MinicTrepcTBO OCBiTH 1 HAaykn YKpaiHu
Hamionanbauit yaisepcurer « KneBo-Mormiasgucebka akaieMiss
DakysapTeT iHGOPMATUKY

Kadeapa maremaTrukn

MaricrepcbKa pobora

OCBITHI{l CTYIIHb — MaricTp

na remy: «ITEPAIIIITHI METOIN JIJI PO3B’A3AHHS 3AAY
OTITUMIBAIII 3 BUKOPUCTAHHAM METO/IY
MUCKPETHUX ®YHKIITOHAJBHUX YACTUHOK »

BukonaB: cTymeHT 2-r0 pOKY HaBUYAHHS,
CremniaabHoCTI

113 ITpuksrajina MaTeMaTuKa
Asjieenko Isan MakcumoBuy

Kepisuuk: [pias C. C.

KaHauaaT i3.-MaT. HAyK, CT. BUKJaJdad

Pernensent:

Maricrepcbka poboTa 3axuiieHa

3 OIIIHKOIO

Cexperap EK

(mimrmmc)

« » 20 p.

Kuis - 2025



Hamionanbuauit yaisepcurer « Knepo-MorumistHebKa akaieMiss

DakybTeT iHGOPMATUKN
Kadeapa maremarunkn
OcsiTHiil cTymiab MaricTpa
Cueniasbaicts 113 Ilpukiagna maTeMaTnka

OcsiTHBO-HAYKOBa Mporpama “[Ipuxirajna MmaTemarnka’

SATBEPI?KVIO
3aBigyBaud Kadeapm

44 2

20__ poky

3ABJIAHHS
JIJ1S1 MATICTEPCHKOT POBOTU CTYAEHTY

Apnieenko IBany MakcumoBuay

1. Tema poborm:  «Irepariiitni MeTo u JIs PO3B’d3aHHSA 3a/1a9 ONTUMIBAIII 3
BUKOPHUCTAHHSAM METOJLy JIMCKPETHUX (PYHKIIOHATLHIX YACTHHOK»

kepiBHuK poboru: JIpinb Cpitnana CepriiBHa, KaHgaujaaT ¢i3.-MaT. HayK, CT.
BUKJIa a1

3aTBEP/IZKEH] HAKA30M BUITOTO0 HABYAJIHLHOTO 3aKIaJLy

44 W

BiJI 20 poxky Ne

2. CTpok nomaHug CTYJAEeHTOM pOOOTH:

3. ILnan poboru:

1. AnaJi3 icHyounx iTepaliiifHuX MeTO/IiB ONTUMI3allil Ta X 3aCTOCYBaHb.
2. BuBdennsa meTomy auckpeTHUX (DYyHKIIOHATBHUX YACTUHOK.

3. Mojudikaliisi  iTepariifHoro Imiaxomy JJisi BHUPIMIEHHS 3a/ad4
IPOTHO3YBAHHS B YMOBAX HEBU3HAYEHOCTI.

4. Poszpobka mMareMaTudHol Mojiesii JiJis MPOTrHO3YyBaHHs ONTUMAaJILHOTO
HADOPYy TOBAPIB 3 ypaxyBaHHsIM €KOHOMITHIX MapaMeTpiB.

5. IIpoBejieHHST KOMIT'IOTEPHOIO MOJICIIOBaHHS JIJIsl BaJIiIallil pe3yJibTaTiB.
6. Amnajiz edeKTHBHOCTI PO3POOJIEHOTO MiJIXOAY IHMOPIBHSIHO 3 iHIIIMU

MeTOogaMM OITUMI3alil.



I'padik miaroroBKm maricrepcbkKoi podboTH A0 3aXUCTY

Tepmin aTa O3HANOMJIEHHS Ilinnuc nmaykosoro .
Nes/nm | IEPEJIIK POBIT P - ; A Y pnuitkn
BUKOHAHHS HayKOBOT'O KEPiBHUKA KepiBHUKA
Bubip temu, 3arBepmkenus i1 Ha 3acizanai kadeapn Ta 3aKpIlIeHHsT HayKOBOTO
KepiBHUKA.
1. P . . . . JKOBTEHE 16.10.2024
V3romKkeHuss KaJeHAApHOro rpadika MATOTOBKM MaricrepchbKol pobOTH.
O3zHaitfoMJIeHHS CTYIEHTa 3 KPUTEPisMU OIHIOBAHHS MaricTepchbKol poboTu.
9 BuBuenus mxkepes, JiTeparypu, MEepioAUYIHAX BUJIAHDb, HAYKOBUX IIyOJIiKaIliil, | KOBTEHb | 16.11.2024
’ 30ip Ta y3arajbHeHHs (DAKTIB, JAHUX. JINCTOIIA,T, T
CkilalaHHd  IJIaHy MaricTepcbkKol po0OTH Ta Y3TOMKEHHdA 13 HAYKOBUM
3. A Y P P ySroR Y JmCTOMA 92.11.2024
KEPIBHUKOM.
4 IlocranoBKa €KCIIEpUMEHTY, AaHAJi3 OTPHUMAHUX PE3YyJAbTaTiB HAYKOBOTO | JIMCTOIIA]T | 14.01.2025
’ JIOCJTIJI2KEHHSI. Gepe3eHn o
d. IIpomizkHMIT KOHTPOJIb BUKOHAHHS POOOTH. JIIOTUI 15.02.2025
Hamucana xsagidikamiiinol pobOTH B IIJIOM O3HAOMJIEHHA 31 IIEePIIUM .
6. . dixan o p t Y P ciuenn - Gepe3eHb 28.03.2025
BapiaHTOM HAYKOBOTO KEPIiBHUKA.
Poszain 1 .
A . . KBiTerD 04.04.2025
(mocranoBka mpobJIeME, TEOPETUIHI OCHOBH, OIJIZL JUTEPATYPHUX JKEPEI).
Poszain 2 .
A . KBiTeHD 15.04.2025
(aHAJITUYHO-JIOCTI THATIbKA, JACTHHA).
Poszain 3 .
A . KBiTeHb 26.04.2025
(TPOEKTHO-PEKOMEH IATIIfHA, JACTHHA).
IToBue 3aBepiennd Hanucanng Ksajidikamiinol podoru, opopMaeHHd 1T 3rigHo .
7. pu . bixan p » odbop a2 KBITE€Hb - TpaBeHb 25.05.2025
3 BUMOTAMU It TIOJaHHs Ha BiATYK HAYKOBOMY KEpiBHUKY.
ITomanna maricrepcbkol pobOTH JJIsI IIEPEeBIPKU IIMCHLMOBUX POOIT CTYACHTIB
8. - . P . P o P p .. p. A MOYATKOK IePBHSI 08.06.2025
HaYKMA na BignosignicTh BUMOram akaaeMidHol J00podecHOCTi.
9. [Tomamusa Ha 30BHIMIHIO peIeH3iio. IIOYATKOK YEPBHS 10.05.2025
IlizroroBka 0 3axucry Maricrepchbkol poboru Ha 3acimanni  Kadeapu:
10. 8 Ao s Y PER P . benp Jo 13 yepBHS 08.06.2025
HAIIMCAHHsI JOMOBiAi Ta BUTOTOBJIEHHS 1IIOCTPATUBHOTIO MaTepiaJIy.
IlinroroBka 10 3axucry Maricrepchbkol poboTHm Ha 3acimanHi Kadeapu:
11. A Ao Saxuety peoxol b . derpu: | 08 depsms 13.06.2025
HAIUCAHHs JOMOBi/Ii Ta BUTOTOBJIEHHS 1JTIOCTPATUBHOTO MaTepiaJIy.
Ilonanna Maricrepcbkol poboTu Ha Kade, 3 yciMa CyIPOBOKYIOYNMHA
12. 8 P p deapy 3y YHPOBOILRY 1o 08 uepBHS 08.06.2024
JIOKYMEHTAMHU.
. . . .. 3T1IHO 3 PO3KJIAIOM
13. [TyGmiunauit 3axucT mepes eK3aMeHAITHOI0 KOMICIE - P A 13.06.2025
poboru EK
I'padik ya3romxeno « » 2024 p.

Hayxosuit kepiBHIK

Bukonasers Maricrepcbkoi poboTn

(IIB)

(ITIB)




Contents
[List of symbols and abbreviations| 3
4
Introductionl 5
(1 Theoretical part | 10
(1.1 Analysis of existing iterative optimization methods . . . . . . . . . 10
1.2 SARIMAX (p,d,q) x (P, D,Q),, with exogenous regressors| 14
(1.3  Methodology for strategic porttolio optimization| . . . . . . . . .. 16
(1.4 Problem formulation for product assortment optimization| . . . . . 16
[1.5  The Discrete Functional Particle Method (DFPM)| . . . . . . . .. 18
|[Application to the Constrained Problem|. . . . . . . . ... . . .. 18
(1.6 A Hybrid methodology for strategic and tactical |
| assortment planning| . . . . . . ... ..o 20
[Demand forecasting with sateguards| . . . . . . . . .. ... . ... 22
[Seasonal adjustment|. . . . . . . .. ..o 22
[Application of business constraints/ . . . . . . . . . .. ... .. .. 22
2 Practical application and software implementation| 24
21 Datasetl. . . . . . . .. 24
[2.2  Program implementation| . . . . . . .. .. ... ... ... 27
[2.3  Strategic optimization stagel . . . . . . . . . ... ... L. 29
2.4 Tactical planning stage| . . . . . . ... ..o 30
2.0  Reporting and visualization|. . . . . . . . . .. ... ... 30
2.6 Analysisofresults| . . . . . . ... ... 31
[2.7 Aggregate performance analysis: the business impact| . . . . . . . . 33
[2.8 Operational cost analysis| . . . . . . . . . ... ... ... ... .. 33
|Conclusionl 35
IReferences| 37
[Appendix Al 38




List of symbols and abbreviations

ACF
ARIMA
CVaR
DFPM
IER

PACF
SARIMAX

SKU
UAH
MAPE
TO

Autocorrelation Function

Autoregressive Integrated Moving Average
Conditional Value at Risk

Discrete Functional Particle Method
Inventory Efficiency Ratio

Partial Autocorrelation Function

Seasonal AutoRegressive Integrated Moving Av-
erage with eXogenous regressors

Stock Keeping Unit
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Mean Absolute Percentage Error

Turnover (total sales revenue)

Matrix of sales quantities (dates x SKUs)
Matrix of sales revenue (turnover)

Matrix of end-of-month leftover value in UAH
Vector of assortment weights

Expected return vector (average revenues)
Risk (covariance) matrix of IER

Blending factor for hybrid portfolio

DFPM time step and damping coefficient



Abstract

This master’s thesis addresses the challenge of assortment planning in retail under
uncertain demand and operational constraints. It develops a hybrid methodology
that integrates SARIMAX time-series forecasting with the Discrete Functional
Particle Method (DFPM) for optimisation, enabling both strategic (long-term)
and tactical (monthly) decision support. Key elements include the preprocessing
of real sales and inventory data, construction of an Inventory Efficiency Ratio
as a risk metric, eigenvalue-guided tuning of DFPM parameters, and blending
of mathematically optimal weights with historical baselines. The framework is
implemented in Python and structured into theoretical foundations, practical ap-
plication, and performance analysis. The work contributes a flexible, data-driven
approach to improve assortment decisions in dynamically changing retail environ-

ments.

AHoTariga

[1s1 maricTepchbka podboTa MpucBsaUeHa 3a/1a4l IIaHyBaHHS ACOPTUMEHTY B PO3/IPIOHii
TOPTiBJIi 38 YMOB HEBU3HAUEHOCTI IIOIUTY Ta OllepalliiiHuX oOMexKeHb. Po3podsieHo
ribpuiHy MeTo010r110, sika moeanye dacosi psan SARIMAX s mporaosyBaHHs

3 MeTOJIOM JucKpeTHUX (yHKIioHaabHux dacTuHok (DFPM) misg onrumizari,
3a0e31eUyI0un MATPUMKY K CTpaTeridHux (JOBrOCTPOKOBUX), TaK 1 TAKTUIHUX
(romicstannx) pirmerb. OCHOBHI €JIEeMEHTH BKJTIOUAIOTH MOMEPETHI0 00POOKY peaTbHIX
JTAHUX 3 [MPOJIAKIB Ta 3amacis, moby10By Koedinienta edexrusrocti 3amacis (In-
ventory Efficiency Ratio) sik merpuku pusuky, Hasamrysants napamerpis DFPM
Ha OCHOBI CIIEKTPaJIbHUX BJIACTUBOCTEN MATPUILl PUBUKY Ta 00’ € HAHHSI MaTeMaTUIHO
ONTUMAJIBHUX Bar i3 iCTOPUYHUMU 0Oa30BUMHU IOKa3HMKaMU. PaMKoBMIT ITigxis
peastizoBano Ha Python i nojiseno na TeopeTndni 3acaju, MPakKTHIHY peaJIi3alliio
Ta aHaJIi3 Pe3y/IbTaTiB. 3alpOoIIOHOBAHUII ITiAXi 3a0e31euye alalTHBHY ONTHMIBAIII0
ACOPTUMEHTY Ha OCHOBI JAHWUX, IO J03BOJISIE€ ONEPATUBHO pearyBaTh Ha IIBUJIKI

3MIHU PUHKY.



Introduction

Relevance

Modern companies face immense pressure to accelerate and refine decisions related
to product assortment due to rapid changes and competition in the retail land-
scape. Today’s business and data constraints make traditional heuristic methods
inadequate. At the same time, the escalation of optimization theory and forecast-
ing enables the designing of robust and flexible intelligent systems for ancillary
decision-making systems.

The practical application of Markowitz (1952)) mean-variance portfolio theory
in retail has proved suboptimal. This stems from the divergence of 'risk’ in re-
tail compared to finance. Risk is not volatile pricing anymore; it is operational
inefficiencies, such as dormant capital in inventory.

In addition, simplistic demand forecasting can be narrow-sighted, overempha-
sizing short-term reactionary tactical shifts while sidelining overarching strategic
seasonality. Bridging the gap between business logic and mathematical optimiza-
tion requires integrated cross-functional approaches.

This thesis attempts to fill that gap by developing a new, multi-layered frame-
work for assortment optimization. Its relevance stems from creating a hybrid ap-
proach that combines iterative optimization using sophisticated algorithms with
prediction based on data and practical business heuristics. This research uses the
Discrete Functional Particle Method (DFPM) in retail. Also, it proposes a new
operational risk measure, the Inventory Efficiency Ratio, thus providing a more
helpful tool for retailers’ problems.

Creating such a model is crucial because it offers a route towards evidence-
based business intelligence that can lead to profound, measurable enhancements
in organizational productivity. This research directly addresses the urgent need to
enhance capital productivity while providing a competitive edge within a rigorous
environment by formulating a method to reduce the costs of holding stock while
increasing the stock turnover rate sharply.

The object of this research is the process of managing and optimizing
a product assortment within a retail business context. Specifically, the study

focuses on a real-world case involving a portfolio of products from the "Antistress



Toys" category, using historical data on sales, revenue, and inventory levels.
The subject of this research is the development and application of iterative

optimization methods for solving the assortment planning problem. This includes:

e The adaptation of the Discrete Functional Particle Method (DFPM) for a

retail-specific objective function based on operational risk.

e The creation of a hybrid strategic framework that balances mathematical

optimization with historical business data.

e The integration of forecasting models and business logic constraints to form

a comprehensive, multi-stage decision-making methodology.

Research aim and objectives

The aim of this research is to develop and validate a hybrid methodology for retail
assortment planning under uncertainty by integrating iterative optimization tech-
niques — particularly the Discrete Functional Particle Method (DFPM) — with
time series forecasting models, in order to improve the efficiency and robustness

of strategic and tactical decision-making.

Objectives:

e To review existing iterative optimization methods and their application in

unconstrained optimization problems.

e To study the Discrete Functional Particle Method (DFPM) and explore its

use in solving unconstrained optimization tasks.

e To adapt the iterative approach for effective demand forecasting under un-

certainty.

e To construct a mathematical model for forecasting the optimal product as-

sortment, incorporating key economic indicators.

e To implement a computational simulation to validate the proposed model

using real-world retail data.



e To analyze the performance of the developed approach in comparison with

alternative optimization techniques.

Research methods

This study links forecasting with optimisation to build a practical assortment-

planning tool. The work uses a compact five-step pipeline:

e Theory scan — a brief survey of iterative optimisation and time-series mod-
els to justify the choice of DFPM for optimisation and SARIMAX for fore-

casting.

e Data prep — reshaping raw sales / inventory tables to time-series format,

handling outliers and missing values.

e Demand forecast — 12-month ahead SARIMAX forecasts (with exogenous
drivers) for each SKU.

¢ Optimisation — DFPM minimises the covariance-based risk subject to rev-
enue and budget constraints; the result is blended with historical weights for

robustness.

e Application of business constraints — enforcing minimum and maxi-
mum weight bounds per category and re-normalising to ensure diversity and

feasibility in the final assortment plan.

All experiments are coded in Python 3.12 using NumPy, pandas, statsmodels,

and SciPy.

Scientific novelty

This research introduces a novel hybrid framework that seamlessly integrates
SARIMAX-based demand forecasting with the Discrete Functional Particle Method
(DFPM). This enables end-to-end strategic and tactical assortment planning un-
der uncertainty. By deriving DFPM’s step size (At) and damping coefficient

(n) from the spectral properties of the inventory-efficiency covariance matrix, the



method achieves rapid and stable convergence in practical settings. A new risk
metric—the Inventory Efficiency Ratio (IER), which combines leftover stock and
revenue into a unified covariance structure—is proposed and optimised directly
through DFPM. To guard against overly pessimistic forecasts, a forecast-floor
mechanism enforces a minimum bound relative to recent sales, ensuring that tac-
tical adjustments remain business-meaningful. Finally, this methodology is val-
idated on real Ukrainian retail data, demonstrating significant improvements in

inventory turnover and leftover reduction.

Dissemination of results

The core results of this master’s thesis were presented by Avdieienko| (2025) at
the XIIT All-Ukrainian scientific conference of young mathematicians, which took
place on May 9, 2025, in Kyiv. The presentation covered the development of
a framework that utilizes the Discrete Functional Particle Method (DFPM) to

optimize retail assortment planning under uncertainty.

Structure of the thesis

This thesis is organized into four main chapters, preceded by preliminary front
matter and followed by concluding remarks and references. It begins with the In-
troduction, which frames the problem of retail assortment planning under uncer-
tainty, motivates the integration of forecasting and optimization, and lays out the
research object and subject, aim and objectives, methods, and scientific novelty.
A brief note on the dissemination of results completes this chapter, establishing
the context and scope of the work.

The second chapter, the Theoretical Part, provides the mathematical and al-
gorithmic foundations. It opens with an overview of classical and modern itera-
tive optimization methods—gradient descent, quasi-Newton schemes, and particle-
based approaches—followed by a concise treatment of time-series models, partic-
ularly ARIMA and its seasonal extension SARIMAX with exogenous regressors.
Building on these foundations, the chapter formulates the product-assortment
problem as a constrained quadratic programme, introduces the Discrete Func-
tional Particle Method (DFPM) for its solution, and details how eigenvalue-based



tuning of DFPM parameters ensures stable convergence. Finally, it presents the
hybrid methodology that unites strategic (long-term) and tactical (monthly) plan-
ning by blending mathematically optimal weights with historical baselines and
seasonality adjustments.

In the third chapter, Practical Application and Software Implementation, the
focus shifts to data and code. It begins by describing the raw sales, inventory,
exogenous-metrics datasets, preprocessing steps—reshaping to time-series format,
outlier treatment, and construction of pivot matrices for revenue, quantity, and
the Inventory Efficiency Ratio. The chapter then outlines the Python imple-
mentation: SARIMAX forecasting (with auto-tuned orders and external drivers),
DFPM optimization, hybrid blending, and the application of business constraints.
It concludes with reporting and visualization tools, detailed analysis of results,
and an assessment of aggregate performance (turnover, leftovers, cost) and oper-
ational risk reduction.

The last chapter, titled Conclusion, compiles the main findings, considers
the limitations of the current methodology, and proposes directions for future
studies, including expanding the framework to encompass multi-category settings
or the inclusion of non-linear business constraints. This organization guarantees
a coherent flow from theoretical concepts to practical application and strategic

advice.
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1  Theoretical part

1.1 Analysis of existing iterative optimization methods

Optimizing a product assortment is a complicated task involving forecasting tech-
niques and advanced optimization methods. A strong theoretical foundation is
important to create a solid solution from the beginning. This chapter overviews
the primary iterative methods supporting this thesis’s methodology.

We will begin by examining classical approaches that form the building blocks
of our solution. This includes a review of Gradient Descent, which provides the
core principles for iteratively finding the minimum of an objective function. We
will also examine time series forecasting models, specifically the ARIMA model
and its powerful extension, SARIMAX. These methods are crucial for predicting

future product demand, a key input for any data-driven optimization in retail.

Gradient Descent

Gradient Descent is an iterative optimization algorithm used to find a local min-
imum of a differentiable function (Boyd and Vandenberghe| (2004a)). The core
idea is to continuously follow the path of the steepest descent by walking in the
negative direction of the slope of the objective function.

The process begins with an initial guess, (¥, and updates it iteratively using

the rule:
2D — (R . Vf(gc(/f))7

where:
e z(*) € R is the vector of variables (e.g., product quantities) at iteration k.
e ;. > (0 is the step size, controlling the magnitude of the update.

e Vf(z™) is the gradient of the objective function f at the point z*), which

indicates the direction of the function’s greatest rate of increase.

To apply this method to an assortment optimization problem, we first define
an objective function that models the total operational cost. This formulation

is inspired by the classic Newsvendor problem, which addresses decision-making
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under uncertainty (Arrow et al. (1951))). For a single product , the cost function

fi(z;) can be formulated as:

filw;) = Ci T — Di min{x;, di}; + sz max{0, z; — dib
Procurement Cost Revenue Holding Cost

where ¢; is the unit cost, p; is the selling price, h; is the holding cost for one unsold
unit, and d; is the forecasted demand for product .

A key requirement for Gradient Descent is a differentiable objective function.
The standard min and max functions are non-differentiable. To resolve this, we
use their smooth approximations, known as "soft-min" and "soft-max" (Goodfel-

low et al. (2016))), parameterized by a small € > 0:
min(a,b) = —eln(e”*+e %) and max(a,b) = e In(e¥c + 7).
e 3

This smoothing allows for the gradient computation for each product’s cost func-
tion, V fi(z;). The total objective function for the entire assortment is then the

sum of these individual functions,

n

Fla) = fila)

i=1
The iterative update step for the entire vector of quantities x can then be

written as:
g® ) = 28 g, VF(:(:(k)),

where the components of the total gradient VE(z*) are calculated based on
the partial derivatives of the soft-min and soft-max functions for each product.
The process terminates when a stopping criterion is met, such as the norm of the
gradient being sufficiently small, |VF ()| < 6.

The final continuous solution x* is then post-processed to meet practical re-
quirements, such as rounding to non-negative integer quantities (x; € Z") and

satisfying any overall budget constraints, for instance > ! ; ¢;x; < B.
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ARIMA (p,d, q)

The Autoregressive Integrated Moving Average (ARIMA) model, introduced by
Box et al.| (2015)), is a fundamental method for time series forecasting. It describes
the evolution of a variable based on its own past values and past forecast errors.
The model is defined by three key parameters: p, d, and q.

The ARIMA modelling procedure begins with the non-stationary time series
Ys, which must first be transformed through differencing to become stationary. A
stationary time series is characterized by its statistical properties, such as mean
and variance, which remain constant over time, unlike non-stationary time series.

This is accomplished through the application of a differencing operator (1 — B)<:
d
u” = (1-B)'y,

where:
e 1; is the value of the time series at time .
e B is the backshift operator, defined such that By, = y;_1.

e d is the order of differencing, representing the number of times the series is

differenced to achieve stationarity.

Once the series is stationary, its structure is modelled by the Autoregressive
(AR) and Moving Average (MA) parts. The complete ARIMA model is written
as:

o(B)y" = O(B)e,,

where ®(B) =1 — ¢1 B —--- — ¢, B? is the autoregressive polynomial of order
p, which models the dependency of the current value on p previous values of the
series. The term ©(B) = 1+60; B+ --- 46, B? is the moving average polynomial
of order ¢, modelling the dependency on ¢ previous forecast errors. Finally, &;
denotes the white noise error term at time ¢, which is generally presumed to be
independently and identically distributed with an average of zero and a constant
variance, specifically &, ~ N(0, 0?).

p

The model’s parameters, namely the autoregressive coefficients ¢ = {¢;} i1

the moving average coefficients 0 = {6;}{_,, and the error variance o2, are un-
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known and must be estimated from the data. This is typically done by maximizing
the log-likelihood function. Assuming Gaussian errors, the function is [Hamilton
(1994):

T 1
€(¢,0,U2) = -3 1n(27m — 2—2 et(, 0)

where T' is the number of observations and e4(¢, 0) are the residuals calculated
from the model’s equation.

Since this function is non-linear in its parameters, maximization is performed
iteratively using a numerical optimization algorithm. A common choice is a quasi-
Newton method (e.g., BEFGS), which uses information about the function’s curva-
ture to make more efficient steps (Nocedal and Wright|, 2006). The general form

of such an update at iteration m is:

(6,0,02) " = (¢,6,6>)™ — [H(¢,6,6%)] " V(6,6,0?),

where, H represents an approximation of the Hessian matrix (Boyd and Vanden-
berghe, 2004b)) of the log-likelihood function ¢. The Hessian matrix is a square
matrix formed by the second-order partial derivatives of a function, which char-
acterizes its local curvature. Utilizing this curvature information allows the algo-
rithm to converge more rapidly than methods that only use first-order gradient
information.

Once the optimal parameters have been identified, the model can be utilized
for forecasting. The one-step-ahead forecast, 97,1, is calculated based on the past

values of the series and the past forecast errors:
p q
Yri1 = Z O; yéﬁill_j + Z Oréri1-r  (after reversing the differencing).
— P

These forecasts can then be used as inputs for various decision-making models.
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1.2 SARIMAX (p,d,q) x (P, D,Q),, with exogenous regres-

SOrs

The Seasonal Autoregressive Integrated Moving Average with Exogenous Regres-
sors (SARIMAX) model is a powerful extension of the ARIMA framework, de-
signed to handle more complex time series data. It enhances the ARIMA model
by incorporating two crucial features: seasonality and the influence of external
explanatory variables Box et al.| (2015)).

The structural equation of the SARIMAX model is written as:

®(B)®,(B™) (1 - B)'(1—B™ y, = ©(B)O4(B") e + B' Xy,

where the components extend the ARIMA model as follows:

e &(B) and ©(B) are the non-seasonal autoregressive (AR) and moving average
(MA) polynomials of orders p and ¢, respectively, identical to those in the
ARIMA model.

e d,(B™) = 1—® B™ — ... — ®&p B™ is the seasonal AR polynomial of
order P. It models the dependency of the current value on observations from

previous Seasons.

¢ O,(B™) =1+60; B™—..-4+0 B™ is the seasonal MA polynomial of order

(2, which models the dependency on forecast errors from previous seasons.

e m is the seasonal period (e.g., m = 12 for monthly data, m = 4 for quarterly
data).

e D is the order of seasonal differencing, (1 — B™)”, used to remove seasonal

trends.

e X; € R¥ is a vector of K exogenous (external) regressors at time ¢. These
can include variables like marketing expenditures, promotional activities, hol-

idays, or macroeconomic indicators.

e 3 € R% is the vector of coefficients corresponding to the exogenous regressors,

quantifying their impact on the time series y;.
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The complete set of parameters to be estimated is:

\P:{qbl)"'agbp; 917"'79(]; @17"'7@]3; @17"'7@@; 67 02}7

where the orders (p,d,q) and (P, D, Q),, are typically determined beforehand
using diagnostic tools like the Autocorrelation Function (ACF) and Partial Au-
tocorrelation Function (PACF).

Similar to ARIMA, the parameters ¥ are estimated by maximizing the log-
likelihood function, which assumes the same form but now depends on the more
complex SARIMAX structure:

(W) = —%ln(%ra - %i( )

where the residuals &;(V) are derived from the main structural equation. Due
to the increased number of parameters, this optimization is almost always per-
formed iteratively. A common choice for this task is the Limited-Memory BFGS
(L-BFGS) algorithm, a quasi-Newton method well-suited for high-dimensional
problems Nocedal and Wright| (2006)). The update step is given by:

g+l — pk) H—l(\p(k)) vg(q;(k))’

where H~! is an efficient approximation of the inverse Hessian matrix.

Once the parameters have converged, the model can generate forecasts. The h-
step-ahead forecast ., incorporates all components of the model: non-seasonal,
seasonal, and exogenous. While the complete recursive formula is complex, its
structure includes terms for each polynomial and the future values of the exoge-

nous variables:
yr+n = f(past y, past €, seasonal lags, parameters ¥, and Xp.p).

Including seasonality and external factors makes SARIMAX a significantly more
powerful and flexible forecasting tool than a standard ARIMA, especially for
modelling real-world business processes like retail sales, which are often subject

to cyclical patterns and external influences.
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1.3 Methodology for strategic portfolio optimization

The foundation of this study lies in creating a multi-phase methodology for identi-
fying the most effective strategic distribution of resources among various product
categories. This method employs an advanced iterative optimization technique
known as the Discrete Functional Particle Method (DFPM). However, it modifies
and incorporates it within a broader framework that guarantees both the consis-
tency and real-world applicability of the outcomes. This section elaborates on the
mathematical formulation of the issue and the particular execution of the solution

approach.

1.4 Problem formulation for product assortment optimiza-
tion

We begin by formulating the optimization problem based on the principles of
modern portfolio theory but adapted for the specific context of retail management.
We consider a category consisting of k products. Let d; = (dy;, .. .,dki)T be
the k-dimensional vector of observed sales quantities for these products at time
t=1,..., N. We assume the second moment of d; is finite.

Let w = (wy,...,w)T be the vector of weights for each product in the cate-
gory, where w; denotes the share of jth product. We define 1 € R* as the vector
of ones.

A key distinction of our approach is how we define "risk" and "return." Unlike
in financial markets, where risk is typically the volatility of asset prices, we define

it in operational terms.

e Return Vector u: The vector i € R¥ represents the expected return for

each category, which we define as the historical average revenue.

e Risk Matrix ¥: The matrix ¥ € R¥** represents the operational risk. It is
defined as the covariance matrix of the Inventory Efficiency Ratio (F;(?)).

This ratio, calculated for each category i at each time period ¢ as:

Ei(t) Value of Leftovers;(t)

Revenue; (t)
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A high value indicates operational inefficiency. Therefore, ¥ models the

volatility and interplay of these operational inefficiencies across categories.

With these definitions, we formulate the following mean-variance-style opti-

mization problem for the assortment:

min w! Tw st wll=1, wlp=q, (1)

where ¢ is the target expected revenue for the portfolio. The objective function
wT¥ w now represents the variance (risk) of the entire portfolio’s operational
efficiency. The constraint w?1 = 1 ensures that the weights are fully allocated,
and w”p = ¢ enforces that the expected aggregate revenue meets a specified
target level.

If X is positive definite, the solution to is unique and can be written in

closed form as:

_ C—-qB gA—B
_AC—B2E 1+AG—B2

w >, (2)

where

A=1Tyx"11, B=1"y"1y, C=p"2 L

If ¥ is singular (for instance, when k& > N or when the efficiency ratios of
some products are perfectly collinear), then admits infinitely many solutions.
Following the approach of Pappas et al. [Pappas et al.| (2010), one can select a
unique solution by replacing the standard inverse Y ~! with the Moore Penrose

pseudoinverse X . This yields the minimal Euclidean norm allocation:

C—qB gA—B
“dc-mi Yt acompE e (3)

w

with the scalars A, B, and C recalculated using 7.
In real-world applications, both p and > must be estimated from historical

observations. The standard sample estimators are used:

N
1 - 1 Z
A:_E . Z:— S — e '—_T 4
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where p; is the vector of revenues at time i, and e; is the vector of inventory
efficiency ratios at time 7. When the number of products k exceeds the number
of observations IV, the sample covariance matrix 3 will be singular, necessitating
the use of methods robust to this condition, such as the iterative DFPM method,

which is the focus of this work.

1.5 The Discrete Functional Particle Method (DFPM)

To solve the constrained quadratic optimization problem formulated in the pre-
vious section, we employ the Discrete Functional Particle Method (DFPM), de-
scribed by Gulliksson and Mazur| (2020). This iterative method is particularly
well-suited for problems where the risk matrix 3 may be singular or ill-conditioned.

The core idea of DFPM is to find the minimum of a convex function V' (u) by
treating it as a potential field for a physical system. The minimum of the function
corresponds to the stationary point of a damped dynamical system, described by

the second-order differential equation Bégout et al.| (2015):
i(0) +na(t) = ~VV(u(t),  n>0, (5)

where @ and 1 are the first and second time derivatives of the position vector wu,

and 7 is a damping coefficient.

Application to the Constrained Problem

Our main optimization problem is constrained:

min %wT Yw s.t. Bw = ¢, (6)
weR

where Y is the operational risk matrix, and the constraints are given by:

17 1
B = e R c= e R2.
,LLT ,Utarget
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To apply DFPM, we first eliminate the linear constraints by parameterizing the

solution vector w. Any feasible w that satisfies Bw = ¢ can be written as:
w = Zu + g, ue RF2, (7)

where:
e g = BT(BBT) !¢ is a particular solution to the constraint system.

o 7 c RF*(=2) ig a matrix whose columns form an orthonormal basis for the

null space (kernel) of B, meaning BZ = 0.
e 1 is a new vector of variables in a lower-dimensional, unconstrained space.

Substituting this parameterization into the objective function yields an equiv-

alent unconstrained problem in terms of w:

(Zu+g)" 2 (Zu + g).

N[ —

min  P(u) =
u€R*—2

Expanding this expression and ignoring constant terms (which do not affect the

position of the minimum), we obtain the function to be minimized:

min 2u' (Z'82)u + (Z729)" w. (8)

ucRk -2 2

Let us define M = Z'SZ and d = Z"3g. The problem then simplifies to

minimizing the potential V' (u):
Vi) =3iu"Mu + d"u (9)

The gradient of this potential is VV' (u) = Mu + d. The corresponding damped

dynamical system is:
u(t) +nu(t) = —(Mu(t) +d). (10)

To solve this numerically, we introduce the velocity v(t) = u(t) and apply the
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iterative symplectic Euler scheme with a time step At:

Vg1 = (I — Atn) vy — At (Muy, + d), (11)
Uk+1 = Uk + At Vka1- (12)

This system of equations is precisely what is implemented in the dfpm function
in the accompanying code, where d corresponds to the variable d_vec. The process
is initialized (typically with ug = 0,99 = 0) and iterated until convergence. Once
the optimal u* is found, the final weight vector is reconstructed as:

w; =Zu" +g.

optimal

Selection of At and 7

The efficiency of the DFPM solver critically depends on the choice of the step size
At and the damping coefficient n. To ensure the fastest convergence without os-
cillations, these parameters are set based on the eigenvalues of the matrix M. Let
the smallest positive and largest eigenvalues of M be A, and M.y, respectively.

The optimal parameters are given by:

2 )\min )\max
= y = 2 .
V >\min + V )\max K V /\min + V >\max

This choice guarantees that the spectral radius of the iteration matrix is mini-

At

(13)

mized, leading to the most efficient convergence of the method.

1.6 A Hybrid methodology for strategic and tactical

assortment planning

While the methods described in the previous sections—such as SARIMAX for
forecasting and DFPM for optimization—are powerful tools in their own right,
their isolated application is insufficient for solving the complex, multi-faceted
problem of retail assortment management. A purely statistical forecast may ignore
long-term strategic goals, while a pure mathematical optimization can yield results

that are unstable and impractical for implementation.
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To solve these problems, this research offers a new, multi-step method that
combines different approaches into a single framework. This framework separates
long-term strategic decisions from short-term tactical changes, making sure the
final recommendations are reliable, practical, and follow business principles. The

process has two main stages: Strategic Optimization and Tactical Planning.

Stage 1: Strategic optimization with a hybrid approach

The goal of the strategic stage is to determine a single, stable vector of founda-
tional weights, Wtratesic, that reflects a balanced view of historical performance
and optimized risk. The output of the DFPM solver might lead to aggressive and
volatile solutions, where categories with significant sales history might be assigned
near-zero weights. To mitigate this, we use a Hybrid Strategy.

This Strategy blends the 'pure’ mathematical optimum with a baseline port-

folio that represents established business experience.

1. Base Portfolio (Wpase): This portfolio’s weights are determined by the
historical revenue share of each category over the analysis window (T}, typ-
ically 24 months). It represents the ’as-is’ strategy, acknowledging historically

successful categories.

ZtTilt Py
k T; ist ’
Zj:l Ztilf Pjt

base,i —

where Pj; is the revenue of category ¢ at time ¢.

2. Optimal Portfolio (Woptima1): This is the portfolio calculated by the
DFPM, as described in Section [I.5] It is the solution to the problem of min-

imizing operational risk for a given target return, based on historical data.

3. Strategic Hybrid Portfolio (Wstrategic): The final strategic weights are a
weighted average of the base and optimal portfolios, controlled by a blending

factor v € [0, 1], which acts as a "confidence" parameter:

Wstrategic =Q- Wbase + (1 - CV) : Woptimal- (14)
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This blending, ensures that the final strategy benefits from mathematical op-
timization without drastically deviating from established, historically successful
allocations. This Wigratesic vector serves as the foundational input for the next

stage.

Stage 2: Tactical planning for future periods

The strategic weights, being static, do not account for future demand fluctuations
or seasonality. The tactical planning stage adapts this long-term strategy to
the specific conditions of each of the upcoming H forecast periods (typically 12

months).

Demand forecasting with safeguards

First, a demand forecast for each category, @Qf;, is generated for the next H
months using the SARIMAX model, as detailed in Section [I.2] A forecast floor
is applied to prevent overly pessimistic statistical forecasts from unrealistically
diminishing the prospects of historically strong categories. The final forecast for
each category cannot be lower than a certain percentage (Yaoor, €.8., 50%) of its

average sales over the last 12 months.

Seasonal adjustment

To account for predictable cyclical demand, a historical seasonal index, S;,, is
calculated for each category i and each month m € {1,...,12}. The strategic

weights are then modulated by this index to produce a time-varying seasonal plan:

Wseasonal,i (t) - Wstrategic,i ’ Si,m(t)a

where m(t) is the month corresponding to time period t. The resulting weights
are then re-normalized to sum to 1 for each period.
Application of business constraints

Finally, hard business constraints are applied to ensure the practical feasibility of

the assortment plan. The weight for each category in each future period, w;(t),
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must lie within a predefined range:
Wmin S W; (t) S Wmax-

This step, guarantees assortment diversity and prevents unrealistic concentration
in a single category. The weights are re-normalized one last time to produce the
final, actionable plan, Wiy

This multi-stage methodology transforms the raw output of an advanced op-
timization algorithm into a practical, robust, and strategically sound plan for

managing a product assortment.
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2 Practical application and software implementa-

tion
2.1 Dataset

Dataset description

The dataset used in this thesis was provided by a Ukrainian retail company and
contains historical sales and inventory data. The data spans a period from January
2019 to June 2023, inclusive, and covers a wide range of products.

The dataset consists of three primary files, each structured in a 'wide’ format
where rows represent individual products (SKUs) and columns represent monthly
data points. All three files share an identical structure, containing 4202 rows
(SKUs) and 55 columns.

The three files are:

1. Sales_UAH.x1sx: This file contains the monthly turnover data for each prod-

uct.

e Rows: 4202 SKUs, where each row corresponds to a specific product.

e Columns: 55 columns. The first column contains the product name
(SKU identifier), and the subsequent 54 columns represent each month
from January 2019 to June 2023. The values in these columns are the
total turnover in Ukrainian Hryvnia (UAH) for the corresponding product

and month.

2. Sales_Qty.x1lsx: This file contains the monthly sales volume data for each

product.

e Rows: 4202 SKUs, identical to the turnover file.

e Columns: 55 columns, with the same structure. The values represent

the total number of units sold for the corresponding product and month.

3. Leftovers_Qty.x1lsx: This file contains data on the end-of-month inventory

levels for each product.
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e Rows: 4202 SKUs, identical to the other files.

e Columns: 55 columns, with the same structure. The values represent
the quantity of leftover units for the corresponding product at the end of

each month.

4. Antistress_Metrics.x1lsx: This file provides external factors (exogenous
variables) that are used to improve the accuracy of demand forecasting. It
contains aggregated metrics for the product category under analysis. The key

metrics used in this work are:

e Stores_With_Stock: The number of stores where at least one item from

the category was in stock during the month.

e Cheques_Count: The total number of transactions (checks) that included

at least one item from the category during the month.

It is important to note that the raw dataset contains certain records for which
all monthly data points are zero or missing. Therefore, a pre-processing stage is

necessary to clean and prepare the data for analysis.

Data pre-processing

The raw dataset mentioned earlier is organized in a 'wide’ format, where each row
represents a product and each column corresponds to a month. While this format
is useful for data storage, it does not work well for time series analysis, which re-
quires a ’'long’ format. In this format, each row accounts for a single observation
related to a specific product at a particular time. To address this, a pre-processing
stage was conducted to transform and consolidate the data from three source
files—Sales_UAH.x1lsx, Sales_Qty.xlsx, and Leftovers_Qty.xlsx—into a uni-
fied dataset that is ready for analysis.

The pre-processing pipeline consists of two main steps: data transformation

(melting) and merging.

Step 1: Data transformation from wide to long format

A dedicated function, read_and_melt, was developed to handle the transforma-

tion for each of the three files. This function performs the following operations:
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1. Reading the data: The function reads an Excel file into a pandas DataFrame.
The first column, containing product identifiers, is programmatically renamed

to ’Category’.

2. Identifying date columns: A key challenge is that column headers for
dates may have inconsistent formatting. To handle this, a regular expression
(r"\d{4}-\d{2}") is used to robustly identify all columns that represent a
month in the YYYY-MM format.

3. Melting the DataFrame: The core transformation is performed using the
pandas melt function. This operation unpivots the DataFrame from a wide
format to a long format. The ’Category’ column is kept as an identifier
variable, while all the date columns are converted from columns into rows.
This results in a new table with three essential columns: ’Category’, ’Date’,

and a value column (e.g., >Sales_Qty’).

This process is applied independently to each of the three source files, resulting in
three separate DataFrames (df _sales_qty, df _sales_uah, df _leftovers), all

sharing a common long-format structure.

Step 2: Merging and finalization

After transforming each file, the three DataFrames are merged into a single, uni-
fied dataset.

1. Merging: The merge operation is performed sequentially using the pandas
merge function. The ’Category’ and ’Date’ columns serve as the composite
key for joining the tables. An outer join strategy is employed to ensure that
no data is lost; if a record for a specific product and date exists in one file
but not another, it is still included in the final dataset, with missing values

represented as NaN.

2. Finalization: The columns of the merged DataFrame are reordered for clar-
ity. Finally, the entire dataset is sorted by ’Category’ and then by ’Date’

to create a chronologically ordered time series for each product.
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The resulting DataFrame contains five columns: ’Category’, Date’, *Sales_Qty’,
’Sales_UAH’, and ’Leftovers_Qty’. This clean, long-format dataset is then
saved to a new file, Merged_Table.x1sx, and serves as the primary input for all

subsequent analysis, forecasting, and optimization tasks described in this thesis.

Step 3: Data selection for case study

Given the large number of SKUs in the full dataset, a specific product category was
selected for a more focused case study. The “Antistress Toys” category was chosen
for this purpose. This subset initially contained data for 11 distinct products.
Upon preliminary analysis, it was discovered that two of these products had no
sales or inventory data (i.e., all corresponding values were zero) across the entire
historical period. These two SKUs were subsequently removed from the dataset.

The final, clean dataset used for the main analysis in this work therefore
consists of 9 products from the “Antistress Toys” category. This filtered dataset
was saved to a new file, data_antistress.xlsx, to streamline the subsequent

modeling and optimization stages.

2.2 Program implementation

To practically implement the multi-stage methodology for assortment optimiza-
tion described in the previous chapters, a program was developed using the Python
programming language. The implementation relies on a set of powerful libraries
for data analysis, numerical computation, and visualization, most notably pandas
for data manipulation, NumPy and SciPy for mathematical operations, pmdarima
and statsmodels for time series forecasting, and Matplotlib for plotting the
results.

The entire logic is encapsulated within a single script, structured into func-
tional blocks responsible for data loading, pre-processing, optimization, forecast-

ing, and reporting.

Global configuration and main components

The script’s behavior is controlled by a global configuration dictionary named

CFG. This allows for flexible experimentation by adjusting key parameters without
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altering the main codebase. The main components of the implementation are a

series of functions that logically follow the stages of the developed methodology.

Data loading

The initial stage involves preparing the raw data for analysis. This is handled by

a set of dedicated functions:

e load_data(path): This function reads the primary dataset (data_antistress.xls:
into a pandas DataFrame, converts the date column to the correct datetime

format, and sorts the data chronologically.

e load_metrics(path): This function loads the file with exogenous variables
(Antistress_Metrics_Wide.x1sx), sets the date as the index, and prepares

the data for use in the forecasting model.

e prepare_dataframes(df): This is a crucial function that takes the "long"
format data and transforms it into "wide" format pivot tables, which are
essential for time series analysis and risk calculation. It generates several key

DataFrames:
— Q: A matrix of sales quantities, where rows are dates and columns are
product categories.
— P: A matrix of sales revenue (turnover).
— L_UAH: A matrix representing the value of leftovers in UAH.

— Efficiency_Ratio: A matrix calculated as L_UAH / P, which serves as
the primary input for the operational risk calculation. Outliers in this

ratio are clipped at the 95th percentile to ensure model stability:.

— Turnover_Rate: A matrix calculated as

P
)
Lyuan,

Turnover_Rate;; =

representing the ratio of revenue to leftover value for each category 7 at

time t.
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2.3 Strategic optimization stage

This is the core of the model, where the long-term strategic weights are deter-

mined. This process is executed within the main function.

1. Historical window selection: The model first selects a historical period

for analysis, defined by the WINDOW_SIGMA parameter (typically 24 months).

2. Base portfolio calculation (Wp,s.): The weights of the baseline portfolio
are calculated based on the total revenue share of each category within this

historical window. This represents the "as-is" strategy.

3. Risk matrix calculation (Xj;s): The calculate_sigma function is called.
Based on the OBJECTIVE Setting(e.g.7 ’INVENTORY_EFFICIENCY’% it com-
putes the covariance matrix of the corresponding metric (the ‘Efficiency Ratio*
DataFrame) over the historical window. This matrix represents the opera-

tional risk.
4. Optimal portfolio calculation (W,utimar):

e First, the expected return vector (fps¢) and the target return (parger) are

determined.

e Then, the constraint matrices B and c are formed using

build_constraints_for_target.

e Finally, the dfpm function is executed. It takes the risk matrix ;s and
the constraints as input and returns the vector of mathematically optimal
weights, Woprimar, that minimizes the risk for the given return target.
The implementation precisely follows the iterative logic of the damped

dynamical system described in the theoretical section.

5. Hybrid strategy formulation (W qtegic): The final strategic weights are
calculated by blending the base and optimal portfolios using the BLENDING_FACTOR
(@), as per the formula Wityategic = - Wigse + (1 — ) - Woptimar. This provides

a balanced and robust strategic recommendation.
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2.4 Tactical planning stage

This stage adapts the static strategic weights to the dynamic conditions of the

upcoming 12 months.

1. Demand forecasting (_forecast_one)

e For each product category, a separate time series forecast is generated for

the next H months.

e The implementation uses the pmdarima.auto_arima function, which au-
tomatically selects the best SARIMAX model parameters based on the

data. It also incorporates the exogenous variables specified in EX0G_COLS.

e A "forecast floor" is applied: the predicted sales quantity for any cate-
gory cannot fall below a certain percentage (FORECAST_FLOOR_FACTOR)
of its average sales from the previous year. This acts as a business logic

safeguard against overly pessimistic forecasts.

2. Seasonal adjustment: A historical seasonal index is calculated by averaging
sales for each month of the year. The static W_strategic vector is then
multiplied by the corresponding monthly index to produce a time-varying

plan, W_final_seasonal.

3. Applying business constraints: The apply_business_constraints func-
tion ensures that the weights in the final plan adhere to the predefined
MIN_WEIGHT_PER_CAT and MAX_WEIGHT_PER_CAT limits, guaranteecing a di-

versified and realistic assortment.

2.5 Reporting and visualization

The final block of the script is dedicated to presenting the results in an inter-

pretable format.

e A detailed summary table is printed to the console, comparing various his-

torical and forecasted metrics ("Was-Became" analysis).

e An aggregate performance block shows the overall change in key business

indicators: total turnover, value of leftovers, and inventory turnover.
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e A risk comparison block quantifies the effectiveness of the optimization by

comparing the risk of the base, optimal, and final strategic portfolios.

e A stacked bar chart is generated using Matplotlib, visually representing the

historical and forecasted portfolio composition over time.

This comprehensive implementation transforms the theoretical methodology into

a practical and configurable tool for strategic decision-making in retail.

2.6 Analysis of results

This section presents and analyzes the results obtained from applying the de-
veloped hybrid methodology to the retail dataset. The analysis is structured to
evaluate the model’s effectiveness from three perspectives: the strategic alloca-
tion of weights, the impact on aggregate operational metrics, and the quantitative

change in operational risk.

Strategic weight allocation: a comparison of approaches

The first block of results is a summary table that compares the weights derived
from different strategies. This allows for a detailed examination of how the final

recommendation is formed.

Table 2.1: Comparison of Strategic Weight Allocation (in %)

Category ID Hist. Last 12m Optimal (DFPM) Strategic (Hybrid) Final Avg.

1.1 4.1% 2.0% 2.2% 2.3%
1.2 56.4% 43.1% 42.7% 43.0%
1.3 3.9% 6.8% 6.6% 6.7%
1.4 0.4% 0.0% 0.2% 0.2%
1.5 0.4% 0.9% 1.2% 1.3%
1.6 10.6% 10.2% 10.6% 11.0%
1.7 3.6% 3.6% 3.6% 3.9%
1.8 9.8% 16.8% 16.4% 15.7%

1.9 10.9% 16.7% 16.6% 16.1%
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Weights distribution (Strategy + Seasonslity + Constraints) | Goal: OPERATIONAL_COST
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Figure 2.1: Historical monthly weights vs Optimized and forecasted monthly
weights distribution for 12 month

e w_Hist_Last12: This column represents the actual weight distribution based

on revenue from the last 12 months. It serves as our baseline, showing a
clear market leader in category 1.2 (56.4%) and several other significant

contributors.

w_Optimal: Thisis the "pure" mathematical solution generated by the DFPM
algorithm. We can observe its aggressive nature: it completely eliminates cat-
egory 1.4 and significantly increases the weight of categories it deems most
efficient (e.g., 1.8, 1.9). While mathematically optimal, such a strategy is

often too radical for practical implementation.

w_Strategic: This column presents the result of our hybrid strategy, which
blends the historical baseline with the DFPM optimum using a 20/80 ra-
tio (20% of historical /80% of DFPM). The effect is immediately apparent:
the zeroed-out category 1.4 is reinstated with a small but non-zero weight
(0.15%), and the weights of other categories are moderated, resulting in a

more balanced and robust strategic plan.

e w_Final_Avg: This shows the average weights of the final tactical plan af-

ter applying seasonal adjustments with SARIMAX and business constraints
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(min/max limits). This is the most practical and realistic representation of

the recommended assortment structure over the next 12 months.

2.7 Aggregate performance analysis: the business impact

The following block summarizes the overall "before and after" effect of imple-

menting the proposed strategy.

Metric Before After
Total turnover (UAH) 54,784,003 | 44,614,922
Avg. monthly leftovers (UAH) | 8,085,476 | 2,341,732
Overall turnover rate 6.78 19.05

Table 2.2: Performance metrics before and after implementing the strategy

This output highlights the main value proposition of the model.

e Enhanced operational efficiency: the most notable outcome is the sub-
stantial enhancement in inventory management. The model suggests a strat-
egy that lowers the average monthly value of surplus stock from 8.1 million

UAH to 2.3 million UAH. This creates an additional 6 million UAH in

available working capital.

e Increased inventory turnover: consequently, the overall turnover rate
skyrockets from 6.78 to 19.05, an almost threefold increase. This indicates
that products will sell much faster relative to the inventory held, a sign of a

highly efficient and healthy retail operation.

e Realistic turnover forecast: the projected total turnover is lower than
the historical one. As discussed previously, this is not a model failure but
rather a realistic forecast generated by the SARIMAX component, which
likely detected a general downward trend in the market for this category.

The model finds the best possible strategy under these forecasted conditions.

2.8 Operational cost analysis

This final block provides a quantitative assessment of the model’s primary ob-

jective: managing operational costs, defined as the volatility of the inventory
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efficiency ratio.

Metric Value
Base portfolio cost (last 12m) | 0.73
Final hybrid strategy cost 0.55
Change -24.9%

Table 2.3: Operational cost comparison (last 12 months)

The analysis of this table reveals a crucial insight.

The Key Finding: The main finding shows that over the past 12 months, a
newly developed strategy, based on 24 months of historical data, led to a signifi-
cant 24.91% reduction in operational costs compared to the baseline. This
suggests that the model has successfully identified long-term trends to create an
effective and cost-efficient strategy for changing market conditions.

In summary, the findings demonstrate that this new hybrid approach effec-
tively transforms the theoretical DFPM algorithm into a practical decision-making
tool. It offers a balanced strategy that greatly improves operational efficiency and

is more effective at controlling costs than using a simple historical method.
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Conclusion

This thesis set out to develop and validate a hybrid framework for retail as-
sortment planning that couples SARIMAX-based demand forecasting with the
Discrete Functional Particle Method (DFPM) for optimisation under uncertainty.
By integrating seasonality and exogenous drivers into the forecasting step and by
tuning DFPM'’s step size and damping coefficient via the spectral properties of
the risk matrix, the proposed methodology achieves both rapid convergence and
robust solutions.

Applied to a real “Antistress Toys” dataset from a Ukrainian retailer, the
framework generated a strategic portfolio that reduced operational risk by nearly
25% compared to the historical baseline while simultaneously more than tripling
inventory turnover. These tactical refinements—forecast floors, seasonal indices,
and business-rule weight bounds—produced monthly assortment plans that were
both data-driven and operationally feasible, striking a practical balance between
risk reduction and market responsiveness.

Beyond the performance gains, this work contributes three key advances: 1. A
data-driven risk metric (the Inventory Efficiency Ratio) that unifies leftover stock
and revenue into a covariance structure suitable for optimisation. 2. Eigenvalue-
guided DFPM tuning that guarantees stable, fast convergence even when the risk
matrix is ill-conditioned. 3. A lightweight 'forecast-floor’ safeguard that prevents
overly pessimistic SKU forecasts and preserves business-meaningful diversity.

Looking forward, there are several promising extensions to this work. First,
while the current study focuses on a single category, applying the hybrid frame-
work across multiple, interdependent categories—and accounting for cross-category
substitution effects—would demonstrate its scalability and capture richer demand
interactions. Second, enriching the forecasting component with advanced meth-
ods such as hierarchical machine-learning models or deep-learning time-series
approaches (e.g., LSTM) could boost predictive accuracy. Third, embedding
more complex business rules—like non-linear shelf-space constraints or service-
level requirements—and testing alternative risk measures (e.g., Conditional Value
at Risk(Rockafellar and Uryasev, 2000) or maximum drawdown) would enhance

the framework’s flexibility. Finally, integrating real-time data streams and online
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learning techniques could enable continuous, automated assortment optimisation
in rapidly changing market environments.

In summary, this thesis demonstrates that tightly coupling advanced fore-
casting and optimisation methods yields actionable, measurable improvements in
assortment planning. The hybrid framework offers practitioners a flexible, re-
producible decision-support tool, while opening avenues for future extensions in

multi-category and non-linear retail settings.
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Appendix A

ITEPALIIITHI METOIN J1JI8 PO3B I3AHHS 3ATAY
OOTHUMIZAILII 3 BHKOPUCTAHHSAM METOIY
JACKPETHHUX ®VHKIIIOHAJTBHUX YACTHHOK

LM, ABTEEHKO

Beryn, Merog auckperanx dyvukmionansanx sactuuor (DFPM, Discrete
Functional Particle Method) € edexrusanm iTepamiiinm niaxomom s pos-
B'H3AHHA 3884 HeoOysmosaeHol onramizani. Bin Dasyerses na ananisi saTy-
XAIOMUY IHHAMPMHEX CHCOTEM IPVIOro DOPSIKY, 10 J03HOMISE YHEKATH 0DMe-
MEHE, HOB A3AHNX i3 BUPOIACHICTIO 330a% ab0 CHRrYINPHICTIO KoBaplamiiieol
MATPHIL.

DFPM sae nokasas ceow edpekTHBHICTE v (hiHAHCOBOMY MOAETIOBAHHI,
FOKPEMA B 3ATAUAN OITHMATLHOrO BRGORY noprdens aKTHRIB ¥ BHIAIKY CHH-
ryaspaol kopapianiiinol maTpui L, 1m0 9acTo BHHEKAE Mps Maiifl KibroeTi
crnocrepeskens abo Bucokill KomiHeapHOCT] AKTHEBIB.

Y aamiit pobori ueit meron Dvae BUKOpRCTAHME U8 po3s sw3aHHs 3880
HPOTHO3YBAREA ONTHMAJILHOMD TOBAPHOIO HADOPY U1 NEEHOI KATEropil B Me-
pexi marasnnis. Taxa 3aaaqa 3B0IHTLCR 10 3a0a%0 Migisizanil chyvaxmionany,
mo Bigodparmae CYKYIHIH UporHo3opannii pusuy (HADPHEIAM, BLICYVTHICTE
npogaxis abo srpatn nopubyTky) 3 ypaxyBaHHsM psy obumemens (cesop-
HICTE, nomnT, HHyEeT, HANBHICTE TOBAPIE TOWO).

Hepesara DFPM noasrae B8 3aataocti eheKTHBHO UPAIBOBATH 3 He1o00-
VMOBICHHMI MOIETAME, SKI BEIHMAIOTE BHCOKY POSMIPHICTL, HPOMyUIeH] 14-
Hi Ta kopeasosadi hakropu. e nossonse sacrocosysarn DFPM v npaxru-
HHX CHCTEMAX DLITPHMEHR plineds ¥ cchepl Toprisal Ta JoricTuky, ge zeobxi-
auo chopaysaT Halikpanpi pabip Tosapis, azanToBaHuil 10 PHHKOBHEX ¥ MOE.

Hocranoska 3agaul qas TopapHoro nabopy A8 nesHol kateropil.
Posrasimemo knaceany sagaay snbopy noprdwens 3 & gareropiil 3 sinisizani-
€10 PU3HKY!

]:L:I;l.l witw zaymos wil=1 wipu=g (1)
ae p € BY — gexrop cepemnix npubyrrosocreit, ¥ € R**F — gopapianifina
marpmn, w € BY — gexrop sar komeol kaveropii, ¢ — 3agama ouikyeana
JToxiHICTh.

V munaaxy cnuryvaspaol B, sagaua (1) oTae BrpomsKenon, 1 Kl sme-
TOMN HE JAKTH €HHON0 PO3RSHIKY. ¥ TAKHX YMOBAX 34CTOCOBY T ITepaniiini
pervaAprEaiing migxo.
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X1 Beovepaiucnsa nayionn koudiopeiiin sioiogias Marossrikiy

Meron DFPM sk niaxia qo perynspusauii. DFPM pose'save sagauy:
IFEHREFI‘ V {I.l]l.
BHEOPHCTOEVIONH IHHAMIMHY CHCTEMY JIPYVIOro NOPHIKy:
u(t) +mquit) = =VV(u(t)), >0
Hucensna peanizanis 30ifCHIOETEC 30 1000MON00 CHMITIEETHMHIN MEeTO1E

(manpuriaan, Euler abo Verlet), mo sabesnenyirs crafiasuicTs T mBILIKY
30LKHICTE METOLY.

JIITEPATYPA

[1] Gulliksson M., Mazur 5. An lterotive Approach o [-Conditioned Oplanal Porifoelio
Selection. Computational Economics, 2020, 56773704

[2] Gulliksson M., Karlsson M., Lindskog F. A damped dynemic systerms approach for
solving al-conditioned opfimization problems. Journal of Computational and Applied
Mathematics, 2019, 363 352-363.

[3] Ding Y., LinJ. Joint pricing strategies of multi-product reiailer with reference-price and
substitufion-price effect. Journal of Data, Information and Management, 2021, 3:459-63.

[4] Gullikssom M., Karlssan b, Damped dynamical systems for solving equations and opti-
mization problems. In: Advances in Computational Mathematics, Springer, 2020,

HAUOHANEHHA YHIBEPCHTET = KHepo-Mornnaucerka axkageMisgs, Kuip, ¥Epalna
Emaul address: i.avdieienkofukma. edu.na



	List of symbols and abbreviations
	Анотація
	Introduction
	 Theoretical part 
	Analysis of existing iterative optimization methods
	SARIMAX (p,d,q)(P,D,Q)m with exogenous regressors
	Methodology for strategic portfolio optimization
	Problem formulation for product assortment optimization
	The Discrete Functional Particle Method (DFPM)
	Application to the Constrained Problem

	A Hybrid methodology for strategic and tactical assortment planning
	Demand forecasting with safeguards
	Seasonal adjustment
	Application of business constraints


	Practical application and software implementation
	Dataset
	Program implementation
	Strategic optimization stage
	Tactical planning stage
	Reporting and visualization
	Analysis of results
	Aggregate performance analysis: the business impact
	Operational cost analysis

	Conclusion
	References
	Appendix A

