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CATEGORY OF A, -CATEGORIES AND
DERIVED CATEGORIES

We define natural Aoo-transformations and construct Aso-category of Aoo-functors.

The notion of strict

units in an A category is made weaker. The 2-category of Ao -categories, functors and transformations is
described. We study quotient of an Aco-category over a full subcategory. The conventional derived category
is obtained as the 0-th cohomology of the quotient of differential graded category of complexes over acyclic

complexes.

The study of higher homotopy associativity
conditions for topological spaces began with Stasheft’s
article I'l4, II. In a sequel to this paper [14,
1] Stasheff defines also A, -algebras and their
homotopy-bar constructions. These algebras and their
applications to topology were actively studied, for
instance, by Smirnov [12] and Kadeishvili [6, 7].
We adopt some notations of Getzler and Jones [5],
which reduce the number of signs in formulas. The
notion of an yloo-category is a natural generalization
of Jloo-algebras. It arose in connection with Floer
homology in Fukaya's work [2,3] and was related by
Kontsevich to mirror symmetry [10]. See Keller [9]
for a survey on A,,-algebras and categories.

In the present article we show that given two
Axo-categories A and B, one can construct a
third A.,-category Ao (A, B), whose objects are
Aso-functors f : A — B, and morphisms are
natural A..-* transformations between such functors.
This result was also obtained by Fukaya [3] and
by Kontsevich and Soibelman [11], independently
and, apparently, earlier. We describe compositions
between such categories of Aso-functors, which
allow to construct a 2-category of iso-strictly unital
Ao~ * categories. The latter notion is a generalization of
strictly unital A, -categories (cf. Keller [9]).

We study properties of Drinfeld's categories
or quotients of an As.-category over a full
subcategory. Originally they were defined by
Drinfeld for differential graded categories (private
communication). Infact, already Bondal and Kapranov
[1] proposed to produce triangulated categories out
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of differential graded categories. The usefulness of
Aco-approach is explained by our construction of
Aso-functor, which assigns to a complex its K-
injective resolution.

Conventions

We assume that all classes and sets are small sets
with respect to some universe, k denotes a unital
associative commutative ring.

It is easy to understand the line

A(Xo, X1) ®x A(X1, Xo) Qk -+ - Qx A(Xpn—1, Xn),
and it is much harder to understand the order in
A(Xn-1,Xn) ®k - - - Qx A(X1, X2) ®k A(Xo, X1).

That is why we use the right operators: the composition
of two maps (or morphisms) f : X — Y and
g:Y — Zis denoted fg : X — Z; a map is
written on elements as f : z — zf = (z)f. However,
these conventions are not used systematically, and
f(z) might be used instead.

If C is a Z-graded k-module, then sC denotes
the same k-module with the shifted grading (sC)¢ =
= C%!, The “identity” map C — sC of degree —
—1 is also denoted s. We follow Getzler-Jones sign
convention [5] (Koszul’s rule):

oY) (fRg =(-)"zfoyg=
= (1)t Taf oy,



Aso-categories, A..-functors and
Aoo-transformations

2.1. Definition. A graded k-quiver A is the following
data: a class of objects ObA; a Z-graded k-module
A(X,Y) = Homy4 (X,Y) for each pair of objects X,
Y. A morphism of k-quivers f : A — B is given by a
map f : ObA - ObB, X — X f and by a k-linear
map A(X,Y) = B(X f, Xg) for each pair of objects
X,Y of A.

To a given graded k-quiver A we associate another
graded k-quiver — its tensor coalgebra 7°A, which has
the same class of objects as A. For each sequence
(Xo, X1, X2,...,Xn) of objects of A there is the
Z-graded k-module A(Xo,X1) @k A(X1, X2) @k

- Qk A(Xp-1,X,). For n = 0 it reduces to k
in degree 0. The graded k-module TA(X,Y) =
= ®n3oT"A(X,Y) is the sum of the above modules
over all sequences which start with X and finish
with Y. The quiver TA is equipped with the cut
comultiplication

A:TAX,Y) > @ TAX, Z)®TA(Z ¥,

ZeOb A
hi®h®: - h,

n
l-—)Zh1®"'®hk®hk+1®"'®hn.
k=0

2.2. Definition. A -category A is the following data:
a graded k-quiver A; a differential b : TsA — TsA
of degree 1, which is a (1,1)-coderivation (we say
that a system of k-linear maps » : TsA(X,Y) —
TsB(Xf,Yg) is a (f,g)-coderivation, if f,g
TsA — TsB are cocategory homomorphisms and
equation
rA=A(f®r+rQg)

holds). It means that a k-quiver morphism b,
determined by a system of k-linear maps bpr1 :
TsA — sA with components of degree 1

by : sA(Xp, X1) ® sA(Xy, X)®:-®
® S‘A(Xn—laxn) =h SA(X(),X"),

n > 1, (note that by = 0) via formula

by = (blTksA) pr;: TEsA — T'sA,
o T e L R s

r+n+t=~k
r+1+4+t=l

satisfies equation b = 0.

In particular, b| ,, = 0, bxo = 0, and k < I implies
br = 0. Since b2 is a (1,1)-coderivation of degree 2,
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the equation b = 0 is equivalent to its particular case
b%pr; = 0, that is, forall £ > 0

Z (1%" ® by, ® 18)bpy14¢ = 0: TFsA — sA.
r+n+t=k
2.2)

The definition of a coderivation bA = A(1®b+b®1)
implies (2.1).

Using other, more traditional, form of components
of b:

= (A% 20 (aA)Bn A)

we rewrite (2.2) as follows:

T I L 1T e, = U
r+n+t=~k

g RS 3

Notice that this equation differs in sign from [9],
because we are using right operators!

2.3. Definition. A -functor f : A — B is the
following data: A..-categories A and B; a map
f : ObA —» ObB, X — Xf; a cocategory ho-
momorphism f : TsA — TsB of degree 0, which
commutes with the differential b, that is, a k-quiver
morphism f, determined by a system of k-linear maps
fpr; : TsA — sB with components of degree 0

fn f S.A(X(),Xl) ® S.A(Xl,XQ) Q-
2 S‘A(Xn—l;Xn) =7 SB(XOfy an)a

n > 1, (note that fy = 0) via formula

fkl = (f‘T’“sA) pr; TkS.A — TIS':B,
fkl:: Z fi1®fi2® "®fin

iyt ti=k

(2.3)

such that equation fb = bf holds.

In particular, foo = id : kx — kxyp and k£ < [
implies fr; = 0. Since fb and bf are both (f, f)-
coderivations of degree 1, the equation fb = bf is
equivalent to its particular case fbpr; = bf pr;, that
is, forall £ > 0

e

I>0;i1 4+ +i=k

= Z (1®r®bn®1®t)fr+1+t { TkS.A — sB.
r+n+t=k

(f’i1 ® fi:z ekt ®fi;)bl =

2.4)

The definition of a cocategory homomorphism fA =
= A(f ® f), fe = ¢ implies (2.3).
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Using m,, we rewrite (2.4) as follows:

1>0
Y ) fa®fn® @ fi)mu=
b=k
Yo (A @my, ® 1%) friigs
r+n+it=k

T B,
o=(p—1)+2(is—-1)+---+
+( = 2) (i1 = D+ (= D) - 1).

Notice that this equation differs in sign from [9],
because we are using right operators.

2.4. Definition. A..-transformationr : f - g: A —
B of degree d (pre natural transformation in terms
of [3]) is the following data: A..-categories A and
B; A-functors f,g : A — B; a (f, g)-coderivation
r: TsA — TsB of degree d. It is determined by
a system of k-linear maps rpr; : T'sA — sB with
components of degree d

ot SA(X0, X1) ® SA(X1,X2)® - ®
®3~A(X —1,Xn) =% Sg(XOfa Xng)a

n > 0, via formula

Tkl = (T‘T'“s./l) pr; : TkS.A ps TISB,

Z (f'il ®

q+14t=l
irteeetigtntji+o =k

® @ fi, ®rTn ®gj ® - B gj,)-

Tkl =

2.5

Note that ro is a system of k-linear maps xro :

k — sB(Xf,Xg), X € ObA. In fact, the
terms ‘Ao -transformation’ and ‘coderivation’ are
synonyms.

In particular, ro; vanishes unless I = 1, and ro; =
= 1o. The component ry; vanishes unless 1 <! < k+
+ 1. The definition of a (f,g)-coderivation rA =
=A(f®r+r®g) implies (2.5).

2.5. Example. The restriction of an A -transformation
rtoT!is

Plpiga =71 @ [(f1 @ 70) + (ro ® 91)],
where 71 : SA(X,Y) = sB(X f,Yg),
fi®re :sA(X,Y) =sA(X,Y) ®

ok 2278 5B(X1,Y ) ® sB(Yf,Yg),
ro®g sAX,Y)=k®

®sAX,Y) 284 sB(X f, Xg) ® sB(Xg,Yg).

Category of Aoo-categories and derived categories

Cocategory of coderivations

Let A, B be graded. k-quivers, and let
g0 B TA — TB be cocategory
homomorphisms. Consider n coderivations rq, ...,
T, as in

L S AN Y T Y
We construct from these data the following system of
k-linear maps § = (r' @ --- @ )¢ : TA(X,Y) —
TB(X O, Y f) of degree degr® + - -+ + degr™. Its
components 6x; = 8| , pr; : T¥A — T'B are given
by the following formula

=) fh®-0ff ©r0fi® 8

® 'L}nl®®r1n®fﬂf®®fl%n’

where summation is taken over all terms with mqg +
+mi+-+mp+n=l,

-0

@i, F oL iy,

dorid gy il Ao ig =k,
The component #; vanishes unless n <! < k +n. If

n =0, we set )8 = f°. If n = 1, the formula gives
(r1)o =r.

3.1. Proposition. For each n >
the equation

0 the map 0 satisfies

PP’ ® - @p")hA =

:AZ(I,l@...
k=0

®p")® (P - ®p")d.

3.1

Cocategory homomorphisms. Graded cocategories
form a symmetric monoidal category gCoCat. If €
and D are cocategories, there is a new cocategory
€ ® D, whose class of objects is Ob€ x Ob D, and
CRDX xU,Y xW) =€C(X,Y)  D(U,W). Tt
is equipped with tensor product of comultiplications,
using the symmetry in graded k-modules.

Let ¢ : TA® TC — TB be a cocategory
homomorphism. It is determined uniquely by its
composition with pry, that is, by a family ¢pr; =

(¢nm)n m20, ¢nm T"A @ T™C = B, ¢00 =
=0 Indeed for gwen families of composable arrows

Y £y ——~> f™ of A and

—%gm ! —-——)g of € we

fO %fl 3 )
g .._.__;g __.—..>...



have

PR PRt - @tM)p =
= ) ()0e-epete - o),

i1+-+ie=n

Jit-+ie=m
® (pi1+1 gy ®pil+i.2 thtlg... tj1+j2)¢izjz

l R -Q (p’il+"'+ik—1+1 R -®

®pi1+"-+ik ®tj1+"'+jk—1+1®, S .®tj1+'“+jk)¢1:k]'k'.
The sign depends on parity of

o= (tl st tjx)(pi1+1 Ty +pi1+"'+ik) s
4. (tj1+1 i t.7'1+.7'2)(pi1+1'2+1 Aoty +pi1+-~+ik)
R (tj1+'“+jk-2+1 o s St tj1+“'+jk—1) X

x (pitetie-itl Ly pinketiey
We abbreviate (—1)(degn)(degr) o (—)P. By
definition homomorphism ¢ satisfies equation

¢4)T'B

TAQTC > TBRTB

A®Ai I(b@‘#
1®c®l

TASTARTECRTE ———————% TAQTCRTARTE
where (f®g)c = (=)f9g® f is the ‘signed’ symmetry.

Introduce k-linear maps (p' ® --- @ p™)x : TA —
T'B by the formulaa[(p' @ - - @p™)x] = (a®p'®- - -®
p™)@, a € T'A. Then the above equation is equivalent
to

PP’ ® - ®p")xA =

n %
=AY (' )xo @ @ @p")x.
k=0

foralln > 0.

3.2. Proposition. The map « TA ®
T Coder(A,B) — TB, a®p' @ --- ® p"
a[(p* ® --- ® p™)b], is a cocategory homomorphism
of degree 0. For any cocategory homomorphism
¢ : TARQTC' ®@TC?®® ---® TCY — TB of
degree 0 there is a unique cocategory homomorphism
Y :TC'®TC2®--- ® TCY — T Coder(A, B) of
degree 0, such that

$=(TARTE' @TE?®---®TC! ~2%
28% T4 ® T Coder(A, B) — TB).
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We interpret the above proposition as existence
of internal hom-objects Hom(TA,TB) =
T Coder(A,B) in the monoidal category of
cocategories of the form TC' ® T2 @ --- ® TC".

Enriched category of graded k-quivers

Let us show that category of graded k-quivers is
enriched in gCoCat. Let A, B, € be graded k-quivers.
Consider the cocategory homomorphism given by the
upper right path in the diagram

®1
TAT Coder(A,B)®T Coder(B,€) — TBRT Coder(B,€)

1®Ml > al @.1)

TAQT Coder(A,C) > De

By Proposition 3.2 there is a graded cocategory
morphism of degree 0

M : T Coder(A, B) ® T Coder(B,C) —
— T Coder(A, €).

Denote by I a graded 1-object-0-morphisms
k-quiver, thatis, Ob I = {1}, I(1,1) = 0. ThenTI =
= k is a unit object of the monoidal category of graded
cocategories. Denote by r : TAQTT — T'A and 1 :
TI®TA — TA the corresponding natural cocategory
isomorphisms. By Proposition 3.2 there exists a unique
cocategory morphism n,4 : T1 — T Coder(A,A),
such that

r=(TA®TI =4

2214 TA ® T Coder(A,4) —=+ TA).
Namely, the object 1€ Ob T goes to the identity homo-
morphism id4 : A — A, which acts as identity map
on objects, and has only one non-vanishing component
(ida)1 =id : A(X,Y) = A(X,Y).
4.1. Proposition. (See also Kontsevich and Soibelman

[11]) Multiplication M is associative and n is its two-
sided unit;

M®l1

T Coder(A, B) ® T Coder(B, €) ® T Coder(€, D) —— T Coder(A, €) ® T Coder(C, D)

o]

I
M lM

T Coder(A, B) ® T Coder(B, D)

» T Coder(A, D)



Let us find explicit formulas for M. It is defined on
objects as composition: if f: A - Bandg: B — C
are cocategory morphisms, then (f,g)M = fg: A —
C. On coderivations M is specified by its composition
with pr; : T Coder(A, €) — Coder(A, €). Let

Mnm = MIT”'@T”" prl :

T™ Coder(A, B) ® T™ Coder(B, €) — Coder(A, €),
My : (@@ (f"1, ") ®
®(g% ") ® - ® (g™, ™) = (f°%°, f9™)
be its components, where f°,...,f" : A — B and
¢°,...,g™ : B — € are cocategory morphisms. Then

Moo = 0.

The component M, is determined recursively

from the following equation:

PPVt ®--@t™)f =
= (pl ®'-'®p"®t1®~-~®tm)Mnm
k>1 : .
+ Y ()0 -eptet'e et )My ;®
i1t tig=n
Jiteetje=m
® (pi1+1 ®-- ,®pi1+i2 ®tj1+1 ®:- ~®tj‘+j2)Mi2j2 ®
®: - ® (pi1+"'+ik—1+1 R ® pi1+"‘+ik ®
® it Fie-1+1 @ ® tj1+m+jk)Mikjk]9- (4.2)
Since (p' @ - P" Rt ® -+ ® t"™)Mpy, is a
coderivation, it is determined by its composition with
projection pr;. Composing (4.2) with pr; we get
P'e - pit @ -@t™)fpr; =
=(p'® - Qp"Rt' @ - @t"™)Mumpry. (4.3)
Therefore, if m = 0 and n is positive, Mo is given
by the formula:
Mpo : (fosfl) ®'_.®(fn—1,fn) ®ky°
= (£°9°, *9°),
(@ - @r") = ('@ ®r" ®¢°) Mao,

(' ®- - ®7" ® g°)Mno] pr; =
(r'e---®r")8g°pr, .
If m = 1, then M, is given by the formula:

My : (> ..o L Me
®(9% ") = (£°¢% fg"),
M@ - 0rmeth)w (e - @r" )M,

[(7'l R M ® tl)Mnl] pry =
(r'®---®r")8t pr, .

Explicitly we write

(' @ - ®r™ ® g°) Mnolk =

Z(Tl ® - ®1r™)097, (4.4)
l
(Mo r" @t )Myl =
- @r™)but]. (4.5)

1

Finally, M,,,, = 0 for m > 1, since the left hand side
of (4.3) vanishes.

4.2. Examples. 1) The component My is the

composition: (f° ® t')My; = fOt'.

2) The component M, is the composition: (r! ®
gO)JM10 £ Tlgo.

HIfr:f-9g: A>Bandp:h—>k:B—->C
are Aoo-transformations, then (r ® p)Mj; has the
following components:

[(r ® p)YM11]o = rom,
[(r ® p)Mu1)y = ripy + (f1 ®To)p2 +
+ (1o ® g1)p2, etc.

‘ g

4) If f y g A — B are
Ao-transformations, and k B — € is an
Axo-functor, then (r ® p ® k)Mo has the following
components:

[(r ® p® k)Mao)o = (ro ® po)ka,
[(r ® p® k)Mzo)1 = (r1 ® po)kz + (ro ® p1)k2 +
+(ro ® po ® h1)ks + (ro ® g1 ® po)ks +

+(f1 ® ro ® po)ks.

SIIff-—s gt b A 9 Bandt sh o i
B — € are Ao-transformations, then (r ® p ® t) My
has the following components:

[(r @ p®t)Mai]o = (ro @ po)ta,
[(r®@p®t)Ma]1 = (r1 @ po)ta + (ro ® p1)t2 +
+(ro ® po ® h1)t3 + (1o ® g1 ® po)ts +

+(f1 ® ro ® po)ts.

Aso-category of A..-functors

Let us construct a new Ao.-category Ao (A, B) out
of given two A and B. First we describe its underlying
graded k-quiver. Its objects are Ay,-functors f : A —
‘B. Given two such functors f,g : A — B we define



the graded k-module Hom 4, (4,3)(f, g) as the space  5.2. Examples. 1) Whenn =1,7:f =+ g: A= B,

of all Ao-transformations r : f — g, namely, _ we find components of A, -transformation (r)B; as
follows (see Examples 2.5):
[Hom ., a,3)(f, )" ={r: f=g] [(")Bi]o = roby,
transformation r : T'sA — T'sB has degree d}. [(r)B1]1 = r1by + (f1 ® ro)ba +
Denote (f,g) = sHoma,am(f,9) = * (ro® gu)ba ~ (=)hury,
= Homcoder(sA,s3)(f,9) for the sake of brevity. [(r)Bi]s = r2b1 + (f2 ® ro)ba +
The degree of r as an element of (f, g) will be exactly +(fi @ r1)ba + (11 ® g1)ba + (ro ® ga)ba +
= : +(fi ® fr ®@ro)bs + (f1 @ ro ® g1)bs +
(f.9)'={r:f~g| +(r0 ® 91 ® g1)bs — (=)"bers — (=) (1@ b)r

—(=)"(by ® L)ra.
transformation r : TsA — T'sB has degree d}. (alihe® Liry

2)Whenn=2f—g—"sh:A— B, we
find components of A -transformation (r ® p)Bs as
follows:

We will use only this (natural) degree of  in order to
permute it with other things by Koszul’s rule.

5.1. Proposition. (See also Fukaya [3] and Kontsevich [(r ® p)Ba]o = (ro @ po)b2,

and Soibelman [11]) There exists a unique (1,1)- & 0B3E A R e B B )b +

coderivation B : TsA(A,B) — TsA(A,B) of lrep )h 2}71 (71 ® o)z ,ETO P1)b2

degree 1, such that By = 0 and +(ro ® po ® h1)bs + (ro ® g1 ® po)bs +
4 ~ + (f1 ® ro @ po)bs.

(re - er)b=[r'®---®r")Bl§ + ,
=3 7'1+...+1‘" 1 R n : Dl:tferentials° Let ‘A" ely e 3 ey eq: B be
Bl b(r' ®---®r")8 (5.1) Ao-categories. Let ¢ : TsA ® TsC ® Ts€? ®
- @TsC! —» TsB, (a®@c @3 ®--®c) —
n 0 r1 T n—1 ¢n 2
foralln > 0,r'®- --@r"€(f°, f1)®---@(f", f"). a.(ct ® > ®--- ® ¢?)x be a cocategory homomor-

ek ; 5
» satzsﬁes B* = 0, thus, it gives an Ao-struchire of phism of degree 0. The homomorphism ¢ commutes

Aoo(A; B). with the differential:
Let us find explicitly the components of B, ¢b = ( Z 19" @b®1%)¢
composing (5.1) with pr; : TsB — sB: S
P IR T L8 QU A if and only if x does:
=[r,8] =rb— (-)"br, ('®F® - ®ch)xd

Bn:(fo)f1)®"'®(fn—1afn)_)(foafn)v

q
cktiq.. +c° k q
7'1®-"®'I‘nl—)(7'1®“'®1‘n)Bn,fOI'TL>1, kz_; ) C® QbR - ®C)X+

where the last transformation is defined by its + (=) @R @)y (5.3)

composition with pr; : In particular, for ¢ = 1 we get an equation (c)xb =

= (eb)x + (=)°ble)x.
5.3. Corollary. There is a unique A -category

in other terms, forn > 1 structure for Ac>o (A, B), such that the action homo-
morphism o : TsA ® TsAoo(A,‘B) — T'sB is an

(' ®---®r™)Bylk = Z(rl ® - @7™)0br. A -functor.
{ 5.4. Proposition. For any A -functor ¢ : TsA ®

[(r' ® - ®7™)Bn]pr, =[(r' ® --- ®r")8lbpry,

G2 151 @TsC?®-- @ Ts€ — TsB there is a unique
Aoo-functor v : TsG1 RTsC?® -+ @ TsC! —
. v . " {oe]
Since B* = 0, we have, in particular, TsAoo(A, B), such that
Z (1" ® B, ® 1®")By1144 =0 p=(TsA® Ts€' @ TsC? ®--- ® Ts€? 2%

r4+n+t=k

T*5Aco(A, B) = s40(A, B) 2% TsA ® TsAoo(A, B) ~* TsB). (54)
e o] ) o) 3 .



Enriched category of A.,-categories

Graded differential cocategories form a symmetric
monoidal category dgCoCat. If € and D are
cocategories, there is a new cocategory € ® D, whose
class of objects is Ob€ x ObD and € ® D(X x
xU,Y xW) =C(X,Y) ® DU, W). It is equipped
with tensor product of comultiplications, using the
symmetry in dg-k-modules. Therefore, there might
be categories enriched in dgCoCat. It turns out that
category of A..-categories is one of them.

Let A, B, € be A -categories. There is a graded
cocategory morphism of degree 0

M :TsAx(A,B) @ TsAw(B,C) = TsAx(A,C),

defined in Section 4 via diagram (4.1). Since all
cocategory morphisms «, o ® 1 in this diagram
commute with the differential by Corollary 5.3, the
cocategory morphism M also commutes with the
differential:

(1®B+B®1)M = MB (6.1)

by Proposition 5.4. Therefore, M is an A..-functor.
The unit g4 : TT — T Coder(A,A), 1 = id4 also
is an Aoo-functor for trivial reasons. We summarize
the above statements as follows: category Ao, of
Ao-categories is enriched in dgCoCat. Moreover,
it is enriched in monoidal subcategory of dgCoCat
generated by T'sC, where € are A -categories.

6.1. Definition (w-globular set of A, -categories).

Natural Aoo-transformationr : f - g : A = B
(natural transformation in terms of [3]) is an
Ao-transformation of degree —1 such that rb +
+ br = 0 (that is, (r)B; = 0). The w-globular set
A, of A -categories is defined as follows: objects
(0-morphisms) are A.-categories A; 1-morphisms
are Aoo-functors f : A — B; 2-morphisms are
natural Ao -transformationsr : f - g : A — B;
3-morphisms A : r - s: f = g: A — B are (f, g)-
coderivations of degree —2, such that r—s = [\, b]; for
n > 3 n-morphisms A, : Ap—1 = Up—1 i T =
s:f—g:A— Bare (f, g)-coderivations of degree
1 —n, such that A\,—; — pp—1 = [As, ] (notice that
both sides are (f, g)-coderivations of degree 2 — n).

Below we describe a truncation of this w-globular
set which is a 2-category.

A 2-category of A,-categories

Its objects are Ao -categories, 1-morphisms are
A-functors, and 2-morphisms are equivalence
classes of natural A.-transformations. Natural
Aoo-transformations r,s : f - g : A - B
are declared equivalent, if they are connected by a

3-morphism A : » — s. Clearly, this is an equivalence
relation. Compositions are defined as follows.

Composition of 1-morphisms Mor; (A, B) x
x Mor; (B,€) — Mori(A,€), (f,h) — fh is
the composition of A.-functors. Both compositions
of 1-morphisms with 2-morphisms Mory(A,B) x
x Mory(B,€) — Mors(A,C), (r,h) = rh and
Mor; (A, B) x Morz(B, €) — Morz(A,C), (f,p) —
fp are compositions of k-linear maps T'sA — T'sB —
T'sC. Compatibility with the equivalence relation is
immediate: rh — sh = [Ah,b], fp— ft = [fAb].

For f,g,h : A — B we define vertical composition
of 2-morphisms Mors(f,g9) ® Mors(g,h) —
Morz(f,h), r ® p — 7 - p as the quotient map of
B : (f,9) ® (g,h) — (f,h) modulo equivalence
relation. We have to prove that r - p, the equivalence
class of (r ® p)B,, is well-defined. Considering the

A

r=s

casef——)g—-z)——)hzﬁﬁiBweﬁndthat

rep—s-p=(Ab®p)B: =
= —(A@p)(1®B1 +B1 ® 1)B2 = (A@p)BzBl,

thus, r - p and s - p are equivalent. Considering the case
"
f%gﬂh:fl—)%weﬁndthat
r-p—r-t=(rQ[ub)B: =
=(rep)(1®Bi1+B1®1)By = —(r® ) B2 By,
thus, » - p and r - ¢ are equivalent. The vertical
composition of 2-morphisms is associative, since for

al f 25 g-23h—"%k:A— Bwehave

r(pt)—(r'pt=rept)(1® B)Bs +
=+ (’I' R t)(Bz ® 1)32 = —-(7‘ R t)BgBl,
thus, r - (p- t) and (r - p) - t are equivalent.
Let us check compatibility of compositions in the
case f — g —— h: A — B, k: B — €. Applying

equation (6.1) t0 T?s A (A, B) ® T0sA (B, C) we
find that

('r ®p)MzoBl + ('I‘k ®pk)B2 = (’I’ ® [ ,b])Mzo —
= ([r,b] ® p)Mao + (r @ p) B2k = (r ® p)Bak.

Therefore, rk - pk and (r- p)k are equivalent. Similarly
we check compatibility of compositions in the case
k:@—o A, f— g -2+ h:A— B, which gives
that kr - kp and k(r - p) are equivalent.

Now let us prove distributivity. Consider r : f —
g:A—=> B, p:h—=k:B — C Applying
equation (6.1) t0 T1sAx (A, B) ® T sAo(B,C) we
find that

(rh® gp)B: — (fp®rk)By + (r ® p)M11 B, =
=T (7‘ ® [pa b])Mll 3 ([7‘, b] ®p)]\411 =10



Therefore, rh-gp and fp-rk are equivalent and define
the horizontal composition r oy, p.

Clearly, strict unit 1-morphisms exist — the identity
A-functors id4 : A — A. However, in general,
unit 2-morphisms 15 of A.-functors f : A — B are
missing. Summing up, we have described a 1-unital
(but not 2-unital) 2-category Ao of Aso-categories.

Strictly unital A-categories. A strict unit of an
object X of an Ay ,-category A is an element 1x €
€ A°(X, X), such that (f ® 1x)ms = f, (1x ®
g)ms = g, whenever these make sense, and (--- ®
lx ‘@d i i= 20 in 4.2 (seg.eig-[3,4, 91
We may write it as a map 1x : k = A(X,X),
1 — 1x. Assume that A has a strict unit for each
object X . For example, a differential graded category
A has strict units. Then we introduce a coderivation
i* 1 idg — idg : A — A, whose components
are iyt : k = sA(X,X), 1 = lxs = xif, and
iff = 0 for k > 0. The conditions on 1x imply
that (1 ® if)by = 1 : sA(Y,X) — sA(Y,X) and
(il ® 1)bs = -1 : sA(X,Z) - sA(X,Z). One
deduces that i** is a natural A..-transformation. If an
Ao-category A has two such transformations — strict
units i and 1/, then due to the above equations they
coincide. We call A strictly unital if it has a strict unit
e

For any A -functor f : € — A the natural
Ao-transformation 1558 = fi* : f = f: € =
A has the components x(fi*)o = xyif : k —
sA(Xf, X f) and (fi*) = 0 for k > 0. It is the unit

s A
2-endomorphism of f. Indeed, for g — § 3 I
€ — A we have (r - fi*)i = (ri ® (fit)o)be =

=rk.Forf£>fL)g:C—}A,wherepis
a natural A.-transformation we have (fi** - p); =
= ((fi")o ® pr) b2 = —pi ((fi*)o ® 1)b2 = pi.

7.1. Definition. Let A, B be strictly unital
Aoo-categories. An Ay -functor f : A — B is called
unital if fi® is equivalent to i f.

The product of two unital A -functors. is also
unital. The 2-subcategory A%Y of A consisting of
strictly unital A -categories and unital A -functors
is indeed a 2-category. If r : f — g: B — Cisan
isomorphism of A..-functors and f is unital, then so
is g. Indeed, distributivity law in A, implies

r-(iPg) =iPopr = (i%f) r=

= (fi%) -r =ropi® =r- (4i°).

If Ay -category B is strictly unital, then so is € =
= A (A, B). Indeed, for an arbitrary A..-functor f :
A — ‘B there is the unit 2-endomorphism 175 = fi® :
f—= f Weseti§ :k = [sdoo(A, B)"Hf, ), 1=
1fs,andi$ =0 for k > 0. For any elementr € €(g, f)

we have (r®1¢s)B, = r. For any element p€ C(f, h)
we have p(15s ® 1)Bs = p((fi®)o ® 1)by = —p. We
have also i°®B; = 0and (---®i®®...)B, = 0 if
n > 2, due to (5.2). Therefore, i¢ satisfies the required
conditions.

Another approach to i® uses the A.-functor M :
TsAxo(A, B) ® TsAco(B,B) = TsAw(A, B) = €.
We have (1 ® idg)M = ide by (4.4), and the natural
Ao-transformations (1®i®) M and i® ofide coincide.
Indeed, [(1 ® iZ)M]o : k = (sC)~Y(f,f), 1 —
(f ®i%)Mo1 = fi® = if ;. For all n > 0 we have
[(1®iB)M], : r'® - -@r" = (1@ -@r"®i®)M,;.
By (4.5) the components

[(r'®--®r" ®i%)Mul =
=Y (r'®---@r")ouif = (' @ ®r")ki
l

vanish for n > 0.

A homotopy version of unit in an A is introduced
by Fukaya, Oh, Ohta and Ono [4] and summarized
in [3]. We use another generalization of a strict unit,
which suits better to our purposes.

Iso-strictly unital Aoo-categories. Let ¢ : B — €
be an invertible A -functor, that is, there exists an
Ao-functor ¢~ : € — B such that ¢p¢~! = ids
and ¢~ 1¢ = ide. The A-functor ¢ is invertible
if and only if ¢ : ObB — ObC is bijective, and
¢1 : B(X,Y) = C(X¢,Y ) is bijective for all pairs
X, Y of objects of A. If both B and € are strictly
unital, then any invertible A..-functor ¢ : B — € is
unital.

7.2. Definition. An A, -category A is iso-strictly
unital if there is an invertible Aoo-functor ¢ :
A — B with a strictly unital A,,-category B. The
2-endomorphism i# = ¢i®y~1 :id4 — idy is called
the unit of A.

Notice that the equivalence class of i#* does not
depend on the choice of . Indeed, if £ : A — C is
another invertible A,-functor with a strictly unital €,
then the unitality of y=1¢ : B — € implies i®y~1¢ =
= ¢~ 1£i%, whence ¢iBy—! = &C¢-1.

7.3. Definition. Let A, B be iso-strictly unital
Aso-categories. An A..-functor f : A — B is called
unital if fi® is equivalent to i f.

Again we have that the product of two unital
Aco-functors is unital. If 7 : f — g : B — C is
an isomorphism of A, -functors and f is unital, then
S0 is g.

7.4. Proposition. If A, -category B is iso-strictly
unital, then for an arbitrary A, -category A the
A -category € = A (A, B) is iso-strictly unital. Its
unitis i® = (1@ i%)M.



7.5. Proposition. The full 2-subcategory of A
consisting of iso-strictly unital A -categories is
2-unital.

We introduce the (unital) 2-subcategory A% of
Ao consisting of iso-strictly unital A.,-categories and
unital A, -functors.

Cohomology of Ao-categories. There is a 2-functor
H* : A% — Z-grad-k-Cat. It maps an iso-
strictly unital A, -category A into a Z-graded k-linear
category H*(A), whose class of objects is ObA,
and morphism space between objects X and Y is
H*(A)(X,Y) = H*(A(X,Y), my), the cohomology
with respect o the differential m; = sbys™!

Composition of morphisms H*(ms) is determined by
the chain map

my = (8 ® 8)bas

The unit of an object X € ObH*(A) is the
cohomology class of an element x1 € A%(X, X) such
that xif' 1 k — (sA)7}(X, X), 1 = x1s. To a unital
Aoo-functor f : A — B is assigned functor H*(f;) :
H*(A) — H*(B). It preserves composition due to
property H*((fg)y) = H*(fig) = H*(f1)H"(90).
Since fi® = i*f implies x;if = xif'fi + xvob1,
el = X1f1 (xvos~')my, the map H*(f)
preserves units.

For each natural A.-transformation r : f —
g : A — 3B and each X € ObA there is
an element xr € B°(Xf,Xg) such that xro
k = (sB)!(Xf,Xg), 1 » xrs. To a
2-morphism r f — g (equivalence class of
natural Ao -transformation) is assigned a natural
transformation X — [xr] € H'(B(Xf, Xg),m1).
The natural transformation property follows from the
identity for a € A(X,Y)

as{(fi ® yro)bs + (x7r0 ® g1)b2 +
+7r1b1 + b17‘1] =0

a[(fi @ yr)ms — (x7 ® 91)mz +

) =0,

+(sr18~ )m1 +ma(sris™

which implies
(H(fi)®

in cohomology.

One check. ‘asily that both compositions of
1-morphisms and 2-morphisms are preserved. Finally,
the vertical composition of 2-morphisms is preserved
due to the property

[yr]) H(ms) = ([X"]®H(91))H(m2)

x[(r @ p)Bz] = x[(r ® p)Balos™" =
(xro ® Xpo)bzs_l = (x7 ® xp)ma

1 AX,Y)® A(Y, Z) = A(X, Z).

In practice we use the 2-subfunctor H°
Ai» — Kk-Cat, which takes A into a k-linear
category, ObH°(A) = ObA, H°(A)(X,Y) =
= H°A(X,Y),m;). For example, homotopy
category of complexes is H? of the differential graded
category of complexes.

Aso-quotient over a full subcategory

Let B — Cbe a full A,-subcategory. It means that
ObB C ObeC, B(X,Y) = €(X,Y) forall X,Y €
€ Ob B, and the operations for B coincide with those
for C. Let us define a kind of quotient category for the
embedding B — C.

8.1. Definition. Let T7sC = ®,5¢7™s€C and & =
= D(C|B) be the following graded k-quivers: the
class of objects is ObT*TsC = Ob€& = ObE, the
morphisms for X,Y € Ob € are

T*sC(X,Y) = ®c,,....0n_1cesC(X,C1) ®
®S€(C1, C2) R sG(C’n_g, Cn..1) ®
® sC(Cp-1,Y),
s€(X,Y) = ®¢,,....0n1e35C(X,C1) ®
®sC(C1,C2) ® - ® sC(Cp—z,Ch_1) ®
® Se(Cn_l,Y),

where in the second case summation extends over all
sequences of objects (Ci,...,Cph—-1) of B. To the
empty sequence (n = 1) corresponds the summand
sC(X,Y).

Let us endow s™'T*sC with a structure of
Aoo-category, given by b : T(T*sC) — T(T+sC),
with the components by = 0, b, = b: TTs€ — T+
+sC, b, = 0 for £ > 1. This Ay -category is
denoted € = (s~T+sC,b). There is an A -functor
j: €= (s7'T*sC,b), specified by its components

:T*s@ — TFs@, k > 1, where J, is the canonical
embedding of the direct summand. The property bj =
= jb, or

Z 1®" @b ® 1®t)-7r+1+t =
r+k+t=n

j. b:T"sC — T*sC,
=n

is clear — it is just the expression of b in terms of its
components.

There is a cocategory automorphism p : 77T+
+s€ — TT+sC, specified by its components ), =
= p®) : TET+s@ — T+sC, k > 1, where p : T+
+s€ ® T+s€ — TtsC is the multiplication in tensor
algebra, u® =0 fork <0, u¥ =1:T+s€ - T+
+5€, p® = p, u® = (uR)p : (T*TsC)®3 — T+sC
and so on. Its inverse is the cocategory automorphism



pl = pu= : TT+s@ — TT+sC, specified by its
components p~ = (=)F"1u®) . T*T+s€ —» T+

+sC.

8.2. Proposition. The conjugate codifferential b =
= pbp~' : T(T*s€) - T(T*sC) has the following
components: by =0, by = b and forn > 2

b2

m;g<k;it<l
T*sC ® (T+s€)®" 2 @ T's€ — T*sC., 8.1
by = p™b - (1@ p™ Db)u - (Vb p+

+1@u Db 1)u® : (T+se)®" - TtsE,
(8.2)

b = p™ P e 1

for all n > 0. The operations b, restrict to maps
sE®™ — s€ via the natural embedding s€ C T*sC of
graded k-quivers. Hence, b turns s€ and € & (s=1T+
+5@, b) into an A -category.

In particular, (8.2) gives

by=pub—(1@b+b®1)y,

bs = p®b— (1@ pb)u — (ub® )p +
+(1@be1)u®,

by =pDb- (10 @) — (Wb 1)p+
+(1@ub e )u®.

8.3. Corollary. The cocategory isomorphism p=' :
€ = (s71T+sC,b) —+ € = (s71THsC,b) is
an Ao -functor. Its composition with j is a strict
Aoo-functor j = ju~' : € - D(C|B), X — X,
whose components are the direct summand embedding
71 : 8C(X,Y) = TsC(X,Y) — 8€(X,Y) and 3, =
=10 forn > 1.

Strict unitality. Assume that A, -category C is strictly
unital. Its arbitrary full A.-subcategory B is strictly
unital as well. Let us show that in these assumptions
& = D(C|B) is also strictly unital. We take the same
elements 1x € (X, X) C €°(X, X) as strict units
of & We have 1xsb; = 1xsb = 1xsb; = 0. Explicit
formulas give (-+-®@1xs®...)b, = 0 forn > 2. The
map by : T*sC(Y, X) ® s€(X, X) = T*sC(Y, X) is
the sum of maps

1®k—t ® bt+1 : SG(Y, C1) Q- Q
®8C(Cr—t, Cr—tt1)®- - -®s€(Ck_1,X)®s€(X, X)
- 3C(Y,C1) ® -+ - @ s€(Cg—t, X)

over t > 0. Therefore, the map i§ : kx —
(s€)71(X,X), 1 — 1xs satisfies equations (1 ®

1Communicated to us by B. L. Tsygan

i§)bs = LRI I®* s bs) =18kt @1 = 1.
Similarly, for by : s€(X,X) ® TFs@(X,Z) — T+
+sC(X, Z) we have (i§ ® 1)bs = (if ® 19%)(by ®
18k-1) = _1 ® 19%~1 = _1. Therefore, £ and € are
strictly unital with the unit i%.

Differential graded categories. If b, = 0 for k > 2,
then explicit formulae in the case of € show that we
also have by, = 0 for k > 2. Combining this fact with
the above unitality considerations we see that if €
is a differential graded category, then so is D(C|B).
The differential graded category & = D(C|B) was
constructed by V. G. Drinfeld in the following terms’.
This construction was the starting point of present
article.

Write down elements of £(X,Y’) as sequences
fiec, fa .- €cu_y fn, Where f; € €(Ci-1,C5), Co =
=X,C, =Y, and C; € ObB for 0 < i < n.
The symbol e¢ for C € Ob B is assigned degree —1.
Its differential is set equal to ecd = 1¢. The graded
Leibniz rule gives

(f1€C1f2 .- 'ECn—lfn)d i
e Z (_,)fn—t+1+"'+fn"tflgcl f2 - 'ECq
g+1+t=n
(forimi)ec, i for2 -+ -€Caor S
SR Z (__)fn_t+---+f""tf1801f2 - EC, (fq+1 i
g+2+t=n

» for2)eC i fo48 - - ECu_1 Sy

where for1 - forz = (fo+1 ® fgr2)me is the
composition. Introduce a degree —1 map

8:& 88 CTYsC,
fiecifo..€cu i [15@ f25® -+ ® fas.

One can check that ds = sby, where, naturally, b; =
=b=3 t14t=n 120®b ® 1%+ X dausy 1%84®
b ® 19®¢,

Composition 77i5 in € consists of concatenation and
composition ms in C:

(fiecy -+ - fa-16Ca_1 fn ® B1ED; 92 . . :
s ¢ 'ED'm-—lg?'n)..rr-—i2 5
= fi€c, -« fn-16Cn_1(fn'91)€D, 92 - - - €Dy Gm-

One can check that ys = (s ® s)by; here by =
= (hnabiels © 9o

Specifically this construction applies to the case of
differential graded category € = C(A) of complexes
of objects of an abelian category A. One may take for
B the subcategory of acyclic complexes B = A(A).



Aco-quotient functor

Let B «— €, J — J be full A,-subcategories. Let
i: € — J be an A-functor, such that X7 € Ob J for
X € Ob ‘B. Then it restricts to an A-functor B — g,
denoted by i’. We are going to construct an extension
of this functor to the A-quotient categories & =
= D(C|B) and F = D(J[J).

Let us begin with a strict A -functori : € — J,
given by its components 3, = i : TFs€ — T+ sJ and
i, = 0 for k£ > 1. The equation ib = bi reduces to
familiar b = bi. Therefore, 7% pip—' : € — T is an
A-functor as well.

The following diagram of A..-functors commutes

et g i don gL B Ty

1

§.< > l>g”{3‘

9.1. Proposition. The A.,-functor? has the following
components:

=

litetl=n

(__)k—l ('u(h)@. < .®/J/(lk))2‘®ku(k) .

(T+sC)®" —» T*s]. (9.1)
Restriction of this map to T*1sC @ - -- @ T*»sC is

b

(l1yeele)EL (k1.0 kn)
T ® - - @THsC = T,

in:u(") (i, ® - ®1iy,) :

9.2)

L(ky, ..., kn) = Uso{(l1,...,lt) € ZL, |
Vq7S€Z>0aq<t13<n
bt +ly=k+ - +ks = qg=t,s=n}.

These maps restrict to maps i, : T"sD(C|B) —
sD(J|g), which are components of an A -functor
D(ili') = 7 : D(€|B) — D(J|g). The restriction of

T to T"s€ &, T"sD(C|B) equals T"s€ —= sJ
<y sD(I|9).
For example,
=1,
fo=pi— (i®i)y,
B=p®i(ouu—- e+ (i®i® Dp®.

9.2, Corollary. We have a commutative diagram of
Aoo-functors

When A ——f——> Bts o Ao-functors, then
fg=fg: A~ C Thisimplies fg = fg: A — C.
Assume that 4’ < A, B’ < B, € < C are
full A,,-subcategories such that (Ob.A')f C ObB/,
(ObB')g C Ob€". Denote f' = f|,,, g = g|g.
Since D(f|f’) and D(g|g’) are just the restrictions of
f and g, we conclude that

D(f1f")D(glg') = D(fg|f'g") : D(AJA") — D(Gg;)

Iso-strict unitality. Assume that A..-category € is
strictly unital. As we know from Section 8.1 D(C|B)
and € are strictly unital with the unit i€ Since
p~! : @ — € is an invertible A.-functor, C is
iso-strictly unital (see Section 7.2). Its unit is i& =

= u‘liEu :ide — idg : € — €. Its components
are

i = i5,

L= (Sel+1ai)u,

iy = (1®i§ ® Hu®,

ir=0 fork>2.

Let D — A be a full subcategory of an iso-strictly
unital A -category A. Let ¢ : A — C be an invertible
Aco-functor with strictly unital €. Then ¢ : A — €
and ¢ : A — € are also invertible A..-functors.
Denote by B the full subcategory of € with ObB =
= (ObD)¢. Denote ¢' = ¢|,, : D — B. Due to (9.3)
D(¢|¢') : D(A|D) — D(C|B) is invertible. Hence,
D(A|D) is iso-strictly unital.

The Ano-functor 3¢ : € — D(G|B) is unital.
Therefore, Aqo-functor 74 = #7638 : A — D(A|D)
is also unital.

Ao-quotient transformation

Let B — € and J — J be full A.-subcategories.
Let f,g : € — J be two As-functors such that
(ObB)f Cc Obg, (ObB)g C ObJ, and let r :
f — g :C — Jbe an A -transformation. Denote
by r' : f' = ¢' : B — J the restriction of r to B. Let
us define an Aoo-transformationr : f — g: € —J
via its components

Iy = 7'0.11)
jl
1y = [k — (s9)(X f, Xg) = (sI)(X f, Xg)];
Tip = r,
Ty = TlT+s€ :T+sC = 5€ = TTs =353 (10.1)

r, =0 fork >1.



Letus check that _-_maps w-globular set A, into itself
(so that sources and targets are preserved). It suffices
to notice that the correspondence r — r is additive,
and if r = [v, b], then r = [v, b]. Indeed,

[v, blo = voby = voj,b=vob1j, =rToj, =14,

[Q, Q]l = 11_11_71 = (‘)09121 =pb— (‘")vbv ==Ly
[v, bk = vpby — (=)"bpy =0£0=0=1ry
for k > 1.

In particular, a natural A.,-transformationr : f — g:
€ — J goes to the natural A -transformationr : f —
g : € = J, and equivalent natural 4., -transformations
T, p g0 to equivalent r, p. We have

i =4

Cr:fj=jf2gi=jg:C=1

We define also the A.-transformation conjugate
tor

F=prp™ ' f=pfut 2 g=pgu™' : €7

{(not necessarily natural). Summing up, we have a
commutative cylinder

l !

The correspondence = also maps w-globular set A,
into itself. Indeed, if r = [v,b], then

> €

<
U.I

= pv,bju~t =
(pop™

P peps’
,pbp) = 0,3

10.1. Proposition, The A, -transformation ¥ has the
following components

0<g<t
= Yy (eWfe--e
li4-+li=n
® H(l")f ®r0j, ® u(lq+1)g R ® u(lt)g)u(t-*-l)
1<q<t |
+ ) e eulfe

Ll =n

@ uldr @ plet)ge ... @ ulg)u®. (10.2)

Explicitly, 7o = 1y = 7'021 and for n > 0 the
restriction of 7, to T*1sC® - - @ Tk sC is

b

(a1,ees@aikic1y...,cg) EP(K1,.ikn)
@ f1a OTE® Gey O+ B Geg )3a+1+ﬁ
T ®- - @ T*sC - TtsT,

(fa, ®

(10.3)

Pk, )2, S0 g Lagt
la+2, £ .,la+1+ﬁ) € ZC;O X Z>0 X Zﬂ>0 |
Vg€ Zso,q< a+1+BVs€EZyys<n

Lt +lg=ki+ - +ks © g=a+1+8,5s =n}.

These maps restrict to maps 7, : T"sD(C|B) —
sD(J|3), which are components of an
Ao -transformation D(r|r') = T f -
g : DE3B) - D(J|3) The restriction
bt Fo- 20 T"sGC————>T“sD(G]fB)
T7s@ -y 59 <21y sD(I]9).

equals

In particular, the correspondence r ~ D(r|r’)
maps natural A -transformations to natural ones, and

equivalent r,p : f — g : B — € are mapped to
equivalent

D(r|r’),D(plp’) : f = g : D(C|B) — D(J|9).
For example,

Fi=7~(f Q1o+ 70 R g)u,
To=pr— (fOr+r@g)p— pu(f ®ro+10®g)N
+(fef®rn+f®r®g+ro®gdgu®.

10.2. Corollary. We have a commutative cylinder

j(‘?

B c NYG » D(C|B)
ALl A=b A=
gc . Bt DI
Contractibility.

10.3. Proposition. Let B be an iso-strictly unital
Aoo-category. Let f : A — B be an Ao-functor.
Then the following conditions are equivalent:

(C1) For any X € ObA and any V € ObB the
complex (sB(X f, V), b1) is contractible;

(C2) ForanyU € ObB and any Y € A the complex
(sB(U, X f),b1) is contractible;

(C3) For any object X of A the complex
(sB(X f, X f),b1) is acyclic;

(C4) For any object X of A there is an element xv €
€ (83)'2 (Xf,Xf) such that XfiéB = xvby;

(C5) fi®=0:f— f: A B



10.4. Proposition. Let A be an iso-strictly unital
Ay -category. Let f : A — B be an A-functor.
Then the following conditions are equivalent:

(C6) For all objects X, Y of A the chain map
fl : (S‘A(X’Y)’bl) - (SB(Xfan)abl) is
homotopic to 0;

(C7) For any object X of A the chain map
fi @ (SAX, X),b1) = (sB(Xf,Xf),b) is
homotopic to 0;

(C8) For any object X of A we have H*(f1) = 0 :
H(sA(X,X),b1) = H*(sB(Xf,X[),h);

(C9) For any object X of A there is an element xw €
€ (sB)~2(X f, X f) such that xi{' fi = xwbs.

10.5. Proposition. Let A, B be iso-strictly unital
Aoo-categories. Let f A — B be a unital
Aoo-functor. Then conditions (C1)-(C9) are equivalent
to the following conditions:

(C10) There is an isomorphism of Ao-functors f =~
~0f : A — B, where 07 is defined as follows:
X0 =Xf,0f =0forallk > 1;

€1 i*f=0:f— f:A— B.

10.6. Definition. Let B be an iso-strictly unital
As-category. An A-functor f : A — B is
contractible if it satisfies equivalent conditions (C1)-
(C5) of Proposition 10.3. An iso-strictly unital
Ao-category B is contractible if idg is contractible.

If f is unital, it is contractible if and only if
equivalent conditions (C1)—(C11) hold.

10.7. Example. Let B be a full subcategory of an iso-
strictly unital A.,-category €. Then the A..-functor
7 = (B<— ¢ —2— D(€|B)) is contractible
according to criterion (C4): for any object X of B

(xi§ ® xi§)b1 = (xi§ ® xi§)be = xi§ = xid.

10.8. Proposition. An iso-strictly unital A..-category
A is contractible if and only if the following equivalent
conditions hold:

(C0) A is equivalent in A** to an A -category O,
such that O(U, V') = 0 for all objects U, V of
0;

(CI’) For all objects X, Y of A the complex
(sA(X,Y),b1) is contractible;

(C2’) For any object X of A the complex
(sA(X, X),b1) is contractible; '

(C3’) For any object X of A
(sA(X,X),b1) is acyclic;

the complex

(C4’) For any object X of A there is an element xv €
€ (sA)™%(X, X) such that xi = xvby;

(C5") P*=0:idg — ida : A — A;

(C10’) There is an isomorphism of A, -functorsid 4 ~

~0id : A — A, where X0 = X, 0id = 0 for
allk > 1.

10.9. Corollary. If B is contractible, then for any
Axo-category A we have Ao (A, B)(f,g) = 0 for all
Ay -functors f, g : A — B.

10.10. Remark. Any A,-category O, such that
O(U,V) = 0 for all objects U, V of O with non-
empty Ob O is equivalent to A..-category O’ with
one object x, such that O’(x, x) = 0. Indeed, choose an
object Z € Ob 0. Consider Ay -functors ¢ : O — @/,
U xandy : O = O, * = Z. We have ¢ =
= ider and ¢¥ is isomorphic to idg via inverse to
each other 2-morphisms 0 : ¢ — idg : © — O and
0:ido = ¢t : O = 0.

10.11. Example. Let A be an iso-strictly unital
Aqo-category. Then A and A are contractible. Indeed,
due to (C3’) it suffices to prove it for a strictly unital
Aqo-category C. Since

(if ®i§)b1 = (i§ ®i§)b; = (i§ ®i§)be = i,

we deduce contractibility by (C4°).

Various units. Assume that C is strictly unital. Since
g € are contractible, it is obvious that i€ = i® and
i® =1iC (all natural A.-transformations in A, (A, €),
Ao (A, C) are equivalent to 0). We shall prove also
that i®(€13) = D(i®|i®) via an explicit homotopy. We
begin with an explicit 3-morphism between i€ and i°.
Let v denote an (ide,ide)-coderivation T'sC — T'sC
of degree —2, whose components are vy = 0,

4,t>0
iy | 5 B0 o A PG R A0 o T B0
g+t=k
- PRet ST,
vy =—(1®iE @il ® 1)p®
:s€®sC = s@,
v2|T"1 sCR®T*25C :t S ® lg ® lg ® ks

:TFsC @ T*2s@ — Tt s€,
and v, = 0 for n>2. Actually, it is a 3-morphism

v:ig———)fzid_g——)idg_:_@—)ﬁ.



We get another 3-morphism conjugating v with p:

w=pop~t i€

= pitp~! o i€ =

= ui®p~t: idg — idg: €—C
The 3-morphism w has the following components:
wy = 0,

q,t>0

element rx € €°(X f, Xg) such that rxsb; = 0. For
any object Y € Ob B this element determines a chain
map

(rxs®1)bs : s€(Xg,Yg) — sC(Xf,Yyg),
pr (=) (rxs @ p)ba.

Finally, we assume that for any chain complex

By el Z 1% @ i ®if ® 19 . Tkse — T+se0f k-modules of the form N = sB(Xo,X1) R«

q+t=k

and w, =0 forn > 1.

Since w; maps sD(C|B) into sD(C|B), the

coderivation w restricts to w TsD(C|B) =—
T'sD(€|B), which is a 3-morphism w : iP€I3) —
D(i®|i®). Therefore, i®(¢I®) and D(i®|i®) are
equivalent.
Iso-strictly unital case. Let D — A be a full
subcategory of an iso-strictly unital A..-category A.
Let ¢ : A — C be an invertible A..-functor with
strictly unital €. Denote by B the full subcategory of
C with ObB = (ObD)¢, and let ¢' = ¢|® :D— B.
Units of A and D(A|D) are defined as i* = ¢i®¢p!
and iPAIP) = GiP(E€IB)E ™ Commutative diagram

suggests how to extend the main result of this
subsection to iso-strictly unital categories:

iDMAID) — GiPEIB)g ~! =

= D(¢|¢")DGC[*)D(¢7 |¢'™") =
= D(¢i®¢"|¢'i%¢'™") = D).

Therefore, iP(A?) = D(i#]i®), and the latter
Ao-transformation can be used as the unit of D(A|D).

10.12. Proposition. (A..-quotient over a
contractible subcategory) Let F be a full contractible
subcategory of an iso-strictly unital A,-category E.
Then there exists a quasi-inverse to the canonical
strict embedding 3¢ : € — D(E|F) unital A, -functor
7€ : D(E|F) — &, such that7¢n€ = ide. In particular,
D(&|F) is equivalent to €.

A construction of an A, -functor

Let B, C be Ay, -categories, let f : B — € be
an A-functor and let g : ObB — ObC be a map.
Assume that for each object X € ObB there is an

SB(Xl,Xg) Rk - - Rk S'B(Xn_l,Xn), n > 0, the
following chain map

u=Hom(N, (rxs® 1)bs) : -
Homi (N, s€(Xg,Yg)) — Homg(N, s€(X f,Yy))
(11.1)

is a quasi-isomorphism. For n = 0 we have N = k,
and the 0-th condition means that (rxs ® 1)bs is a
quasi-isomorphism.

11.1. Proposition. In the above assumptions the map
g : ObB — ObC extends to an A -functor g :
B — C. There exists a natural A, -transformation
r: f = g:B — C such that its 0-th component is
ro 1 kx = sC(Xf,Xg), 1 rxs.

Transformations  between the constructed
Aso-functors. Let B, € be A, -categories, let
f:B — C€be an A -functor, let g : ObB — ObC
be a map, and assume that for each object X € ObB
there is a map ro : kx — (s€)~}(Xf, Xg) such
that roby = 0. Let the assumptions of Section 11
hold. Let g,¢' : B — € be two A -functors, whose
underlying map is the given g : ObB — ObC. Let
r:f—>9:B—-Cr':f— g :B— Cbe natural
A -transformations, whose 0-th component rq = r{
is the given map o : kx — (s€)"1(X f, Xg).

11.2. Proposition. In the above assumptions there
exists a natural A, -transformationp:g — ¢ : B —
@, such thatr' = (f — g —2— ¢') in the 2-category
Aco. The natural A..-transformation p is unique up to
an equivalence.

11.3. Corollary. Let in the above assumptions C be
iso-strictly unital. Then the constructed 2-morphism
p:g— g :B— Cisinvertible in Aw.

11.4. Proposition. (unitality) If A.,-categories B, €
are iso-strictly unital and As.-functor f : B — C is
unital, then the A.-functor g : B — € constructed in
Proposition 11.1 is unital as well



Invertible transformations. Let B, C be iso-strictly
unital A -categories, and let f,g: ObB — ObC be
maps. Assume that for each object X of B there are
k-linear maps

xro 1k = (s€)7N(X f, Xg),
xpo ik = (s€)7H(Xg, X f),
xwo : k = (s€)7X(X f, X f),
xvo : k = (s€)7*(X g, Xg),

such that

Xp()bl = 07

(x70 ® xPo)b2 — x5i§ = xwobi,

xTob1 =0,

(xPo ® xTo)b2 — Xgig = xvoby. (11.2)

11.5. Lemma. Let the above assumptions hold. Then
for all objects X of B andY of € the chain maps

(ro®1)be : s€(Xg,Y) = sC(X f,Y) and
(po®1)by : sSC(X £,Y) = s€(Xg,Y),
(1®ro)be : sC(Y, X f) — sC(Y, Xg) and
(1® po)bz : sC(Y, Xg) — s€(Y, X f)

are homotopy inverse to each other.

11.6. Proposition. Let r : f — g : B — C be
a natural A -transformation, and let py, vo, wo be
as in Section 11.2 so that equations (11.2) hold.
Then py, wy extend to a natural A -transformation
p:g— f:B — €, and 3-morphisms

w:(r®p)By— fi: fo> f:BC
t:(p®r)B; > gi®:g—>g: B C.

(11.3)
(11.4)

In particular, r is invertible and p = r~! in A'%¥,

11.7. Corollary. Let assumptions of Section 11.2 hold
and, moreover, let f : B — € be a unital A,-functor.
Then the map g extends to a unital A -functor
g : B — C, and given ro can be extended to an
isomorphismr : f — g: B — C.

Derived categories

Let A be an abelian k-linear category, and let € =
= C(A) or € = C*(A) be differential graded category
of complexes (resp. bounded below complexes) of
objects of A. Denote by B = A(A) its full subcategory
of acyclic complexes. Let D = D(C|B) be the quotient
category.

Invertibility of quasi-isomorphisms. Assume that X,
Y are objects of € and ¢ : X — Y is a quasi-
isomorphism. In particular, ¢ € €%(X,Y), gm; =
= 0. Let us prove that r = g¢sj; € (sD)"1(X,Y)
is invertible in the sense of Section 11.2, that is, there
are elements p € (sD)~1(Y, X), w € (sD)2(X, X),
v € (sD)~%(Y,Y), such that

by =0, pb =0, (r ®p)l_)2 —1xs = wl—)l,
(p@7r)by — 1lys =wvb;. (12.1)

Indeed, denote C = Cone(q) = (Y & X[1],d°),
where (y,2)d° = (yd¥ + zq,—zdX) for y €
€Y!, z € X" Since ¢ is a quasi-isomorphism,
C is acyclic. There is a standard exact sequence of
complexes 0 — ¥ —— C LY [1] — 0 with
the chain maps n, k, yn = (y,0), (0,2)k = =.
We denote by n, k the corresponding elements n €
€CY(Y,C), ke C(C,X). Definepasp=ns®@ks€
€ (€~ (Y, 0) ® (s€)°(C,X) c (sD)"1(Y, X).
Denote by h € €~1(X,C) the following k-linear
embedding X - C, X! 5 C1=Y""1go X,z
(0,z). Define w as w = hs @ ks € (s€)72(X,C) ®
(s€)°(C, X) c (sD)~2(X, X). Then equations (12.1)
hold true.

K-injective complexes. A complex A € ObC is
K-injective if and only if for every quasi-isomorphism
t: X — Y €C the chain map C(¢, A4) : €(Y,4) —»
C(X,A) is a quasi-isomorphism [13, Proposition
1.5]. Assume that each complex X € € has a right
K-injective resolution rx : X — Xi, that is, rx is
a quasi-isomorphism and Xi € Ob€ is K-injective.
Moreover, if X is K-injective, we assume that X7 = X
and rx = lx. By definition, C(rx, A) : s€(Y, A) —
sC(X, A), fs — (rx f)s, is a quasi-isomorphism. The
assumption is satisfied, when A has enough injectives
and € = C*(A), or when A = R-mod, or when O is
a sheaf of rings on a topological space, and A is the
category of sheaves of left O-modules, see [13].

Notice that if k is a field, then for
any chain complex of k-modules of the form
N = s€(Xo,X1) ® sC(X1,Xs) ®x -+ Rk
sC(X,—-1,Xpn), n = 0, X; € ObC, for any quasi-
isomorphism rx : X — Y, and for any K-injective
A € C the following chain map

u = Hom(N, C(rx, A)) :
Homj (N, s€(Y, A)) = Homy (N, s€(X, A)),

is a quasi-isomorphism (any k-module complex is
K-projective). Therefore, assuming that k is a field, we
may apply results of Section 11 to differential graded
category € = C or C*, and its full subcategories B =
= A(A) (resp. J = I(A), § = Al(A)) of acyclic (resp.
K-injective, acyclic K-injective) complexes. Denote by



e : J &—— C the full embedding. Starting with the
identity functor f = ide we get existence of g = ie
simultaneously with existence of a unital A, -functor
i : € = J — “injective resolution functor”, a natural
Ao-transformation r : id — ie : € — € (Propositions
11.1, 11.4). The said ¢, r are unique in the sense
of Proposition 11.2 and Corollary 11.3. Moreover,
while solving appropriate equations we will choose
the solutions

in = gn = idy, : s€(Xo, X1) @k - - Qk
®k sC(Xp—-1,Xn) = s€(Xo, Xn),

Tn =15 : 5€(Xo, X1) ®k - - ®x
®k $C(Xp—1, Xn) = s€(Xo, Xn),

if Xo, ..., X, are K-injective (recall that Xyi = X,
Xni = Xp).

Extending e, i to Aoo-functors between quotient
categories, we get a unital strict A.-embedding
(actually, a faithful differential graded functor) € :
D(J]|d) — D(€|B), which is injective on objects, and a
unital A-functor7 : D(€|B) — D(J|d). Let us prove
that these Ao -functors are quasi-inverse to each other.
First of all, ei = idy implies & = idp(g)5). Secondly,
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KATETOPIA A,-KATETOPIH I ITOXIJTHI KATETOPI{
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penwb. Busuaecmucs ghakmopramezopisn Ao-kamez2opii 3a noeHor niokamezopicio. 3euuatiny noxiony kamezopin
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