes that

deliver the functionality of the network to its environment.
Definition 1.19. The size (area) of the network is the number of its nodes.

Definition 1.20. Depth (delay) is the length (number of nodes) of the longest

path from the primary inputs to the primary outputs.

In this research, our focus lies specifically on area minimization, as opposed

to optimizing for delay or other parameters of the circuit.
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Definition 1.21. [9] The set of fanins of node i is denoted as F'I(i), the set of
fanouts of node 7 is denoted as F'O(i). The transitive fanins TFI(i) and transitive

fanouts TFO(i) of a node i are defined recursively as

TFI(i)={keV |k =i, or ke FI(j) for j € TFI(i)}

and

TFO(i) = {keV | k=i, or ke FO(j) for j € TFO(i)}

respectively.

Figure 1.1 shows primary inputs/outputs and TFO and TFI for the green

node.

Primary outputs
T T R T T T

FTrr et eIl
Primary inputs

Figure 1.1: TFO and TFT for the green node

Definition 1.22. For a completely specified function f, we define its onset f°" =

{a e B"| f(a) = 1} and offset f°t = {a e B" | f(a) = 0}.
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Definition 1.23. [11] The don’t-care set of the function f is a set of input

combinations for which value of f can be either 0 or 1.

Definition 1.24. The care set of the function f is the complement of the don’t-

care set.

Don’t-cares in a logic function refer to input patterns where the output can
be either 0 or 1. The collection of these don’t-care patterns forms the function’s
don’t-care set and all the remaining patterns forming the care set. Given their

complementary nature, our focus in the rest of the work is solely on the care set.

1.3 Structural and functional hashing

Constant propagation involves identifying constant values within the circuit
and propagating these constants throughout the circuit to simplify its structure
and improve efficiency. For instance, suppose we have an expression ' = a A 1.
The constant 1 value can be propagated to get F' = a.

Structural hashing involves propagation of all constants and ensures that for
any pair of nodes, there exists a maximum of one two-input and-node with them
as fanins (up to a permutation). Structural hashing is applied during AIG con-
struction to reduce the AIG size.

Functional hashing of AIGs guarantees that each internal node possesses a
unique Boolean function up to complement. This technique results in a "semi-
canonical" AIG representation, where no two nodes within the AIG share the
same global function. However, the same global functions across different AIGs

can be realized using different circuit structures.



14

2 Data structures

This section provides an overview of how Boolean functions are represented
within the scope of this work. It explores two primary representations: truth

tables and multi-input And-Inverter graph (MAIG) representations.

2.1 Boolean function representation

In our optimization package, we work with the Boolean functions represented
as truth tables. Each truth table for a function is provided as a binary or hex-
adecimal string. Table 2.1 shows the truth table for the Boolean function ' = abc
in the binary notation. The hexadecimal string "80" is also a valid representation
of this function.

Since the size of memory used for the truth table representation grows ex-
ponentially in the number of variables, we work only with small and medium

Boolean functions, that is, functions of 16 or fewer variables.

a b c f(a,b,c)
0 0 0 0
1 0 0 0
0 1 0 0
1 1 0 0
0 0 1 0
1 0 1 0
0 1 1 0
1 1 1 1

Table 2.1: F' = abc

In our framework, the truth table is an array of 64-bit words. This data
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structure is designed to manage boolean functions truth tables efficiently.
Listing 1 demonstrates a method that initializes a truth table element repre-
sented by an array of word values, where the word is an alias for

long long unsigned data type.

void Tt_ElemInit(pTruth: array of word, iVar: number of PIs, nWords: integer) {
int k;
if ( iVar < 6 )
for ( k = 0; k < nWords; k++ )
// Use pre-defined truth values for tVar less than 6
pTruth[k] = s_Truths6[iVar];
else
for ( k = 0; k < nWords; k++ )
// Generate truth values dynamically for iVar 6 or greater

pTruth(k] = (k & (1 << (iVar-6))) ? “(word)0O : O;

Listing 1: Method to initiate truth table
Listing 2 shows how basic Boolean operations, such as AND, OR XOR, NOT,
and the check for equality are performed using truth tables. These helper methods
are extensively utilized throughout the framework, particularly in the verification

process and care set calculations, which will be considered later in this work.

static inline void Tt_Not( word * pOut, word * pIn, int nWords ) {
int w;
for (w = 0; w < nWords; w++ ) {

pOut[w]l = “pInlwl; // invert bit

static inline void Tt_And( word * pOut, word * pInl, word * pIn2, int nWords ) {
int w;
for (w=0; w < nWords; w++ ) {

pOut [w] = pInil[w] & pIn2[wl; // perform AND operation
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static inline void Tt_OrXor( word * pOut, word * pInl, word * pIn2, int nWords ) {
int w;
for (w = 0; w < nWords; w++ ) {
// perform bitwise XOR operation, then append
// current truth table to final result through OR operator

pOut[w] |= pInil[w] -~ pIn2[w];

static inline int Tt_Equal( word * pInl, word * pIn2, int nWords ) {
int w;
for (w = 0; w < nWords; w++ )
if ( pIni[w] !'= pIn2[w] ) // check <f bits are not equal
return O;

return 1;

Listing 2: Basic Boolean operations
The following procedure (Listing 3) is an essential step in computing truth
tables of the nodes in multi-input AIG. To compute the node’s truth table we
apply AND operation to all its fanins’ truth tables. If the fC parameter is equal
to 1 we apply AND operation to complemented truth tables of fanins.

static inline void Tt_Sharp( word * pOut, word * pIn, int fC, int nWords ) {
int w;
if ( £C )
for (w = 0; w < nWords; w++ )
pOut[w] &= “pIn[w];
else
for (w = 0; w < nWords; w++ )

pOut [w] &= pIn[w];

Listing 3: Node truth table computation
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2.2 And-inverter graph representation

In our optimization framework, the input data is a Boolean function repre-
sented as two-input And-Inverter Graph (AIG). The multi-input AIG (MAIG) is
a network composed of inverters and AND gates, where each gate takes multiple
inputs and produces one output. Since each gate is uniquely characterized by its
fanins, we can represent a MAIG of any size by an array containing fanin arrays
for each node.

All nodes in MAIG belong to one of the three categories:
e If a node doesn’t have any fanins, it means it’s a primary input.
e If a node has one fanin, it’'s a primary output.

e If a node has two or more fanins, it’s an internal node responsible for

some computation.

The code snippet presented in Listing 4 illustrates how the multi-input AIG
(MAIG) data structure is implemented. This data structure encompasses the
number of inputs and outputs of the Boolean function. The total number of nodes
in the MAIG is denoted by the nObjs parameter, with the maximum capacity
constrained by the nObjsAlloc parameter.

nWords indicates the size of the truth table, while nTravlds represents the
traversal ID used for marking visited nodes. The pTravlds array holds traversal
IDs for all nodes. pCopy is utilized for copying purposes throughout the codebase.

For storage-related tasks, pTruths holds truth tables (the first truth table is
the main one, the second truth table is used to temporarily compute care sets and
the third truth table stores a copy of correct primary output functions), pCare
stores care sets of the nodes, and pProd contains functions associated with the

nodes.
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vOrder denotes the order in which nodes are traversed, while vTfo represents

the set of nodes in the transitive fanout cone for each node. Lastly, pvFans is an

array of fanins for every node in the structure.

typedef struct maig_ {

int
int
int
int
int
int
int *
int *
int *
word *
word *
word *
vi *
vi *
vi *

} maig;

nlns;
nOuts;
nObjs;
nObjsAlloc;
nWords;
nTravlds;
pTravlds;
pCopy;
pRefs;
pTruths[3];
pCare;
pProd;
vOrder;
vTfo;

pvFans;

// primary inputs

// primary outputs

// all objects

// allocated space

// the truth table size
// traversal ID counter
// traversal IDs

// temp copy

// reference counters
// truth tables

// care set

// product

// nmode order

// transitive fanout cone

// the array of objects' fanins

Listing 4: Multi-input AIG data structure
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3 Algorithm idea

The main idea of the algorithm is straightforward and can be summarized as
randomized redundancy addition and removal (RAR). This algorithm comprises
two stages: node expansion and node reduction.

During the first stage, a predefined number of stochastically selected fanins are
added to nodes of the MAIG. This number is an input parameter of the program.

Subsequently, in the second stage, fanins of nodes are deleted in a randomizer
order, aiming to restructure and simplify the MAIG as much as possible. Fol-
lowing each step, the algorithm verifies that the new circuit remains functionally
equivalent to the initial one.

In our approach, we employ a trial-and-error method, supplemented by dif-
ferent heuristics, which is notably simpler than the approaches used in previous
work [4], [10].

In the following subsections, we will delve into the specifics of node expansion
and reduction. This will include illustrating examples and providing pseudocode
for these functions. In the next section, we will provide a comprehensive descrip-

tion of the heuristics utilized and their implementation details.

3.1 Node expansion

During the node expansion stage, the process involves attempting to insert new
fanins for all internal nodes in the Multi-valued And-Inverter Graph (MAIG).

Initially, a randomized order of MAIG’s nodes is generated. Then, for each
node, we compute the transitive fanout (TFO) and define a subset of fanins that
are not part of the transitive fanout. It’s important to avoid transitive fanouts
during node expansion since they might create combinational loops.

Additionally, we exclude transitive fanins to prevent redundant duplication
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within the node. To ensure that the insertion of fanins does not compromise the
correctness of the Multi-Input And-Inverter graph, the fanins must satisfy the
criterion for acceptable fanins outlined in section 5.

Figure 3.1 illustrates how the MAIG would appear after the insertion of a new

fanin (picked outside of the transitive fanout) to the node 6 (n6) of the MAIG.

Acceptable fanin
for node n6

expanding
this node

Figure 3.1: Node expansion

3.2 Implementation of node expansion

To understand node expansion better, let’s look at the implementation of this
procedure at the level of pseudocode.

The following pseudocode (Listing 5) shows how the expansion of one node is
performed. First, the care set of the current node iObj is computed. This marks
the transitive fanout of the node iObj. The immediate fanins are also marked to
make sure they are not added again. Subsequently, the node’s onset is computed.

The next step involves iterating through randomly ordered fanins that are not

in the TFO of the node, which we aim to expand with new fanins. During each
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iteration, the algorithm verifies whether adding the current fanin to the MAIG
would affect the graph’s functionality by checking if it meets the criteria outlined
in section 5. If a new fanin node can be added without compromising the MAIG’s
functionality, the algorithm invokes the Maig AppendFanin function.

The procedure continues until a target number of fanins (nAddedMax) has

been inserted, at which point the process concludes.

static inline int Rw_ExpandOne( maig * p, int iObj, int nAddedMax )
{
int i, k, n, iLit, nFans = Maig ObjFaninNum(p, iObj), nAdded = 0;
word * pCare = Maig_ComputeCareSet( p, iObj ); // compute care set of w0bj
// mark node's fanins
Maig_ForEachObjFanin( p, iObj, iLit, k )
p->pTravIds([Lit2Var(iLit)] = p->nTravlds;
word * pOnset = Maig_ObjTruth( p, i0Obj, O ); // compute the onset of <0bj
Tt_Sharp( pOnset, pCare, 0, p->nWords );
// create a random order of fanin candidates
Vi_Shrink( p->vOrderF, 0 );
Maig_ForEachInputNode( p, i )
if ( condition for not TFO node i) // check if this node is NOT in the TFO
Vi_Push( p->vOrderF, i );
Vi_Randomize (p->v0OrderF) ;
// iterate through candidate fanins (nodes that are not in the TFO of 40bj)
Vi_ForEachEntry( p->vOrderF, i, k ) {
// new fanin can be added tf tts offset does not intersect with the node's onset
for (n=0; n < 2; n++ )
if ( !Tt_IntersectC(pOnset, Maig_0bjTruth(p, i, 0), !'n, p->nWords) ) {
Maig_AppendFanin(p, iObj, Var2Lit(i, n));
}
if ( nAdded == nAddedMax ) break; // condition of completion
}
// updating TFO of the node
Maig_TruthUpdate( p, p->vTfo );

return nAdded;

Listing 5: Fanin addition
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3.3 Node reduction

After inserting a specified number of fanins, the algorithm proceeds to the
second stage, which involves node reduction.

The initial approach to node reduction involved removing nodes by eliminating
their edges and then performing constant propagation. However, we later refined
our strategy to prioritize the removal of fanins rather than entire nodes. Each
node’s fanins are evaluated based on their usability, with those referenced more
frequently receiving higher priority for removal. The deletion process follows a
reverse order, targeting fanins with few or no references first.

During the reduction stage, the algorithm iterates through the ordered fanins
of the node being reduced, aiming to remove them. This iterative process aims to
optimize circuit efficiency by simplifying and streamlining interconnected nodes.

Figure 3.2 illustrates the reduction process for node n6, providing visual illus-

tration of the presented concepts.

reducing
this node

Figure 3.2: Node reduction
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3.4 Implementation of node reduction

The following subsection explains the implementation of node reduction using
the pseudocode.

For the figure above, the reduction procedure prioritizes all fanins of node
n6 and attempts to delete them in reverse order. During deletion, the algorithm
verifies if the function of the reduced node matches that of node n6 on a care
set. After removing all possible fanins the node is updated. The final step of
the reduction algorithm is to verify the correctness of the new circuit. Upon
completion of the procedure, a reduced MAIG is obtained.

In our example (Figure 3.2), the verification confirms that the new MAIG is
equivalent to the initial one.

Listing 6 provides pseudocode outlining the reduction process.

static inline int Rw_ReduceOne( maig * p, int i0Obj, int fOnlyConst, int fOnlyBuffer )
{
int i, n, k, iLit, nFans = Maig_ObjFaninNum(p, iObj);
// compute care set of i0bj
word * pCare = Maig_ComputeCareSet( p, i0Obj );
if ( Rw_CheckConst(p, iObj, pCare) )
return nFans;
if ( fOnlyConst )
return O;
if ( nFans == 1 )
return O;
// tf one fanin can be used, take it
word * pFunc = Maig_0bjTruth( p, iObj, 0 );
Maig_ForEachObjFanin( p, iObj, iLit, k ) {
Tt_DupC( p->pProd, Maig_ObjTruth(p, Lit2Var(ilit), 0), Lit2C(iLit), p->nWords );
if ( Tt_EqualOnCare(pCare, pFunc, p->pProd, p->nWords) ) {
Maig_ObjDeref( p, iObj );
Vi_Fill( p->pvFans+iObj, 1, iLit );
Maig_ObjRef( p, iObj );
Maig_TruthUpdate( p, p->vTfo );

return nFans-1;



}
if ( fOnlyBuffer )
return 0;
// create order of fanins with high reference fanins first
Vi_Shrink( p->vOrderF, 0 );
Maig_ForEachObjFanin( p, iObj, iLit, k )
if ( p->pRefs[Lit2Var(iLit)] > 2 )
Vi_Push( p->vOrderF, ilLit );
Maig_ForEachObjFanin( p, iObj, ilLit, k )
if ( p->pRefs[Lit2Var(iLit)] == 2 )
Vi_Push( p->vOrderF, ilLit );
Maig_ForEachObjFanin( p, i0Obj, iLit, k )
if ( p->pRefs[Lit2Var(ilLit)] == 1)
Vi_Push( p->vOrderF, ilit );
assert( Vi_Size(p->vOrderF) == nFans );
// try to remove fanins starting from the end of the list
for ( n = Vi_Size(p->vOrderF)-1; n >= 0; n-- ) {
int iFanin = Vi_Drop(p->vOrderF, n);
word * pProd = Maig_TruthSimNodeSubset2( p, iObj, p->vOrderF, Vi_Size(p->vOrderF) );
if ( !Tt_EqualOnCare(pCare, pFunc, pProd, p->nWords) )
Vi_Push(p->vOrderF, iFanin);
}
assert( Vi_Size(p->vOrderF) >= 1 );
// update the node if it %s reduced
if ( Vi_Size(p->vOrderF) < nFans ) {
Maig_ObjDeref (p, iObj);
Vi_Shrink( p->pvFans+iObj, 0 );
Vi_ForEachEntry( p->vOrderF, ilLit, k )
Vi_PushOrder( p->pvFans+iObj, ilLit );
Maig_ObjRef(p, i0bj);
Maig_TruthUpdate( p, p->vTfo );
return nFans-Vi_Size(p->v0rderF);
}

return 0;

Listing 6: Node reduction

24
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3.5 Structural hashing and constant propagation

Following the reduction procedure, the algorithm performs constant propa-
gation and structural hashing to remove redundant nodes and ensure optimal
structure.

Below are two examples illustrating how constant propagation and structural
hashing are implemented by modifying the array of literals.

The Maig_StrashNode (Listing 7) procedure takes an MAIG as input and
returns its duplicate with small optimizations, performing both constant propa-

gation and structural hashing.

Example 3.1. In Figure 3.3, the n7 node has a redundant constant 1 value. The

rewriting procedure simply deletes redundant fanin.

Figure 3.3: Constant propagation

Example 3.2. In Figure 3.4, the first array has two structurally equal nodes
(have identical corresponding literals). The structural hashing procedure (Listing
7) iterates through all internal nodes while checking the equality of their fanin

literals.
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Figure 3.4: Structural hashing

// this duplicator creates two-input nodes, propagates constants, and does structural hashing
static inline int Maig_StrashNode( maig * p, int 10, int 11 )
{
int 1it0 = MinInt(10, 11), 1itl = MaxInt(10, 11), i;
Maig_ForEachNode( p, i ) // loop through all nodes of MAIG
if ( Maig_ObjFaninO(p, i) == 1it0 && Maig_ObjFaninl(p, i) == 1litl )
return Var2Lit(i, 0);

return -1;

Listing 7: Structural hashing procedure
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4 Heuristics

In the previous section, we explored the main idea of the algorithm and ex-
plored implementation of two core stages - node expansion and node reduction.
In this section, we describe various heuristics that aim to increase the algorithm’s

efficiency and reduce its runtime.

4.1 Logic sharing

Our first heuristic is logic sharing, that is, an extraction of shared nodes.
The goal of this heuristic is to reduce area of the given multi-input AIG. One
difference between structural hashing and logic sharing is that structural hashing
is performed on-the-fly in all cases, whereas logic sharing is created intentionally
by the algorithm.

Figure 4.1 provide visual illustration of the logic sharing process applied to a

node featuring the function f, = b A c.

° Shared
. node

0 [

Figure 4.1: Logic sharing

On a high level, the logic sharing works with the following steps:
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1. Initially, for a given MAIG, we specify the maximum number of shared

nodes that can be extracted (nNewNodesMax). Subsequently, a procedure

is invoked to attempt the extraction of the specified number of nodes.

. The function Rw_ FindShared (Listing 9) facilitates the extraction of shared

fanin pairs and returns the number of pairs extracted. It makes nNewN-
odesMax iterations. During each iteration, the function calls Rw_FindPairs
(see Listing 8), responsible for identifying sets of fanin pairs occurring more
than once. Once the pair search concludes, the algorithm identifies the most

frequently occurring pair, deemed the best candidate, and extracts it.

. The function Rw_FindPairs (Listing 8) traverses all nodes and, for each

node, identifies all of its fanin pairs. It then marks these pairs in a bit matrix
to denote those previously encountered. The vPairs array is constructed
based on a simple principle: each pair consists of three integers, where
the first two represent the elements of a fanin pair, and the third integer

indicates the number of occurrences of this pair in the MAIG.

static inline vi * Rw_FindPairs( maig* p, word* storage, int nWords )

{

vi * vPairs = Vi_Alloc( 30 );

int i, f1, £2, iFanl, iFan2;

// iteration over MAIG mnodes

Maig_ForEachNode( p, i )

{

vi * vFans = p->pvFans+i;
// iteration over node's fanins

Vi_ForEachEntry( vFans, iFanl, f1 ) {

word* pRowFanl = storage + iFanl#*nWords;
Vi_ForEachEntryStart( vFans, iFan2, f2, fi+1 )
// check if this pair was already seen
if ( Tt_GetBit(pRowFanl, iFan2) )

// if this pair exists, we add existing patir to array of pairs



Rw_AddPair( vPairs, iFanl, iFan2 );
else
// set bit in bit matriz to show that there is such patir

Tt_SetBit (pRowFanl, iFan2);

}

return vPairs;

Listing 8: Finding those fanin pairs that appear more than once

static inline int Rw_FindShared( maig * p, int nNewNodesMax )

{

// expand the MAIG if number of existing nodes and nodes
// that need to be extracted exceeds the mazimum capacity
if ( p->n0Objs + nNewNodesMax > p->nObjsAlloc )
{
p->n0bjsAlloc = p->n0bjs + nNewNodesMax;
p->pCopy = (int *)realloc( (void *)p->pCopy, sizeof(int)*p->nObjsAlloc );
p->pvFans = (vi *)realloc( (void *)p->pvFans, sizeof(vi) *p->nObjsAlloc );
memset ( p->pCopy+p->n0bjs, 0, sizeof (int)*(p->nObjsAlloc-p->n0bjs) );
memset ( p->pvFans+p->n0Objs, 0, sizeof(vi) *(p->nObjsAlloc-p->n0bjs) );
}
assert( sizeof(word) == 8 );
// calculate how many words are needed to have a
// bitstring with one bit for each literal
int i, nWords = (2xp->nObjsAlloc + 63)/64;
int nBytesAll = sizeof (word)*nWords*2+p->n0ObjsAlloc;
word * pSto = (word *)malloc(nBytesAll); vi * vPairs; // bit matriz
// the algorithm extracts only one shared node at a time
for (i = 0; i < nNewNodesMax; i++ ) {
memset ( pSto, 0, nBytesAll );
p->n0bjs -= 1i;
// finding pairs of shared nodes
vPairs = Rw_FindPairs( p, pSto, nWords );
p->n0bjs += 1i;
// if there are shared nodes, then the best pair
// (most frequently appeared) is extracted
if ( Vi_Size(vPairs) > 0 )

29
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Rw_ExtractBest( p, vPairs );
int Size = Vi_Size(vPairs);
Vi_Stop( vPairs );
if ( Size == 0 )

break;

}
free( pSto );

return i;

Listing 9: Extract shared pairs

Definition 4.1. A topological order is a linear ordering of nodes in a directed
acyclic graph (DAG). In this order, nodes are visited from primary inputs (PIs)
to primary outputs (POs), ensuring that each node is visited after all its fanins

have been visited.

To simplify implementation and optimize computation time, all shared nodes
are appended to the end of the Multi-Input And-Inverter graph. These newly
inserted nodes are called “hidden” since they are not taken into account in the
total number of nodes of MAIG. After extracting the target number of nodes, the
algorithm invokes the procedure (Listing 10) to restore the topological order of

the MAIG.

static inline void Maig_DupDfs_rec( maig * pNew, maig * p, int iObj )
{
int i, iLit;
// return if current node is already marked
if ( p->pCopy[iObj]l >= 0 )
return;
// create fanins for a given node
Maig_ForEachObjFanin( p, iObj, iLit, i )
Maig_DupDfs_rec( pNew, p, Lit2Var(iLit) );
assert( p->pCopyl[iObj]l < 0 ); // catching the combinational loop
assert( Maig_0ObjFaninNum(p, iObj) > 0 );
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// create current node

p->pCopy[i0bj] = Maig_AppendObj (pNew) ;

// append newly created fanins to the current node

Maig_ForEachObjFanin( p, iObj, iLit, i )
Maig_AppendFanin(pNew, p->pCopy[iObjl, Lit2LitV(iLit));

static inline maig * Maig_DupDfs( maig * p )
{
maig * pNew = Maig_Alloc( p->nIns, p->nOuts, p->nObjsAlloc );
// the array is filled with -1 to distingutsh visited nodes from unvistited
memset ( p->pCopy, OxFF, sizeof(int)*p->n0bjsAlloc ); int i, k, iLit;
// for each primary tinput we mark it with it's index
Maig_ForEachConstInput( p, i )
p->pCopy[i] = 1i;
// for each primary output we call recursive function for it's fanin
Maig_ForEachOutput( p, i )
Maig_DupDfs_rec( pNew, p, Lit2Var(faninO(p, i)) );
// for each primary output append it's fanin
Maig_ForEachOutput( p, i )
Maig_AppendFanin(pNew, Maig_AppendObj(pNew), Lit2LitV(faninO(p, i)));

return pNew;

Listing 10: Function to restore topological order of the MAIG.

4.2 Criterion for acceptable fanins

The very first implementation of the algorithm used a trial-error approach
to insert random fanins into the MAIG. While this method may seem straight-
forward, its effectiveness is limited. For example, we could have tried to insert
10 different fanins into one node, but only one of them would pass the correct-
ness check. To make the algorithm more practical and save computation time,
we introduce a criterion for acceptable fanins. This criterion leverages care set

computation to determine which fanins can be added or removed without com-
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promising the MAIG’s functionality.

To calculate the care set of node n, a four-step process is performed:
1. Invert the truth table of node n.

2. Calculate the truth tables of the nodes in the transitive fanout of node
n. Since the And-Inverter Graph (AIG) maintains a topological order, it

suffices to compute only these truth tables.

3. Utilize bitwise XOR to compare the truth tables of the old output and the
new output. In cases where there are multiple outputs, the comparison is

done for each output and the results are aggregated using the OR operator.
4. The resulting bit string is the care set of the node n.

The following pseudocode demonstrates the care set computation described

above.

static inline int Maig_ComputeTfo_rec( maig * p, int iObj )

{
int k, iLit, Value = O;
if ( p->pTravIds[iObj] == p->nTravIds )
return 1;
if ( p->pTravIds[iObj] == p->nTravIds-1 )
return 0;
Maig_ForEachObjFanin( p, iObj, ilLit, k )
Value |= Maig_ComputeTfo_rec(p, Lit2Var(iLit));
p->pTravIds[i0Obj] = p->nTravIds-1+Value;
if ( Value )
Vi_Push( p->vTfo, iObj );
return Value;
}

static inline vi * Maig_ComputeTfo( maig * p, int iObj )

{

int 1i;
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assert( Maig_0bjIsNode(p, iObj) );
p->nTravIlds += 2;
p->pTravIds[i0Obj] = p->nTravIds;
Vi_Fill( p->vTfo, 1, i0Obj );
Maig_ForEachConstInput( p, i )
p->pTravlds[i] = p->nTravIds-1;
Maig_ForEachOutput( p, i )
Maig_ComputeTfo_rec( p, i );

return p->vTfo;

static inline word * Maig_ComputeCareSet( maig * p, int iObj )
{
vi * vTfo = Maig_ComputeTfo( p, i0Obj ); dint i, iTemp;
Tt_Not( Maig_ObjTruth(p, iObj, 1), Maig_ObjTruth(p, iObj, 0), p->nWords );
Tt_Clear( p->pCare, p->nWords );
Vi_ForEachEntryStart( vTfo, iTemp, i, 1 ) {
Maig_TruthSimNode( p, iTemp );
if ( Maig_ObjIsPo(p, iTemp) )
Tt_OrXor( p->pCare, Maig_ObjTruth(p, iTemp, 0), Maig_ ObjTruth(p, iTemp, 1), p->nWords );
}

return p->pCare;

Listing 11: Computing care set
The following theorem establishes a criterion that should be satisfied by a

node’s fanin in order to maintain the correct functionality of the AIG.

Theorem 4.1. Let f,, denote the function of the node n, f; denote the function
of the fanin, and "¢ denote the care set of the node n. Let f; = f, represent
the function before adding the fanin, and let fo = f,, A f; represent the function
after adding the fanin. Define D = f; @ f> as the Boolean difference after the
change. Then, for the fanin to be inserted, the following property should hold:

DA [ =0 (1)
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Proof. Suppose the fanin satisfies the condition D A f"¢ = 0.

Given that D = f; @ fy contains those bits where f; and fo have different
values, if condition (1) holds true, it implies that the bits that differ between f;
and f5 are not in the care set f“"°.

This condition ensures that the change introduced by adding the fanin does not
affect any input patterns specified by the care set, meaning it does not change the
function of the AIG. Therefore, the fanin satisfies the criterion for valid insertion,
as stated in the theorem.

Conversely, if a fanin does not satisfy condition (1), it implies that the change
introduced by adding the fanin affects the input patterns specified by the care
set. In such cases, adding the fanin would change the function of the AIG.

Thus, condition D A f“" = 0 is necessary and sufficient for ensuring the
validity of fanin insertion.

Therefore, the theorem holds. ]
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5 Verification

Verification is performed during or after logic synthesis to make sure that
the representation of the circuit in the form of the MAIG is functionally correct
throughout the computation.

The truth tables are defined for all nodes in the AIG. The truth table for a
node can be retrieved using node ID as an index into the vector of truth tables.
The truth table for the output is computed after constructing truth tables for
the internal nodes by applying logic operations (AND and NOT). To perform
verification, we compare the output truth table after optimization with the output
truth table before optimization.

If we have multiple outputs, we calculate the truth table for each output and
then compare the results against the truth tables before optimization.

The following pseudocode (Listing 12) shows a function that is called every
time the fanins of multi-input And-Inverter graph change. For simplicity and

optimization purposes, the verification is performed in place.

static inline void Maig_TruthUpdate( maig * p, vi * vTfo )
{
int i, iTemp, nFails = 0;
p->nTravIids++;
Vi_ForEachEntry( vTfo, iTemp, i ) {
// compute truth table of the node
Maig_TruthSimNode( p, iTemp );
// check if node is a primary output
if ( 'Maig_ObjIsPo(p, iTemp) )
continue;
// check if truth tables are equal, if not - the verification fatils
if ( !Tt_Equal(Maig_ObjTruth(p, iTemp, 2), Maig_ObjTruth(p, iTemp, 0), p->nWords) ) {
printf( "Verification failed at output %d.\n", iTemp - (p->nObjs - p->nOuts) )
nFails++;

3
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if ( nFails )
printf( "Verification failed for %d outputs after updating node %d.\n", \
nFails, Vi_Read(vTfo,0) );

Listing 12: Pseudocode of an updating function, where the verification is per-
formed
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6 Experimental results

The optimization framework implemented in C-++ utilizes truth tables and
MAIGs for efficient functional and structural representation. Our novel algo-
rithm employs a redundancy addition and removal approach, enhanced by var-
ious heuristics, to minimize circuit area. The behavior of the algorithm can be

customized using various parameters, such as:

1. nlters — the number of iterations.

2. nErpands — the number of nodes to expand.

3. nGrowth — the maximum number of fanins that can be added to one node.
4. nDivs — the number of shared divisors to extract

5. nFaninMazx — the limit on the fanin count at a node.

6. nSeed — the random seed.

7. fVerbose — the verbosity level (Boolean variable).

The results of the algorithm are reported iteratively to the console and the best
circuit is written to a file with the extension .aig, which can be visualized using
ABC [1].

Table 6.1 presents a detailed comparison of synthesis algorithms:

e The column “Function” lists the names of the files containing AIGs.

e The column “Ins” (“QOuts”) indicates the number of primary inputs and

primary outputs, respectively.

e The column “ Factoring truth table into ABC' (baseline)” displays the circuit
areas obtained by reading truth tables into ABC and applying the &strash

command.
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e The next three columns, “Applying dc2 script in ABC to the baseline”, “ Ap-
plying resyn2rs script in ABC to the baseline” and “ Applying compress2rs
script in ABC to the baseline”, list the area after applying algorithms dc2,
resyn2rs, and compress2rs to the baseline. Script “dc2” performs a sequence
of AIG transformations that involve rewriting, refactoring and balancing.
The other two scripts, “compress2rs” and ‘“resyn2rs”, additionally perform
AIG-based resubstitution [13]. The first one (compress2rs) minimized the
number of nodes while disregarding the number of levels. The second one
(resyn2rs) minimizes the number nodes while making sure that the number

of levels does not increase. The AIG rewriting was originally proposed in

2] and developed in [12].

e The last column of the table shows the sizes of circuits that were generated

after applying our new algorithm.

The runtime varies from 3 seconds to over 5 hours, depending on a test case.
The algorithm is slow when applied to some test cases for several reasons. First of
all, runtime depends on the number of iterations (the default number of iterations
was 100000), but in those test cases, where the initial area was over 5000 nodes,
the number of iterations was reduced to 10000 or 1000. The second reason for
slow time was the number of nodes in the circuit, circuits with over 7000 nodes
tend to run significantly longer than the smaller ones. Additionally, the value of
the nExpands parameter — the greater the number of nodes to insert, the higher
runtime we get. One last observation is that node reduction takes the longest
time most cases.

The algorithm proposed in this work was tested on 100 test cases with 16
or fewer variables from IWLS 2022 Programming Contest [8]. The correctness
of the resulting circuits is checked by comparing the truth tables of the initial
MAIGs and the optimized MAIGs. The comparison shows that in all 100 test
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cases our algorithm generated circuits with significantly smaller areas (the best
improvement was in a circuit that was 17 times smaller than the one from the
compress2rs algorithm). In 5 cases our algorithm gave the same area as the
best results from IWLS 2022 Programming Contest (test cases ex10, ex16, ex17,
ex40, ex56) and in 4 cases our algorithm produced better results than the best

competition results (test cases ex5l, ex53, exh5, ex97).
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The number of two-input nodes in the minimized circuits produced
by different algorithms.

Function | Ins
ex00 6
ex01 6
ex02 8
ex03 8
ex04 10
ex05 10
ex06 12
ex07 12
ex08 8
ex09 8
ex10 5
ex11 7
ex12 9
ex13 11
ex14 13
ex1l5 15
ex16 5
ex17 6
ex18 7
ex19 8
ex20 9
ex21 10
ex22 11
ex23 12
ex24 13
ex25 14
ex26 15
ex27 16
ex28 7
ex29 9
ex30 14
ex31 9
ex32 15
ex33 5
ex34 9
ex35 7
ex36 10
ex37 8
ex38 8
ex39 14
ex40 16

Outs
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18

28

10

63

14
40

Factoring truth
table into ABC
(baseline)
57
60
219
132
904
396
3389
1822
1450
1443
24
69
143
302
638
1358
70
128
204
310
464
668
1006
1445
2195
3160
4861
7009
185
185
4099
3664
153
215
372
32
3328
1056
90
3898
1821

Applying dc2
script in ABC
to the baseline
31
42
162
101
714
254
2715
1383
1154
1137
10
53
115
239
516
1063
25
73
144
248
370
542
819
1188
1790
2554
3871
5544
122
138
2816
2869
62
164
257
22
2697
536
53
2507
1105

Applying resyn2rs
script in ABC to
the baseline
47
50
155
71
663
247
2439
1266
1023
987
11
45
102
224
459
921
22
65
107
187
312
463
699
1036
1591
2307
3505
5125
115
143
2377
2668
57
128
222
18
2521
506
41
2037
873

Applying
compress2rs script in
ABC to the baseline

34
48
153
52
663
249
2430
1261
1012
988
11
44
108
220
455
908
34
43
84
163
309
461
710
1033
1564
2301
3507
5115
112
116
2338
2658
55
115
230
18
2513
485
39
2022
882

Applying our
algorithm to
the baseline

24
28
93
26
387
44
1913
754
746
703
10
21
32
52
72
109
18
24
36
50
62
76
90
135
145
176
224
421
45
51
80
1944
51
79
55
16
2249
161
32
295
195

Continued on next page
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Function

ex41
ex42
ex43
ex44
ex45
ex46
ex47
ex48
ex49
ex50
ex51
exbH2
ex53
ex54
exbH5
ex56
ex57
exbH8
ex59
ex60
ex61
ex62
ex63
ex64
ex65
ex66
ex67
ex68
ex69
ex70
ex71
ex72
ex73
ex74
ex75
ex76
ex77
ex78
ex79
ex80
ex81
ex82
ex83
ex84

Ins

Outs

= W oW

46

14

= =
oW W W W W N DN NN N O

=R R R

N
N

W W W W W W W W W W W www w ww

Factoring truth
table into ABC
(baseline)

59
143
230
332

2135

70

380
3371
199

67
191

38
122

31
405
160
916
295

1435
221
5885
273
8618
2050
15213
1485
13502
1347
1176
1972
1851
2839
1532
3888
3239
1529
1250
2047
1847
3184
2233
4208
4398
572

Applying dc2
script in ABC
to the baseline
28
104
173
232
1219
44
110
2195
132
22
132
20

91

13
305
83
685
224
1065
176
4787
112
7117
1585
11501
1164
10533
1098
915
1596
1518
2265
1204
3144
2642
1217
968
1610
1512
2545
1732
3339
3379
421

Applying resyn2rs
script in ABC to
the baseline
28
80
153
193
1016
46
48
1956
117
35
124
26
87
13
281
99
582
210
937
159
4534
122
6217
1450
11315
1067
10295
1009
835
1443
1355
2029
1052
2916
2357
1117
862
1438
1354
2354
1545
3091
3278
368

Applying

compress2rs script in

ABC to the baseline

30
81
145
204
1005
46
59
1943
117
18
122
21
87
13
278
92
586
212
936
159
4535
110
6210
1449
11309
1067
10281
997
836
1432
1347
2023
1036
2908
2363
1118
861
1432
1348
2368
1557
3096
3286
366

Applying our
algorithm to
the baseline

18
30
44
61
214
34
27
649
43
18
28
19
37
13
152
29
267
96
416
73
4015
42
5822
999
7920
596
10033
448
447
712
687
1264
285
1765
1031
392
482
612
623
1553
529
1891
2067
152

Continued on next page
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Function | Ins Outs Factoring truth Applying dc2 Applying resyn2rs Applying Applying our

table into ABC script in ABC script in ABC to compress2rs script in algorithm to

(baseline) to the baseline the baseline ABC to the baseline the baseline
ex85 12 3 818 559 554 559 241
ex86 12 3 745 527 523 517 209
ex87 12 3 1574 1204 1124 1102 638
ex88 12 3 1445 1060 972 973 412
ex89 12 3 1791 1326 1200 1178 306
ex90 12 3 3316 2480 2276 2266 1099
ex91 12 3 1486 1132 1016 1024 480
ex92 10 3 128 51 58 54 31
ex93 12 3 164 82 92 85 43
ex94 11 3 239 148 110 131 37
ex95 11 3 248 159 150 146 67
ex96 12 3 388 290 265 264 80
ex97 12 3 459 298 281 279 67
ex98 12 3 1014 728 688 685 186
ex99 12 3 380 253 235 236 90
Total 164157 125459 114972 114531 62350
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7 Conclusion

In this work, we developed a novel algorithm for area minimization of multi-
output completely specified Boolean functions. The algorithm leverages redun-
dancy addition and removal (RAR) and utilizes multi-input And-Inverter Graphs
(MAIG) as its primary data structure. We introduced and proved a new crite-
rion for acceptable fanins, which ensures that the addition/removal of new fanins
maintains the correct functionality of the MAIG. This criterion is critical for pre-
serving the correctness of the circuit during the optimization.

Our approach also incorporates various heuristics to enhance the performance
of the basic algorithm. The effectiveness of the proposed method was demon-
strated through the optimization of benchmark circuits from the IWLS 2022 Pro-
gramming Contest [8], showing significant improvements in area sizes.

The key contributions of this thesis are the development of a new algorithm
for logic synthesis and the formulation and proof of a criterion for acceptable
fanins.

In the future, we may work on implementing the ability to perform multiple
randomized optimization runs using multi-core processors and selecting the best
result. Another potential research direction is to explore the option of training a

neural network to facilitate the process of adding and removing fanins.
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