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Abstract

Selection is often considered as a fundamental force in the evolutionary process. Genetic drift, or selection noise, is an
important characteristic of selection methods. It has a direct effect on the performance of genetic algorithms. In this paper,
a brief review of methods to analyze genetic drift is given, and known estimations of selection noise of various selection
schemes used in genetic algorithms are presented. After that, genetic drift of widely used proportional, ranking, and tournament
selection schemes is thoroughly studied. To this end, two new measures for selection noise analysis are proposed, namely the
noise takeover time and pure reproduction rate. Using these measures, the effect of population size, chromosome length, and
selection scheme parameters on genetic drift is analyzed. Also, selection schemes known as being selection pressure equivalent
are tested for selection noise equivalence. Both theoretical and experimental approaches are used for the analysis. The results
obtained are presented in tabular form. Wherever possible, it is indicated whether the obtained results are identical or different
from the results of previous studies. Since no comprehensive study of selection noise has been conducted previously, this
indication concerns only some of the results. Although our results differ at some points from those presented earlier, they are
consistent on both measures.

Keywords Genetic algorithm - Genetic drift - Selection noise - Proportional selection - Tournament selection - Ranking

selection

1 Introduction

Genetic drift, also called genetic sampling error, is a well-
known phenomenon in population genetics, referring to
changes in the gene pool that take place strictly by chance;
drift happens faster in small populations than in larger ones
(Masel 2011). Genetic drift phenomenon is observed in
genetic algorithms due to the stochastic nature of selection
operators. In a finite size population, a random selection
among individuals of equal fitness leads to a disproportion
between the expected and actual number of copies of an indi-
vidual in the mating pool; in other words, random selection
adds noise to the expected number of copies of an individual.
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This explains why, in genetic algorithms, genetic drift is also
referred to as selection noise.

At low selection pressure, genetic drift can lead to a
loss of population diversity and, consequently, to prema-
ture convergence of the algorithm, since operation of the
algorithm is virtually independent of fitness of individuals.
Reducing selection noise is one of the population diversifica-
tion techniques aiming at preventing premature convergence
of genetic algorithms (Hill and O’Riordan 2016). On the
other hand, evolutionary algorithms may benefit from the
stochasticity in selection process (Branke and Schmidt 2003;
Carvalho and Nolfi 2023; Hancock 1997). Therefore, an
important task is not to eliminate selection noise but to
control its level. To provide mechanisms of such control,
we need to understand how various parameters of genetic
algorithms affect selection noise. Since selection noise is
primarily a property of selection scheme, a tool to estimate
selection noise regarding selection scheme parameters as
well as genetic algorithm parameters is needed, and estima-
tion of selection noise for various parameter combinations
should be done.
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In this paper, we introduce two measures to estimate
selection noise property of selection schemes. Using these
measures, we study the effect of population size, chromo-
some length, and selection scheme parameters on genetic
drift of various proportional, ranking, and tournament selec-
tion schemes. We also compare selection noise of selection
schemes known as being selection pressure equivalent. We
summarize obtained results in tabular form. Wherever possi-
ble, we indicate whether our results coincide with the results
of previous works or differ from them. This indication applies
only to some of our results, since no comprehensive study of
selection noise has been conducted previously.

The rest of this paper is organized as follows. Section 2
provides a brief review of methods used to study selec-
tion noise and results obtained earlier for various selection
schemes. Section 3 describes the most widely used selection
schemes, presents known theoretical results on their selection
pressure equivalence, introduces the noise takeover time and
pure reproduction rate measures to be used for selection noise
analysis, and provides theoretical estimates of the pure repro-
duction rate values for described selection schemes. Section 4
describes the experimental conditions and parameters whose
effect on selection noise is studied. Section 5 provides and
discusses results obtained for various selection schemes, with
the selection pressure equivalent schemes considered sepa-
rately. Finally, Section 6 concludes the paper.

2 Related work

Formal criteria to evaluate disproportion between the expected
and actual number of copies of an individual in the mat-

ing pool were proposed in (Baker 1987; Brindle 1980). To

introduce them, let us note that any selection scheme can be

considered as a two-step procedure (Brindle 1980; Schell and

Wegenkittl 2001). In the first step, the selection probabilities

P =(p1,...,pn), pi €1[0,1], vazl pi = 1, are calculated

for all individuals i, 1 < i < N, of the current popula-

tion. In the second step, a sampling algorithm, often called

a sampling strategy, draws N individuals from the current
population to the mating pool. Let ¢; be the expected number
of copies of the i-th individual in the mating pool, and let o;

be the actual number of its copies. Then e¢; = N * p;, expec-

tation E[o;] = e;, and Z:N:l e = Z,N:1 0; = N. Thus, o; is

an estimator for e;, and selection noise can be measured in
terms of the vector (o1, ..., oy) distribution characteristics,

namely:

e bias is the average absolute difference between the actual
and expected number of copies of an individual in the
mating pool (Brindle 1980);

e variance of number of copies of an individual in the mat-
ing pool (Brindle 1980);
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e spread is the range of possible number of copies of an
individual in the mating pool (Baker 1987).

Following Brindle (1980), bias and variance are measures
to estimate accuracy; following Baker (1987), bias indicates
accuracy and spread indicates precision.

Criteria above were used in (Baker 1987; Brindle 1980) to
evaluate the genetic drift of proportional selection schemes.
In particular, it was shown that the most popular propor-
tional selection schemes, roulette-wheel selection (RWS) and
stochastic universal selection (SUS), both have zero bias,
SUS has the minimum spread (from |e; | to [e;]), and RWS
has the maximum spread (from O to N). In addition, Baker
(1987) used an empirical approach to evaluate bias of pro-
portional selection schemes. He conducted runs of a genetic
algorithm using the selection scheme under analyzes and no
other genetic operators; the bias factor (the ratio of the actual
number of copies of an individual in the mating pool to its
expected value) and fertility factor (the percentage of indi-
viduals in a population that were selected into the mating
pool) were calculated at each iteration of the algorithm.

Schell and Wegenkittl (2001) proposed the following
noise estimation method based on calculation of the chi-
square Goodness-of-Fit statistic. Let all individuals are
grouped into d mutually disjoint classes Cy, Ca, ..., C4. Let
E;= Ziecj e; denotes the overall expectation in each class,
and O; =) iec; Oi denotes the overall observation in each
d (0—E)’
j=1"E;
be used as a measure for accuracy, with the higher value
of x meaning lower accuracy. It is shown theoretically and
empirically that x ~ 0 for SUS and x ~ E[Xdz_l] =d-—1
for RWS (Schell and Wegenkittl 2001). To evaluate other
selection schemes, a sequence of independent replications of
vector (o1, ..., on) is generated. After that, sample expec-
tation and variance are calculated as approximations for the
bias and variance criteria. The empirical distribution function
is also calculated and compared with theoretical chi-square
distribution of a benchmark selection scheme that uses the
same probability distribution. SUS and RWS are commonly
used as benchmark selection schemes since they are often
referred to as extreme sampling schemes with high and low
sampling accuracy, respectively.

Based on the technique above, it is shown in (Schell
and Wegenkittl 2001) that binary tournament selection with
replacement is almost perfectly resembled by RWS using
the same probability distribution and has lower accuracy in
comparison with SUS using the same probability distribu-
tion; binary tournament selection with partial replacement
provides significantly smaller bias and spread in compari-
son with RWS using the same probability distribution but
has lower accuracy in comparison with SUS using the same
probability distribution; the accuracy of binary probability

class. Then the chi-square statistic x = Y can
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tournament selection with partial replacement, p > 0.5, does
not depend on p and cannot be distinguished from RWS using
the same probability distribution. The chi-square statistic was
also used to evaluate genetic drift of mixed size tournament
selection scheme (msTS) (Huber and Schell 2002) and of
several recently proposed selection schemes such as stair-
wise selection (SWS) (Haq et al 2019), split rank selection
(SRS) (Hussain and Muhammad 2020), split-based selection
(SBS) (Hussain and Cheema 2020), fitness-based selection
(FBS) (Naqvi and Shad 2022), and round-robin based tour-
nament selection (RRTS) (Hussain et al 2022).

Rogers and Priigel-Bennett (1999) proposed an analytical
estimation of genetic drift in terms of reduce in population
fitness variance after one generation. They introduced the
rate of genetic drift measure as the ratio of the expectation of
fitness variance in a given generation to the fitness variance
in the previous generation. The rate is computed assuming
the action of selection operator only: to avoid the effect of
selection pressure, fitness value is not taken into account in
the selection process. It is shown that the rate of genetic
drift depends on the population size and selection scheme
only, and equations for tournament selection schemes used
in generational and generation gap genetic algorithms are
derived.

Hill and O’Riordan (2016) analyzed genetic drift empir-
ically by comparing the average and the best fitness of a
population (on-line and off-line, respectively). Analysis in
(Hill and O’Riordan 2016) was performed for SUS, stochas-
tic remainder selection (SRS), and their scaled versions
(linear scaling, window scaling, sigma truncation, and Boltz-
mann scaling) using a four-bit changing deceptive function;
no statistically significant differences (Wilcoxon signed rank
test) among these methods were revealed.

Another approach for empirical analysis of selection noise
of selection schemes is to use a flat surface for evolutionary
process being under the action of selection operator only.
Mahfoud (1996) used this approach to demonstrate differ-
ences in selection noise between RWS and SUS in terms of
time needed for the population to become homogeneous. In
(Chisari and Amadio 2018), to compare genetic drift of RWS,
SUS, and binary tournament selection schemes, genetic algo-
rithm runs on a flat landscape are depicted on graphs with
“number of generation” and “standard deviation” axes; these
graphs visualize the population loss of diversity on the pheno-
type level. In (Hancock 1994), a function with greater range
of fitness values is used, and it is shown graphically that
for SUS compared to RWS the number of best individuals
in the population grows faster while the fitness of the worst
individual remains lower during algorithm execution. Unfor-
tunately, no statistical analysis is provided in the mentioned
studies.

Genetic drift analysis can also be done by calculat-
ing Markov chain transition matrices and finding the time

required for the system to reach a homogeneous population
(Holland 1992). However, results obtained in this manner are
approximations and are difficult to generalize, as Petrowski
and Ben Hamida (2016) state.

In (Wiles et al 2001) it is argued that tracking the progress
of genetic algorithm towards population homogeneity could
provide valuable information about genetic drift; the average
fitness of the population when an allele becomes homoge-
neous is proposed as a quantitative measure of diversity. With
this approach, several proportional and tournament selec-
tion schemes were analyzed empirically using a needle in
a haystack problem. Based on the calculations averaged over
10 trials, authors conclude that deterministic and probabilis-
tic binary tournament selection schemes have the highest
genetic drift, RWS with sigma truncation and elitist determin-
istic tournament selection schemes have the lowest genetic
drift, and RWS and roulette with ranking (stochastic binary
tournament) are characterized by slightly higher genetic drift
compared to the lowest one. The conclusion seems surprising
since RWS is usually referred to as a scheme with the high-
est genetic drift. A possible explanation is that the results
in (Wiles et al 2001) are obtained on a single parameter set,
calculations are averaged over 10 trials only, and no statisti-
cal analysis is performed. Also, a crossover operator is used
whose effect on selection noise remains an open question.

From the above we see that there exist different approaches
to study genetic drift of selection schemes, both analytical
and empirical ones. However, genetic drift of only some
selection schemes has been evaluated analytically. Empiri-
cal analysis of genetic drift has been conducted for several
popular selection schemes, but statistical analysis of obtained
results has not always been performed. We still know little
about the effects of various parameters on genetic drift and
how selection schemes differ in selection noise while this
information could shed light on parameter tuning in genetic
algorithms (Gibbs et al 2008; Huber and Schell 2002).

3 Materials and methods
3.1 Selection schemes to be analyzed

In this paper, we analyze selection noise of the most pop-
ular selection schemes widely used in generational genetic
algorithms. These are SUS, RWS, and these schemes using
fitness scaling techniques such as linear scaling, power low
scaling, and sigma truncation; linear and exponential ranking
selection schemes based on SUS and RWS; deterministic and
probabilistic tournament selection schemes with and without
replacement. Recall that in a generational genetic algorithm
the entire population of size N is replaced during each gener-
ation: N individuals are selected to the mating pool by use of
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a selection scheme, and these individuals produce N children
that replace entirely the population of parents.

To avoid ambiguity, we briefly describe the above men-
tioned selection schemes below. We also present theoretical
results on selection pressure equivalence for these schemes.

3.1.1 Description of selection schemes

In the RWS scheme, the probability p; of an individual X; to
be selected into the mating pool is proportional to its fitness
fX):pi = % To implement, a segment of length
piona segmentj Z)lf.uni]t length is assigned to each individual
X;. Then, a random number 0 < & < 1 is generated, and
the individual corresponding to the segment containing gen-
erated value is selected into the mating pool. This procedure
is repeated N times.

The SUS scheme uses the same probability distribution
as the RWS, but a segment of length N is divided into N
segments of length N x p;, a random number 0 < & < 1 is
generated only once, and N individuals that correspond to the
segments containing points of the form& +i,0 <i < N —1,
are selected into the mating pool.

When a fitness scaling technique is used, RWS and SUS
deal with fitness values scaled according to the applied scal-
ing method. In particular, in linear scaling, fscared(X) =
a x f(X) + b, where coefficients a and b may be chosen
in a number of ways. In sigma truncation, fscqreq(X) =
f(X)—(f —c*0), where f is the mean fitness of the popula-
tion, o is the standard fitness deviation in the population, and
c is a small integer constant. The power low scaling changes
fitness values as fscaieqa (X) = fk(X), where k is a small
constant. When fscaled X) < 0, we put fscaled(X) =d,
where d is a small constant.

Suppose that individuals are sorted by their fitness values,
and ranks are assigned to the individuals such that rank zero is
assigned to the least fit individual and rank N — 1 is assigned
to the fittest one. In a ranking selection scheme, RWS or SUS
is used as a sampling strategy. However, the probability p;
of an individual X; to be drawn into the mating pool is no
longer proportional to its fitness, but depends on its rank,
i.e., the relative position of the individual in the sorted list. In
linear ranking scheme, p; = (2;'3 ) 4+ zmr}l,‘f{]{,)f({?_l), where
B is a constant, 1 < B < 2. In exponential ranking scheme,
pi = %*CN_’“"k(Xi)_l,wherecis aconstant,) < ¢ < 1.
Hereinafter, the linear ranking scheme with RWS sampling
strategy is denoted by LinRank_RWS, and the linear ranking
scheme with SUS sampling strategy is denoted by Lin-
Rank_SUS. The exponential ranking schemes with RWS and
SUS sampling strategies are denoted by ExpRank_RWS and
ExpRank_SUS, respectively. Note that in ranking selection
schemes, different probabilities are assigned to individuals
with the same fitness. Therefore, the population should be
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shuffled at each iteration of the algorithm to avoid randomly
favoring any genotypes.

In tournament selection schemes, the probabilities of
individuals to be selected into the mating pool are not explic-
itly assigned. Instead, a group of ¢ individuals is randomly
selected from the population, and the fittest individual is
inserted into the mating pool. The procedure is repeated
N times. The fittest individual can be selected determin-
istically or with a probability p, 0.5 < p < 1.0; in the
latter case binary tournaments are usually used. There are
also tournaments with replacement, when all tournament par-
ticipants are returned back to the population, and without
replacement, when tournament participants are withdrawn
from the population. In the latter case, the population is
copied ¢ times and each copy is used to select individu-
als until it is exhausted. Another way of implementation
is to join t copies of the population into the one of size
t * N. This approach is used in (Schell and Wegenkittl 2001)
and called the tournament with partial replacement selection
scheme. In the sequel, we refer to the deterministic tour-
nament selection scheme as TournDet_With if selection is
made with replacement, TournDet_Without if selection is
made without replacement, and TournDet_Part if selection
is made with partial replacement. Similarly, the notations
TournProb_With, TournProb_Without, and TournProb_Part
are used for the probabilistic tournament selection schemes.

3.1.2 Selection pressure equivalence

In this subsection, we describe selection schemes known as
being selection pressure equivalent, i.e., schemes that pro-
vide the same probability distributions. First of all, these
are ranking selection schemes with different sampling strate-
gies (SUS or RWS) and tournament selection schemes with,
without, and with partial replacement. Note that tourna-
ment selection schemes with different replacement strategies
actually provide different probability distributions, but this
difference is usually considered to be negligible (Schell and
Wegenkittl 2001).

It is shown in (Back 1996; Julstrom 1999) that determin-
istic tournament selection with replacement and exponential
ranking selection schemes associate approximately the same
probabilities with chromosomes in a population when

1 t
~|1l—— 1
S o
It is stated in (Blickle and Thiele 1996; Goldberg and Deb
1991; Julstrom 1999) that individual’s selection probabilities
are the same for deterministic tournament selection without
replacement, 1 = 2, and linear ranking selection, 8 = 2.

Also, it is known from (Julstrom 1999) that the distribution
of probabilistic tournament selection without replacement is
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equivalent to that of linear ranking selection when

B=2p @

Combining the statements above we also get the selec-
tion pressure equivalence for linear ranking and exponential
ranking schemes when 8 = 2 and

1\2
~[1—-— 3

e~ (1-4) G

3.2 Proposed selection noise estimation measures

Now let us introduce measures to be used for selection noise
estimation. These measures are inspired by the biological
genetic drift counterpart.

Similar to the takeover time criterion 7 used to evalu-
ate selection pressure (Grefenstette 1997), we introduce the
noise takeover time criterion to evaluate selection noise. The
noise takeover time, denoted by 7, is the number of genera-
tions needed for a population to become homogeneous on a
flat fitness function when the evolutionary process is driven
by selection operator only. Obviously, n differs for differ-
ent starting points. Therefore, the same initial populations
should be used to analyze the effect of scheme parameters
on selection noise or compare selection schemes with respect
to genetic drift. In the following, we also use the notation n;
to denote the noise takeover time for populations of size Nj;.

The lower the selection noise, the larger 1, and vice versa.
For selection schemes with very low selection noise, 1 can
be very large. Moreover, for some selection schemes the
population will never become homogeneous on a flat fitness
landscape, so n — oo. This means that an appropriate bud-
get for maximum number of iterations should be predefined
to estimate n experimentally. This budget dependence is a
limitation for the use of the criterion.

In addition to the noise takeover time, we introduce the
pure reproduction rate PRR measure defined as the fraction
of individuals selected into the mating pool when evolution-
ary process is driven by selection operator only and effect
of selection pressure is excluded. Note that similar mea-
sures were used earlier for selection pressure analysis. For
example, Baker (1989) introduced the reproduction rate RR
measure as the percentage of individuals in a population that
were selected into the mating pool; in his earlier papers, the
percent involvement (Baker 1985) or fertility factor (Baker
1987) terms were used instead. In (Blickle and Thiele 1996),
the loss of diversity LD measure was defined as the propor-
tion of individuals that were not selected to reproduce. From
the definitions it follows that RR = 100 % (1 — L D). Baker
(1989) used RR as a dynamic convergence measure. Blickle
and Thiele (1996) viewed LD as a function of selection inten-
sity. We propose to compute PRR on a flat fitness landscape

to quantify the selection noise of selection schemes. Note
that PRR < 1, and the less noisy the selection scheme, the
larger PRR.

3.3 Methods of analysis

In this subsection, we describe the empirical approach used
in the paper to estimate the noise takeover time and pure
reproduction rate values. Then we give theoretical estimates
of the proposed measures for the schemes described in Sub-
section 3.1.1.

3.3.1 Empirical approach

We use the following empirical approach to study genetic
drift. We conduct multiple runs of genetic algorithm with a
selection scheme under analysis; no other genetic operator
is used, thus, the population of children matches the mating
pool. Runs are conducted on a flat fitness function, hence,
the effect of selection pressure is eliminated. Algorithm stops
when population becomes homogeneous or when allocated
time resources are spent. For each run, the number of iter-
ations performed by the algorithm and PRR average over
generations are saved. Afterwards, the minimum, maximum,
average, and standard deviation of number of iterations and
of PRR average are calculated for the runs when the algo-
rithm stops under the population homogeneity condition. In
the sequel, we denote by AvgNI the average number of iter-
ations and by AvgPRR the average PRR average over runs.
Also, the notation AvgNI(N) is used for AvgNI computed
for populations of size N.

3.3.2 Theoretical estimations

By construction, fitness scaling techniques accentuate small
differences in objective values by mapping fitness values to
an interval. On a flat objective function, these techniques do
not change the probability distribution of individuals to be
selected into the mating pool. Thus, RWS and SUS with fit-
ness scaling have the same selection noise, i.e., the same noise
takeover time and pure reproduction rate, as RWS and SUS
without scaling, respectively. Also, on a flat fitness landscape,
determining the fittest individual among a group of indi-
viduals is stochastic for any tournament selection scheme.
Thus, probabilistic tournament selection schemes with dif-
ferent values of p should have the same noise takeover time
and pure reproduction rate as the appropriate binary deter-
ministic tournament selection schemes.

With a flat fitness function, the expected number of copies
of the i-th individual in the mating pool for proportional selec-
tion schemes is given by e; = N % p; = N * % = 1. Recall
that SUS is known as a scheme with the highest sampling
accuracy: it has zero bias and minimum spread that ranges
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from |e;]| to [e;], i.e., from 1 to 1. Therefore, we estimate
PRR = 1 for SUS and its scaled versions. Also, on a flat
fitness landscape no convergence of genetic algorithms using
SUS or its scaled versions is expected, i.e., n — 00.

We have no theoretical estimates of 1 for other selection
schemes. Theoretical estimates of PRR are given below.

For RWS, selection of an individual on a flat fitness land-
scape can be considered as a Bernoulli trial with probability
of success ;. Therefore, the probability of an individual not
to be selected into the mating pool is determined by bino-
mial distribution and is equal to (1(\)/) * (%)0 * (1 - %)N =
(NTfl)N, where (131 ) is the binomial coefficient. Thus, for
RWS and its scaled versions we get

(%)
PRR=1—(—n )
N

Eq. 4 can also be obtained by calculating the probability of

an individual to be selected into the mating pool at least once.
In this case, we get sum of terms of the geometric sequence:

PRR 1~|—1 1 ! 1+1 1 ! 2~|—
=—+—x|1-—= —x |1 - —
N N N N N

Eq. 4 is valid for tournament selection schemes with
replacement since on a flat fitness function the probability
of success equals ﬁ * % = % for all individuals. This result
differs from that of Blickle and Thiele (1996), where non-flat
fitness landscapes are considered.

Recall that number of successful draws without replace-
ment from a finite population is modeled by Hypergeomet-
ric(M, K, m) distribution, where M is the population size, K
is the number of objects with a specified feature, and m is the
number of draws from the population.

Let N = k 1t + i, where k = LgJ For tournament
selection schemes without replacement, k different individ-
uals are drawn without replacement from each of # copies of
the population. Hence, on a flat fitness landscape the prob-
ability of an individual to be selected into the mating pool
is described by the Hypergeometric(N, 1, k) distribution. In
our implementation, the remaining i individuals needed to fill
the mating pool are drawn without replacement from another
copy of the population, and the probability of an individ-
ual to be selected into the mating pool is described by the
Hypergeometric(N, 1, i) distribution. From the above it fol-
lows that the probability of an individual not to be selected
into the mating pool is equal to the probability of being
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selected zero times from all population copies and is equal
i). Thus, for

N—-1 N—-1
(<0>(<N) )) ((@(() )) (Mokyl s (Mot

TournDet_Without we get

N—k\" (N-—i
PRR=1-— * (5
N N
where k = Lﬂj,i = N —kxt. Note that wheni = 0, we get

t
N = kot and (S4) (M) = (55 (B50) = (51
Therefore, we get

r—1\!
PRR=1— (T) (6)

for TournDet_Without when % is an integer.

For tournament selection schemes with partial replace-
ment, N individuals are drawn without replacement from ¢
joined copies of the population of size N. Therefore, the prob-
ability of an individual to be selected into the mating pool
is described by the Hypergeometric(N ¢, ¢, N) distribution,
and for TournDet_Part we obtain

PRR=1—<M>:

(‘%)

l_i (t—1)%N—i
- txN—i

(N

Binary tournaments are the most widely used in theoretical
and practical research, see (Chisari and Amadio 2018; Schell
and Wegenkittl 2001; Wiles et al 2001). Therefore, values of
PRR att = 2 are of particular interest to us.

From Eq. 4 it follows that PRR tends to 0.63 as N increases.
The value does not depend on ¢ and is valid for binary Tourn-
Det_With and TournProb_With.

For binary tournaments without and with partial replace-
ment, the PRR tends to 0.75 as N increases. Indeed, from
Eq. 5 we get for binary TournDet_Without and Tourn-
Prob_Without

PRR =0.75 (8)

when N is even, and

PRR =0.75 N:-N -1 ©)
- 4N3

when N is odd. From Eq. 7 we get for binary TournDet_Part
and TournProb_Part

N -1
4N -2

PRR=1-—

(10)
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For ranking selection schemes, the probabilities of indi-
viduals to be selected into the mating pool depend on the rank
only, thus, estimates obtained earlier for RR or LD should
also be valid under a flat fitness function. Using results from
(Blickle and Thiele 1996), we get for LinRank_SUS

B—1

PRR=1-"— 11
1 (11

and for ExpRank_SUS

1 —In2=L
PRR=1-— ol __* (12)
In o a—1

where @ = ¢V. Values of PRR for LinRank_ RWS and
ExpRank_RWS should be smaller and bounded from above
by Eq. 4.

4 Experiments

In this paper, experiments are conducted under the following
conditions.

As a flat fitness landscape, the function FCON ST (X) =
100 defined on binary strings of fixed length is used. Initial
population of size N is generated randomly; each gene is
set to 1 with the probability 0.5 or to 0 with the same prob-
ability. The algorithm stops when the population becomes
homogeneous (that is, all strings representing individuals in
the population become identical) or after 100000 iterations.

For each parameter set, a series of 100 runs of genetic
algorithm using the selection scheme under analysis is per-
formed. To avoid randomly assigning a better starting point to
any algorithm, i-th runs of the compared algorithms are per-
formed using the same initial population, i = 1, ..., 100.
Criteria mentioned in Subsection 3.3.1 are computed over
runs to estimate the noise takeover time and pure reproduc-
tion rate values.

We have conducted two stages of experiments. First, we
study the effect of various parameters on genetic drift of the
selection schemes under analysis. Secondly, we test selection
schemes that provide the same probability distributions (the
same selection pressure, see Subsection 3.1.2) to have the
same selection noise.

Atthe first stage, the following parameters are considered:

e population size N;
e chromosome length /;
e parameters specific for selection schemes.

The reasons to choose the above parameters are as follows.
It is shown analytically in (Rogers and Priigel-Bennett 1999)
that the rate of genetic drift depends on the population size:

the larger N, the smaller the genetic drift, hence, the larger
the value of n. It is also well known that in nature genetic
drift happens faster in small populations than in larger ones
(Masel 2011). The diversity of chromosomes of the initial
population affects the noise takeover time 7: the greater the
chromosomal diversity of the initial population, the larger
the value of n. Chromosomal diversity depends on the ini-
tialization method and length of chromosomes. Indeed, when
2! < N, the population will contain identical chromosomes
regardless of the initialization method used. To study the
effect of initial population diversity we use different values
of I. We use chromosome length values such that the possible
number of different chromosomes is equal to 2, is about 30%
of the population size, and is greater than the population size.
Finally, parameters specific for selection schemes such as ¢
and p in tournament selection schemes or 8 and ¢ in rank-
ing selection schemes are usually referred to as parameters
affecting selection pressure (Béck 1996; Baker 1985; Blickle
and Thiele 1995, 1996; Goldberg and Deb 1991; Huber and
Schell 2002; Julstrom 1999; Julstrom and Robinson 2000),
whereas their effect on genetic drift is an open question.

All experiments at the first stage are conducted using the
following parameter values:

e N =100, N =200, N = 400;

e [ =1,1=10g(0.32N),l = 10,1 = 100;

e values of parameters specific for selection schemes are
given in Table 1.

In the sequel, we refer to this set of parameter values as
the ParamSuite 1. If necessary, ParamSuite 1 is extended to
refine the analyzed dependencies; the extensions are listed
additionally for each particular case.

It is noted in Subsection 3.3.2 that RWS and SUS with
fitness scaling have the same selection noise as RWS and
SUS without scaling, respectively. Nevertheless, we conduct
additional runs for RWS and SUS with fitness scaling to
get more data for analysis and ensure the consistency of
results obtained for proportional selection schemes. Simi-
larly, we conduct additional runs for probabilistic tournament
selection schemes with different values of p, although on a
flat fitness landscape the probabilistic tournament selection
schemes have the same selection noise as the appropriate
deterministic tournament selection schemes, see Subsec-
tion 3.3.2.

For the second stage of experiments, the ParamSuite 2 set
of parameter values is used:

e N =100, N =200, N =300, N = 400;

e [=1,1=10,/=100;

e values of parameters specific for selection schemes are
given in Table 2.
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Table 1 Values of parameters specific for selection schemes (ParamSuite 1)

Scheme

Parameter values

SUS/RWS with linear scaling
SUS/RWS with sigma truncation
SUS/RWS with power low scaling
LinRank_SUS/_RWS
ExpRank_SUS/_RWS
TournDet_With/_Without/_Part

TournProb_With/_Without/_Part

a=1,b=1l,a=1,b=—-1l;a=2,b=1;a=2,b=—1
c=1l;c=2;c=3;c=4,c=5
k=1.005k=101;k=105k=11;k=15k=2
B=2;=18=16;=12

¢ =0.809; ¢ =0.9; ¢ = 0.945; ¢ = 0.955; ¢ = 0.979; ¢ = 0.996
t=2t=3t=41t=51t=6t="7,t=8,t=9;t =10;

t =20

p=09,p=08p=075p=0.7,p=0.6

Table 2 Values of parameters specific for selection schemes with the same selection pressure (ParamSuite 2)

Scheme 1 Scheme 2

Parameter values

LinRank_SUS LinRank_RWS

ExpRank_SUS ExpRank_RWS

TournDet_Without
TournProb_Without
TournDet_Without/_Part
TournProb_Without/_Part
TournDet_With/_Without/_Part

TournDet_Part
TournProb_Part
TournDet_With
TournProb_With

TournDet_With/_Without/_Part LinRank_SUS/_RWS

LinRank_SUS ExpRank_SUS
LinRank_RWS ExpRank_RWS

TournProb_With/_Without/_Part LinRank_SUS/_RWS

ExpRank_SUS/_RWS

B=26=18,6=1.6;=1.5;
B=14p8=12

¢ =0.9950; ¢ = 0.9933; ¢ = 0.9925;
¢ =0.9900; ¢ = 0.9876; ¢ = 0.9867;
¢ =0.9851; ¢ = 0.9834; ¢ = 0.9826;
¢ =0.9802; ¢ = 0.9801; c = 0.9777;
¢ =0.9769; ¢ = 0.9753; ¢ = 0.9752;
¢ =0.9736; ¢ = 0.9704; ¢ = 0.9703;
¢ =0.9672; ¢ = 0.9655; ¢ = 0.9607;
¢ = 0.9606; ¢ = 0.9559; ¢c = 0.9512;
¢ =0.9511; ¢ = 0.9510; ¢ = 0.9415;
¢ =0.9354; ¢ = 0.9321; ¢ = 0.9227;
¢ = 0.9135; ¢ = 0.9046; ¢ = 0.9044;
¢ =0.8179

t from Table 1

p from Table 1

t from Table 1

p from Table 1

t from Table 1

c is calculated for each 7, N by Eq. 1
t=2

=2

p=2

c is calculated for each N by Eq. 3
p=2

c is calculated for each N by Eq. 3

p from Table 2

B is calculated by Eq. 2

Parameter values for the second stage of experiments are cho-
sen with regard to the results obtained in the first stage, and
the data obtained in the first stage are reused where possible.

To evaluate the effect of selection scheme specific param-
eters, ANOVA is used. Cochran’s C test is used to verify
the equality of variances condition required for ANOVA to
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be applied. In case of strong differences in variances, the
Kruskal-Wallis H test (by ranks) is additionally used. How-
ever, both the H test and ANOVA gave similar results in all the
cases. To evaluate the effect of other parameters, two-sample
t-tests are performed for two series of runs, each using the
same parameter values except for the one under analysis.
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Table 3 Effect of population size N: test results for RWS, [ = 100

Table 4 Effect of chromosome length /: test results for RWS, N = 100

Ny AvgNI, N> AvgNI, p-value I AvgNI, 153 AvgNI, p-value
N = N; N =N, =1 =1
100 205.35 200 393.72 8.38 % 10713 1 129.56 5 188.95 2.81% 1079
100 205.35 400 817.53 1.26 %1073 1 129.56 10 174.67 1.14 % 1079
200 393.72 400 817.53 2.55% 10712 1 129.56 100 205.35 1.01 % 1079¢
5 188.95 10 174.67 0.275
5 188.95 100 205.35 0.258
Also, r-tests are used to compare selection noise of selection 10 174.67 100 205.35 0.033

schemes with the same selection pressure and in some cases
to clarify the effect of scheme specific parameters. We use
a = 0.01 significance level in our analysis.

5 Results and discussion
5.1 Effect of parameters on selection noise

In this subsection, we analyse the effect of population size,
chromosome length, and selection scheme parameters on
genetic drift of various proportional (Subsection 5.1.1), rank-
ing (Subsection 5.1.2), and tournament (Subsection 5.1.3)
selection schemes. Subsection 5.1.4 summarizes obtained
results and compares them with those obtained in earlier stud-
ies.

5.1.1 Proportional selection schemes

All runs of SUS and its scaled versions were stopped after
execution of 100000 iterations; Avg PRR = 1. This experi-
mental result is consistent with our theoretical estimates, see
Subsection 3.3.2.

To analyze the effect of population size N on 1 for RWS
and RWS with scaling, two-sample ¢-tests are performed for
series of runs, each series in a pair differs only in N; pairs
with N = 100 and N = 200, N = 200 and N = 400, and
N = 100and N = 400 are compared. In all our experiments,
values of AvgNI differ for different V. Table 3 illustrates the
results obtained for RWS, [ = 100.

The experiments have also shown that AvgNI grows
proportionally to the population size growth. To confirm,

we used two-sample t-tests for AvgNI(N;) * N and

N]
AvgN I (N;) values. Thus, we conclude that

AN (13)
Nj  nj

To analyze the effect of chromosome length / on 1 for RWS
and RWS with scaling, two-sample ¢-tests are performed for
series of runs using the same parameter sets but different
chromosome lengths. Our experiments revealed statistically

significant difference in AvgNI only for pairs with [ = 1
and [ > log(0.32N), i.e., when numbers of different chro-
mosomes in initial populations differ significantly. Table 4
shows the results obtained for RWS, N = 100.

Experimentally obtained values of AvgPRR correspond to
the values from Eq. 4 and are about 0.63 for all N.

5.1.2 Ranking selection schemes

To examine the effect of chromosome length / on n, two-
sample ¢-tests are performed for series of runs using the
same parameter sets but different chromosome lengths. For
all ranking selection schemes, the effect of / on 7 is confirmed
for pairs with/ = 1 and/ > log(0.32N) and is not confirmed
for pairs where both [ > log(0.32N).

For linear ranking selection schemes LinRank_SUS and
LinRank_RWS, the effect of population size N on n with the
growth of 1 in proportion to the growth of N, see Eq. 13, is
confirmed by two-sample #-tests performed for series of runs
using the same parameter sets but different values of N.

For exponential ranking selection schemes ExpRank_SUS
and ExpRank_RWS, the effect of population size N on 1 was
not clear from the analysis of runs based on ParamSuite 1.
Therefore, additional series of runs were conducted using the
extended set of parameter values, namely:

e N=40,N =80, N =100, N =200, N =300, N =
400;

e [ =10,1=100;

e 34 different values of parameter ¢ given in Table 2.

As before, two-sample z-tests were performed for different
series of runs. Parameter values for these series differed in the
population size only, and pairs N; and N; such that x—” >2
were used for the analysis. '
Experiments have shown that for ExpRank_RWS the
value of AvgNI increases with increasing N, and this increase
is more significant for larger values of c. Namely, for N; >
Nj it is true that AvgNI(N;) > AvgNI(N;) for larger
values of ¢, and either AvgNI(N;) > AvgNI(N;) or the
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Table 5 Effect of population size N: test results for ExpRank_RWS,
[ =100

c AvgNI, AvgNI, p-value
N =40 N =300

0.9950 74.15 507.22 1.70 %1073
0.9933 76.42 472.30 6.02 % 1073
0.9925 76.14 44433 7.85%10733
0.9801 72.56 180.38 6.66 % 10720
0.9777 80.73 173.08 1.03 %1077
0.9769 74.65 170.17 2.50 % 10714
0.9046 35.73 41.13 6.04 % 1072
0.9044 40.23 44.70 1.98 % 10!
0.8179 18.13 19.80 2.47 % 107!

Table 6 Effect of population size N: test results for ExpRank_SUS,
[ =100

c AvgNI, AvgNI, p-value
N =40 N =300

0.9950 1595.42 1539.02 6.61 % 10~!
0.9933 1155.50 1143.56 8.95% 107!
0.9925 993.63 1048.91 4.64 % 107!
0.9801 378.21 291.90 1.17%1073
0.9777 353.11 250.63 6.96 % 100
0.9769 297.70 233.62 1.44 %1073
0.9046 60.55 36.09 2.59 % 10711
0.9044 55.68 42.32 3.62%1074
0.8179 23.67 20.50 6.90 % 1072

results are not statistically significant for smaller values of c.
It depends on N what values of ¢ are considered as larger or
smaller ones. Table 5 illustrates the above.

Experiments conducted for ExpRank_SUS have revealed
another form of dependency. For N; > N; we get either
AvgNI(N;) < AvgNI(N;) or the results are not statis-
tically significant. Thus, for ExpRank_SUS the estimated
noise takeover time 1 decreases with increasing N. Table 6
shows an illustrative example of the effect of N.

The result is unexpected, since it is well known that drift
occurs faster in small populations than in larger ones (Masel
2011). In addition, it was shown by Rogers and Priigel-
Bennett (1999) that increasing the population size reduces
the genetic drift for any selection scheme. At the same time,
our empirical results can be explained using pure reproduc-
tion rate measure. It follows from Eq. 12 that PRR decreases
significantly as N increases, see Table 7 as an illustration.
This means that the larger N is, the fewer is the proportion of
individuals providing their copies to the mating pool. From
the above and the fact that assignment of probabilities is ran-
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Table 7 PRR values for ExpRank_SUS calculated by Eq. 12

N ¢ =0.809 ¢ =0.945 ¢ = 0.996
50 0.317 0.680 0.975
100 0.191 0.480 0.950
200 0.112 0.303 0.901
300 0.081 0.226 0.853
400 0.064 0.182 0.806

dom on a flat fitness landscape, it follows that n decreases
and genetic drift increases with increasing N.

For ExpRank_SUS and ExpRank_RWS, the effect of
scheme parameter ¢ on genetic drift is approved experimen-
tally, with an increase in ¢ leading to an increase in 1 and
PRR. Tables 6 and 7 illustrate the dependency.

For LinRank_SUS, the effect of scheme parameter 8 on
genetic drift is confirmed, with a decrease in f leading to
an increase in 7. A similar effect of 8 on 5 is expected for
LinRank_RWS, but due to the high stochasticity of the RWS
sampling strategy this dependence is weakly expressed, that
is, the results of pairwise comparisons of AvgNI obtained for
different values of § are often not statistically significant.
The same dependence on 8 is observed for PRR.

5.1.3 Tournament selection schemes

For all tournament selection schemes, the effect of population
size N on n and proportional relationship given by Eq. 13
are confirmed by our experiments. Similar to other selection
schemes, the effect of chromosome length / on 7 is approved
empirically only for pairs with/ = 1 and / > log(0.32N).

Aspresumed in Subsection 3.3.2, our experiments revealed
no effect of parameter p on 1 for TournProb_With, Tourn-
Prob_Without, and TournProb_Part selection schemes.

We found no effect of parameter ¢ on 1 for TournDet_With
selection scheme; we got p-value > 0.05 in all our exper-
iments. PRR is also independent of ¢, see Eq. 4. Thus, we
conclude that there is no effect of ¢ on selection noise of
TournDet_With selection scheme, and this conclusion is con-
firmed by both the  and PRR measures.

For TournDet_Without and TournDet_Part, we expect the
selection noise to increase as ¢ increases, since the larger ¢
is, the larger fraction of the population is eliminated during
each tournament. Our experiments showed a general trend for
AvgNI to decrease as t increases, but to analyze the depen-
dence of AvgNI on t we had to conduct more runs of the
algorithm with various #, N values. Let AvgNI;; denotes
AvgNI obtained in experiments with tournaments of size ;.
For all ; > t; we either get AvgN I, < AvgNI,j or the dif-
ference in AvgNI is not statistically significant. We obtained
statistically significant relationships AvgNI, > AvgNlI;
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Table 8 Values of selection noise measures for TournDet_Part, N =
100,71 =10

t AvgNI AvgPRR PRR?
2 396.14 £ 237.53 0.751 £ 0.001 0.751
3 297.58 £ 173.97 0.705 £ 0.002 0.705
4 253.53 +140.52 0.685 £ 0.002 0.685
5 252.09 + 136.66 0.674 £ 0.002 0.674
6 260.72 + 131.16 0.667 £ 0.002 0.667
7 228.07 +139.19 0.662 £ 0.002 0.662
8 234.40 & 146.81 0.658 &+ 0.002 0.658
9 22522 +111.79 0.655 £ 0.002 0.655
10 227.57 +£120.54 0.653 £ 0.002 0.653
20 208.93 +113.24 0.643 £+ 0.003 0.643
50 196.01 +105.80 0.638 = 0.003 0.638
100 207.88 +102.96 0.636 & 0.002 0.636

2 Calculated by Eq. 7

for all ; > 2 at 0.05 significance level and all #; > 3 at 0.01
significance level. We noticed that the difference between
AvgNl1; and AvgNI; was never statistically significant
when #;,7; > 0.2N. Thus, for AvgNI values we observe a
sharp decrease when ¢ changes from 2 to 3, followed by a
smooth decrease when ¢ increases from 4 to N. The same
form of dependence on ¢ is confirmed for PRR theoretically
(see Eq. 5 and 7) and empirically. Table 8 illustrates the
above for TournDet_Part selection scheme.

5.1.4 Summary remarks

Table 9 summarizes the results described above for the noise
takeover time measure 1. For all selection schemes, the effect
of chromosome length / on 7 is revealed only for pairs with
I = 1and! > 1log(0.32N) and is not observed if the initial
populations contain sufficiently large numbers of different
chromosome types (more than 30% of the population). For
this reason, the parameter / is not included in the table. Also,
the effect of scheme parameters on pure reproduction rate
PRR coincides with their effect on 1 and is not mentioned in
the table.

For most selection schemes, we observe growing n with
growing population size N. This result agrees with the well-
known biological phenomenon that drift is faster in small
populations than in larger ones (Masel 2011). Another form
of dependence on N for ExpRank_SUS is explained by speci-
ficity of the method, since the probabilities assigned by this
method lead to a significant decrease in PRR values as N
increases. Note that PRR decreases with increasing N for
many other methods as well. However, this decrease is incon-
siderable and does not lead to an inverse dependence of 1 on
N.

Our finding of no effect of fitness scaling techniques on
selection noise is consistent with the results of Hill and
O’Riordan (2016) whose analysis of genetic drift revealed
no differences between SUS and its scaled versions. At the
same time, it is claimed by Wiles et al (2001) that RWS
with sigma truncation has lower genetic drift than RWS. We
attribute the discrepancy in results to the small experimental
base and effect of crossover. In any case, the methodology
proposed by Wiles et al (2001) requires further investigation.

For linear ranking selection schemes, selection noise
decreases as 8 decreases. For exponential ranking selection
schemes, selection noise decreases as ¢ increases. Selec-
tion noise increases with increasing ¢ for TournDet_Without
and TournDet_Part selection schemes and does not depend
on ¢ for TournDet_With selection scheme. The parameter p
has no effect on selection noise for TournProb_With, Tourn-
Prob_Without, and TournProb_Part selection schemes. Note
that the independence of selection noise from p for Tourn-
Prob_Part selection scheme was previously stated by Schell
and Wegenkittl (2001).

5.2 Selection noise of schemes with equivalent
selection pressure

In this subsection, we test selection pressure equivalent
schemes for selection noise equivalence. Subsection 5.2.1
tests ranking selection schemes with SUS and RWS sam-
pling strategies. Subsection 5.2.2 tests tournament selection
schemes with, without, and with partial replacement. Sub-
section 5.2.3 tests ranking and tournament selection schemes
whose selection pressure equivalence is established by Eq. 1,
2, and 3. Finally, Subsection 5.2.4 summarizes our findings
and compares them with those obtained in earlier studies, see
Tables 12 and 13.

5.2.1 Ranking selection schemes

LinRank_SUS and LinRank_RWS with the same values of 3
as well as ExpRank_SUS and ExpRank_RWS with the same
values of ¢ provide the same probability distributions, see
Subsection 3.1.1. That is, these schemes have the same selec-
tion pressure. However, the schemes have different selection
noise because they use different sampling strategies.

It is assumed that schemes with SUS sampling strategy
have lower genetic drift than schemes with RWS sampling
strategy since SUS and RWS are known as high and low sam-
pling accuracy schemes, respectively. This is true for linear
ranking selection schemes: LinRank_SUS has larger values
of n and PRR in comparison with LinRank_RWS. The result
is confirmed by two-sample #-tests performed for series of
runs differing by the selection strategy only. Note that the
difference in n increases as 8 decreases, see Table 10 for an
illustration. The same is true for the difference in PRR. The
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Table 9 Effect of various parameters on the noise takeover time 7

Selection scheme Effect of scheme parameters Effect of population size N %—; ~ :77—']

RWS - Yes, n increases as N increases Yes

RWS with scaling No Yes, n increases as N increases Yes

LinRank_SUS Yes n increases as 8 decreases Yes, n increases as N increases Yes

LinRank_RWS Yes n increases as 8 decreases Yes, n increases as N increases Yes
(weakly expressed)

ExpRank_SUS Yes n increases as ¢ increases Yes, n decreases as N increases No

ExpRank_RWS Yes n increases as ¢ increases
TournDet_With No

TournDet_Without
TournDet_Part

Yes n increases as ¢ decreases

Yes n increases as ¢ decreases

TournProb_With No
TournProb_Without No
TournProb_Part No

(weakly expressed)
Yes, n increases as N increases No

(expressed for large ¢)

Yes, n increases as N increases Yes
Yes, n increases as N increases Yes
Yes, n increases as N increases Yes
Yes, n increases as N increases Yes
Yes, n increases as N increases Yes
Yes, n increases as N increases Yes

Table 10 Effect of sampling strategy: test results for LinRank_SUS
and LinRank_RWS, [ = 100, N = 300

Table 11 Effect of sampling strategy: test results for ExpRank_SUS
and ExpRank_RWS, ¢ = 0.9777,[ = 100

B AvgNIg? AvgNIg® p-value 255%}2 N AvgNIg? AvgNIg® p-value 35‘51]\\1/;;
2 1195.29 44822 2.08 % 10722 2.67 40 353.11 80.73 5.79 % 10~ 437
1.8 1396.93 462.43 3.61 %1072 3.02 80 361.97 128.55 6.87 % 10720 2.82
1.6 2017.95 541.24 7.13 % 10727 3.73 100 352.52 136.29 3.43% 10720 2.59
1.5 2347.19 498.63 1.11%107% 471 200 273.26 167.98 9.52% 10711 1.63
1.4 2894.71 579.98 6.74 % 10730 4.99 300 250.63 173.08 2.02%107° 1.45
1.2 5063.77 586.49 5.42 % 10740 8.63 400 215.84 184.39 5.21%1072 1.17
1000 192.78 168.82 1.00 % 10~ 1.14

4 Avg N Ig denotes AvgNI obtained for LinRank_SUS
> Avg NIy denotes AvgNI obtained for LinRank_RWS

explanation is that when g & 1, LinRank_SUS approaches
SUS and LinRank_RWS approaches RWS, the high and low
sampling accuracy schemes, respectively.

Let AvgN I denotes AvgNI obtained in experiments for
ExpRank_SUS, and AvgN Ig denotes AvgNI obtained in
experiments for ExpRank_RWS with the same parameter
values. For exponential ranking selection schemes, we get
AvgNIs > AvgNIR for larger values of ¢, and either
AvgNIs > AvgN Ig ortheresults are not statistically signif-
icant for smaller values of ¢; values of ¢ that can be considered
as delimiting ones increase with N. Note that as ¢ increases,
the difference in n and PRR increases, but this change is
much slower compared to the dependence of n and PRR dis-
tance on B for linear ranking selection schemes. It is shown
in Subsection 5.1.2 that n increases for ExpRank_RWS and
decreases for ExpRank_SUS when N increases. Hence, the
difference in n also decreases as N increases, see Table 11
for an illustration.
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4 AvgN Is denotes AvgNI obtained for ExpRank_SUS
b AvgN Ik denotes AvgNI obtained for ExpRank_RWS

It is shown in Subsection 3.1.2 that linear ranking and
exponential ranking selection schemes have the same selec-
tion pressure when 8 = 2 and c is calculated by Eq. 3 for
each N. We obtained selection noise equivalence for Lin-
Rank_SUS and ExpRank_SUS as well as for LinRank_RWS
and ExpRank_RWS for the specified parameter values.

5.2.2 Tournament selection schemes

Although tournament selection schemes with and without
replacement produce slightly different probability distribu-
tions, the difference is often considered negligible (Schell
and Wegenkittl 2001). Therefore, we tested these selection
schemes for selection noise equivalence.

First, we compared different implementations of tourna-
ment without replacement selection schemes. We found no
statistically significant difference in AvgNI values between
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TournDet_Part and TournDet_Without or TournProb_Part
and TournProb_Without. PRR values for these methods are
also very close. Thus, we consider tournament selection
schemes without replacement and with partial replacement
as selection noise equivalent.

Tournament without replacement selection schemes are
often referred to as the schemes with lower genetic drift
in comparison with tournament with replacement selec-
tion schemes (Hancock 1994; Petrowski and Ben Hamida
2016). Note that TournDet_Without is indistinguishable from
TournDet_With at 1 = N by scheme definition. We assume
that TournDet_Without has lower selection noise than Tourn-
Det_With at small ¢, and the difference in selection noise
between these methods decreases as ¢ increases. This should
also be true for TournDet Part and TournDet With since
TournDet_Without and TournDet_Part have approximately
the same selection noise as shown above. Our two-sample
t-tests confirmed larger AvgNI values for TournDet_Without
and TournDet_Partin comparison with TournDet_With when
t = 2 ort = 3. We found no statistically significant differ-
ences in AvgNI when t > 0.2N. The same trend is observed
for PRR values, see Eq. 4, 5, and 7. Therefore, our assump-
tion is correct and supported by both 1 and PRR measures.

It is claimed in Subsection 3.3.2 that TournProb_With,
TournProb_Without, and TournProb_Part have the same
selection noise as TournDet_With, TournDet_Without, and
TournDet_Part, respectively, r = 2, while these schemes
have different selection pressures. Selection noise equiva-
lence of deterministic and probabilistic tournament selection
schemes is also claimed in (Wiles et al 2001) although it
is not clear which form of replacement the authors use.
From the above it follows and is confirmed statistically that
TournProb_Without and TournProb_Part have lower selec-
tion noise than TournProb_With.

5.2.3 Ranking and tournament selection schemes

Recall that approximately the same individual’s selec-
tion probabilities are assigned by the following selection
schemes: TournDet_With and exponential ranking when ¢
is calculated by Eq. 1 (Back 1996; Julstrom 1999), Tourn-
Det_Without and linear ranking when + = 2 and 8 = 2
(Blickle and Thiele 1996; Goldberg and Deb 1991; Julstrom
1999), TournProb_Without and linear ranking when f is cal-
culated by Eq. 2 (Julstrom 1999), and linear ranking and
exponential ranking when 8 = 2 and c is calculated by Eq. 3.
We tested the above-mentioned selection pressure equivalent
schemes to be selection noise equivalent. Since difference
in selection pressure of tournament selection schemes with
and without replacement is often considered to be negligi-
ble (Schell and Wegenkittl 2001), we used both replacement
methods in our experiments.

Our two-sample z-tests confirmed larger AvgNI values for
TournDet_With in comparison with ExpRank_RWS. It is
shown in Subsections 5.1.2 and 5.1.3 that for ExpRank_RWS
7 increases as ¢ increases, while for TournDet_With 1 does
not depend on t. Thus, the difference in n changes, that is,
decreases with increasing ¢ (decreasing ¢), and attains its min-
imum at# = 2. A similar trend is observed for PRR values. It
is argued in (Schell and Wegenkittl 2001) that binary Tourn-
Det_With has approximately the same genetic drift as RWS
using the same probability distribution, i.e., ExpRank_RWS
with ¢ calculated by Eq. 1. We cannot confirm the result
of Schell and Wegenkittl (2001) because we obtained less
genetic drift for TournDet_With using both measures.

Values of AvgNI are larger for TournDet_With in com-
parison with ExpRank_SUS when ¢ > 4 and smaller when
t = 2. The result for = 2 is consistent with the result from
(Schell and Wegenkittl 2001), where it is stated that binary
TournDet_With has lower accuracy in comparison with SUS
using the same probability distribution, i.e., ExpRank_SUS
with ¢ calculated by Eq. 1. Differences in AvgNI at¢t = 3 and
t = 4 observed in our experiments are not always statistically
significant.

For TournDet_Without and TournDet_Part, we experi-
mentally confirmed larger values of AvgNI in comparison
with ExpRank_RWS for all #, and larger values of AvgNI
in comparison with ExpRank_SUS for ¢+ > 2. Similar to
TournDet_With, difference in AvgNI decreases as ¢ increases
(t decreases), and the same trend is observed for PRR
values. At + = 2, PRR values are slightly larger for
TournDet_Without and TournDet_Part in comparison with
ExpRank_SUS, while AvgNI values are statistically indis-
tinguishable.

We experimentally confirmed lower genetic drift for
TournDet_With, TournDet_Without, and TournDet_Part at
t = 2 in comparison with LinRank_RWS at 8 = 2. Note that
the result for TournDet_Part was obtained earlier by Schell
and Wegenkittl (2001). We also confirmed higher genetic
drift for TournDet_With at # = 2 in comparison with Lin-
Rank_SUS at g = 2.

We found no statistically significant differences in AvgNI
values for TournDet_Without, TournDet Part, and Lin-
Rank_SUS at ¢t = 2, 8 = 2. PRR values for these schemes
are also very close and around 0.75, see Eq. 8, 9, 10, and
11. Thus, we consider TournDet_Without, TournDet_Part,
and LinRank_SUS atr = 2, 8 = 2 as selection noise equiv-
alent schemes. Itis stated in (Schell and Wegenkittl 2001) that
binary TournDet_Part has lower accuracy than SUS using the
same probability distribution, i.e., LinRank_SUS at g = 2.
This result is not supported by either our experimental or
theoretical data.

We detected larger AvgNI and PRR values for Tourn-
Prob_Without and TournProb_Part in comparison with Lin-
Rank_RWS, and the differences were statistically significant
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in all our experiments. This result differs from the result
of Schell and Wegenkittl (2001) paper, where the selection
noise equivalence for TournProb_Part and LinRank_RWS is
stated. At the same time, we consider TournProb_With and
LinRank_RWS as the schemes with approximately the same
selection noise.

Values of AvgNI are smaller for TournProb_With, Tourn-
Prob_Without and TournProb_Part in comparison with Lin-
Rank_SUS, and the difference increases as S decreases
since for LinRank_SUS 7 increases as B decreases and
for probabilistic tournament selection schemes 1 does not
depend on p, see Subsections 5.1.2 and 5.1.3. Note that the
difference is not always statistically significant for Tourn-
Prob_Without and TournProb_Part when p > 0.9. The same
trend is observed for PRR values. Thus, we state that Tourn-
Prob_With has higher selection noise than LinRank_SUS,
and TournProb_Without and TournProb_Part have higher
selection noise than LinRank_SUS when p < 0.9.

5.2.4 Summary remarks

To summarize the results of comparing selection schemes
based on their selection noise, we provide two tables.
Table 12 presents pairs of selection schemes that are equiv-
alent in selection pressure but different in selection noise.
Table 13 presents pairs of selection schemes that are equiv-
alent in both selection pressure and selection noise.

We added the well-known result of SUS and RWS com-
parison to Table 12 for completeness. This result is also
supported by our experimental and theoretical study. We
confirm that ranking selection schemes with SUS sampling
strategy have lower genetic drift than ranking selection
schemes with RWS sampling strategy. However, for expo-
nential ranking selection schemes the difference is confirmed
statistically for large ¢ and small N only. We have found that
tournaments without replacement have higher accuracy than
tournaments with replacement only for small 7, and different
implementations of tournament without replacement selec-
tion scheme lead to approximately the same genetic drift.

We see that LinRank_SUS, ExpRank_SUS, TournDet_
Without, and TournDet_Part are equivalent not only in selec-
tion pressure, but also in selection noise whent =2, 8 = 2,
and c is calculated by Eq. 3. At the same time, selection noise
equivalence is not confirmed for most of the selection pres-
sure equivalent schemes. Notice that in some cases, scheme
parameters determine which of the two schemes has higher
selection noise (e.g., TournDet_With and ExpRank_SUS).

6 Conclusion

In this paper, genetic drift as a property of selection schemes
used in generational genetic algorithms is studied. First, a
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review of known results in this field is given. Secondly, two
new measures, namely the noise takeover time 1 and pure
reproduction rate PRR, are proposed to quantify selection
noise of selection schemes. Thirdly, the effect of population
size, chromosome length, and selection scheme parame-
ters on genetic drift of various proportional, ranking, and
tournament selection schemes is analyzed. Finally, selection
pressure equivalent schemes are compared to be selection
noise equivalent.

There exist a number of studies where schemes assign-
ing the same probabilities to individuals in a population
are considered equivalent (Bick 1996; Goldberg and Deb
1991; Julstrom 1999). When the equivalence of selection
pressure of tournament and ranking selection schemes is
established, some researchers prefer tournaments. The rea-
son is that tournaments are characterized by lower time
complexity since they do not require sorting the population
followed by computing and applying explicit probabilities
(Bick 1996; Goldberg and Deb 1991; Julstrom and Robinson
2000; Schell and Wegenkittl 2001). At the same time, other
researches argue that time complexity of selection schemes
should hardly be prioritized because fitness evaluation time
often dominates the execution time of other parts of algo-
rithms. In addition, there may be differences in selection
noise of schemes with the same selection pressure (Hancock
1997; Huber and Schell 2002). Indeed, our comparison of
selection pressure equivalent schemes revealed differences
in selection noise for most of them, see Table 12. Thus,
replacing one scheme with another should be done not only
by comparing their selection pressure, but also by compar-
ing their selection noise. Note that we used both n and PRR
measures in our study, and both measures showed the same
trends. Therefore, we conclude that these measures provide
relevant and reliable estimates of selection noise although
these estimates differ in some cases from those obtained
in earlier studies, see Tables 12 and 13. Finding relation-
ships between various measures estimating selection noise
and other scheme or population properties is a task for future.

Genetic drift is a factor that affects the convergence of
genetic algorithms (Rogers and Priigel-Bennett 1999). Gibbs
et al (2008) proposed to control it by the choice of the popu-
lation size N. We confirmed empirically that there is a strong
relationship between 1 and N. Moreover, for most selection
schemes we found a dependence given by Eq. 13, see Table 9.
This dependence can be used to predict n for various pop-
ulation sizes and control genetic drift. Finding an equation
expressing the relationship between 1, N, and scheme param-
eters is a subject for future research.

We also argue that genetic drift can be controlled by choos-
ing the selection scheme (Rogers and Priigel-Bennett 1999;
Chisari and Amadio 2018) or by tuning the parameters of a
selection scheme. Tables 9, 12, and 13 can help in provid-
ing this control. For example, in parallel island models, each
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Table 12 Selection pressure equivalent schemes having different selection noise

Method 1 (noise smaller) Method 2 (noise larger) Condition Note
SUS RWS Agrees with Baker (1987), Brindle (1980)
Schell and Wegenkittl (2001),
SUS with scaling RWS with Scaling
LinRank_SUS LinRank_RWS The difference increases as 8 decreases
ExpRank_SUS ExpRank_RWS The difference increases as ¢ increases
and decreases as N increases
TournDet_Without TournDet_With t<4
TournDet_Part TournDet_With t<4
TournProb_Without TournProb_With
TournProb_Part TournProb_With
TournDet_Without ExpRank_SUS t>2 The difference increases as ¢ increases
TournDet_Part ExpRank_SUS t>2 The difference increases as ¢ increases
TournDet_Without ExpRank_RWS The difference increases as ¢ increases
TournDet_Part ExpRank_RWS The difference increases as ¢ increases
TournDet_With ExpRank_SUS t>4 The difference increases as ¢ increases
ExpRank_SUS TournDet_With t=2 Agrees with Schell and Wegenkittl (2001)
TournDet_With ExpRank_RWS t>2 The difference increases as ¢ increases
TournDet_With ExpRank_RWS t=2 In (Schell and Wegenkittl 2001)
equality is asserted
LinRank_SUS TournDet_With t
TournDet_With LinRank_RWS t=
TournDet_Without LinRank RWS t=
TournDet_Part LinRank_RWS t= Agrees with Schell and Wegenkittl (2001)
LinRank_SUS TournProb_With The difference increases as § decreases
LinRank_SUS TournProb_Without p <09 The difference increases as § decreases
LinRank_SUS TournProb_Part p <09 The difference increases as § decreases

TournProb_Without
TournProb_Part

LinRank_RWS
LinRank_RWS

In (Schell and Wegenkittl 2001)

equality is asserted

Table 13 Selection pressure
equivalent schemes having the

same selection noise

Method 1 Method 2 Condition Note
LinRank_SUS ExpRank_SUS B=2

LinRank_RWS ExpRank_RWS B=2
TournDet_Without TournDet_Part

TournProb_Without TournProb_Part

TournDet_Without TournDet_With t > 02N
TournDet_Part TournDet_With t > 02N
TournDet_Without ExpRank_SUS t=2

TournDet_Part ExpRank_SUS t=2
TournDet_Without LinRank_SUS t=2

TournDet_Part LinRank_SUS t=2 Schell and Wegenkittl (2001) state

TournProb_With

LinRank_RWS

a lower accuracy for TournDet_Part

p <09
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island algorithm could have different selection noise and/or
selection pressure. Providing procedures to control selection
noise and find the pressure-noise balance for various com-
putational models and problem types is a subject for future
research.
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