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RISK MODELLING APPROACHES FOR STUDENT-LIKE
MODELS WITH FRACTAL ACTIVITY TIME

The paper focuses on value at risk (VQR) measuring for Student-like models of markets with fractal
activity time (FAT). The fractal activity time models were introduced by Heyde to try to encompass the
empirically found characteristics of real data and elaborated on for Variance Gamma, normal inverse
Gaussian and skewed Student distributions. But problem of evaluating an value at risk for this model
was not researched. It is worth to mention that if we use normal or symmetric Student’s models than
V@R can be computed using standard statistical packages. For calculating VQR for Student-like models
we need Monte Carlo method and the iterative scheme for simulating N scenarios of stock prices. We
model stock prices as o diffusion processes with the fractal activity time and for modeling increments
of fractal activity time we use another diffusion process, which has a given marginal inverse gamma
distribution.

The aim of the paper is to perform and compare VQR Monte Carlo approach and Markowitz approach
for Student-like models in terms of portfolio risk. For this purpose we propose procedure of calculating
V@R for two types of investor portfolios. The first one is uniform portfolio, where d assets are equally
distributed. The second is optimal Markowitz portfolio, for which variance of return is the smallest out
of all other portfolios with the same mean return.

The programmed model which was built using R-statistics can be used as to the simulations for any
asset and for construct optimal portfolios for any given amount of assets and then can be used for
understanding how this optimal portfolio behaves compared to other portfolios for Student-like models of
markets with fractal activity time.

Also we present numerical results for evaluating VQR for both types of investor portfolio. We show
that optimal Markovitz portfolio demonstrates in the most of cases the smallest possible Value at Risk
comparing with other portfolios. Thus, for making investor decisions under uncertainty we recommend
to apply portfolio optimization and value ot risk approach jointly.

Keywords: Value at Risk, Student distribution, Monte-Carlo method, Fractal Activity Time model,

Optimal portfolio.

Introduction

Making decisions under uncertainty is a com-
plex and important problem, which one can face
in different spheres, particularly in the area of in-
vestments, where participants strive to gain the
desired level of income and protect themselves
against losses. For the control of potential losses
was proposed the using of the value at risk (VQR)
monetary risk measure by the regulations Basel 1
and Basel 11

For a given portfolio, time horizon T, and prob-
ability p, the VQR of level p can be defined infor-
mally as the maximum possible loss during that
time after we exclude all worse outcomes whose
combined probability is at most p. More formally,
V@R is defined such that the probability of a loss
greater than V@R is (at most) p while the prob-
ability of a loss less than V@R is (at least) 1 — p.
Common parameters for standard V@R are 1%
and 5% probabilities and one day and two-week
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horizons, although other combinations are in use.

V@R can be estimated either parametri-
cally (for example, variance-covariance V@R in
Markowitz) or nonparametrically (for examples,
historical simulation V@R or root-finding algo-
ritms V@R in Ivanov). A McKinsey report pub-
lished in May 2012 estimated that 85% of large
banks were using historical simulation. The other
15% used Monte Carlo methods. For the using of
Monte Carlo method we need to make some as-
sumptions about models which we choose for the
risky factors.

The paper focuses on value at risk measuring
for Student-like models of markets with fractal ac-
tivity time. The fractal activity time model was
introduced by Heyde (1999) to try to encompass
the empirically found characteristics of real data
and elaborated on for Variance Gamma, normal
inverse Gaussian and skewed Student distributions
[1; 2; 8]. If we use normal or symmetric Student‘s
models than V@QR can be computed using stan-
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dard statistical packages. For calculating V@GR
for model proposed in [2; 8] we need Monte Carlo
method and the iterative scheme for simulating NV
scenarios of stock prices.

In this paper we consider the simulations for
each asset and for some investor portfolios built out
of them: uniform portfolio as the one where N as-
sets are equally distributed and optimal Markowitz
portfolio as the one, variance of which return is the
smallest out of all other portfolios with the same
mean return. Notice, that comparison of VAR
and Markowitz efficient frontier approaches were
discussed in [3], where for applying Monte Carlo
method was chosen GBM.

The paper is organized as follows. In Section
2 we remain formal definition of probability func-
tional V@R for risk measuring and consider the
main steps in a basic Monte Carlo approach to
V@R estimating.

In Section 3 we discuss the assumptions about
market data, which are necessary for performing
of first step of Monte Carlo method. For this aim
we describe time-changed processes for Student-
like models with depends. This section is based
on the papers [2], [8], {9], [10], [11] where models
of the generalized diffusion process with "market”
time are presented and discussed.

In Section 4 we use the iterative scheme for sim-
ulating N scenarios of stock prices for our model,
which was proposed in [6]. We model market time
increments as a diffusion processes with a given
marginal inverse gamma distribution.

In Section 5 we propose procedure of calculat-
ing V@R for different types of investor portfolio.

In Section 6 we present numerical results for
evaluating V@R for both types of investor portfo-
lio.

Monte-Carlo Method for evaluating Value
at Risk

Let S is a vector of risk factors, At is VAR
horizon (one day or two weeks), AS is a change
of risk factors over At, Y is a loss in portfolio
value resulting from change AS over At The loss
Y is the difference between the current value of the
portfolio and the portfolio value at the end of the
V@R horizon At if the risk factors move from S
to S+AS.

Reducing the variance of random variable (re-
turn on asset/portfolio) leads to minimization of
losses, however, it also leads to minimization of
income. Therefore we need to introduce such a
metric, which would encounter only bad effects of
risks, and which will not encounter the positive
properties of risks (e.g unexpected income).

Probability functionals have been objects of

many theoretical and empirical investigations of
risk measuring. For background on probability
(risk) functionals see Pflug [5] (2005), for instance.
For a seminal work on axiomatic definitions for risk
functionals see Artzner et al (1999).

Let us recall the definition of probability (risk)
functional V@R of level a.

Let (9, F, P) be the probability space and sup-
pose for p € [1,400) a linear space L(p) of real
valued random variables

Y Q= R

such that E(|Y|?) < oo is defined on it.
De finition. The value-at-risk of level

o,0<a<l

for random variable Y € L(p) is a probability func-
tional, defined as a-quantile of the profit (loss)
function

VARL(Y) =G Ha)=inf{ ye R:G(Y) > a},

(1
where G is the distribution function of Y € L(p),
G~ is the quantile function of a, 0 < o < 1.

In general, even though the distribution func-
tion G may fail to possess a left or right inverse,
the quantile function G—! behaves as an "almost
sure left inverse" for the distribution function, in
the sense that

GTHG(Y) =Y (2)

almost surely.

Often it is recommended (for examples by reg-
ulators Basel I and Basel IT) to denote V@R as the
low quantile with minus sign [7}:

Va@R,(Y) = -G (a) (3)

For evaluating V@R there are some meth-
ods. V@R can be estimated either parametri-
cally (for example, variance-covariance V@QR) or
nonparametrically (for examples, historical simu-
lation V@R or resampled V@R). A McKinsey re-
port published in May 2012 estimated that 85%
of large banks were using historical simulation and
the other 15% used Monte Carlo methods. The
main steps in a basic Monte Carlo approach to es-
timating loss probabilities are as follows:

1. Generate N scenarios by sampling changes
in risk factors AS(1).,..., AS(N) over horizon At.

2. Revalue portfolio at end of horizon At in
scenarios

S+ AS1), .., 5+ AS(N);

determine losses Y (1),..,Y(N) by subtracting
revaluation in each scenario from current portfo-

lio value; build the empirical distribution function
G(Y).
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3. Find a quantile (3) of given probability «.

The first step requires some assumptions about
market data. These assumptions are being consid-
ered in the next section.

Student-like models with fractal activity
time

Let us consider the market, which consists of
a risk- free bond with price B; and risky stocks
with price S;. Price of the bond evolves according
to formula for continuous rates. The price of the
underlying traded asset S; is a strong solution of
the following stochastic differential equation [2}:

dS; = pSydt + (6 + 02 /2)SdTy + 0S;dWr,, t >0,
(4)
where Ty, ¢ > 0, is a random time change
or fractal activity time, that is positive non-
decreasing process such that Tp = 0, and W, ¢t > 0,
is a standard Brownian motion independent of the
process T;. The meaning of the coefficients before
dt, dT', and dWy, you can find in [11]. This model
differs from the previous one in that the Brown-
ian motion does not depend on the usual calendar
time, but on some random process T;, otherwise,
from market time. Market time is a positive non-
descending stochastic process with stationary in-
crease that are subordinated to the gamma-inverse
distribution. The idea of using "market" time is in-
tuitively correct, because the change in stock prices
occurs randomly, rather than at certain points in
time.

The fractal activity time model was introduced
by Heyde (1999) to try to encompass the empiri-
cally found characteristics of real data and elab-
orated on for Variance Gamma, normal inverse
Gaussian and skewed Student distributions [1; 2].
In paper {2; 8], we considered two constructions of
activity time. The first construction is based on re-
ciprocal gamma diffusion type processes and leads
to stationary returns with exact Student marginal
distribution. The second construction uses a su-
perposition of two reciprocal gamma diffusion type
processes and leads to Student-like marginal distri-
bution.

The increments over unit time are

Tt:Tt—Tt717t:1727...

and the returns are given by

S, 1
thog< ! >~u+~9n+0n§W17 (5)

Si—1

where ~ denotes equality in distribution.

If increments 7, ~ RI’ (%7 %), with PDF

frr(z) =

then assuming # = 0 and ¢ = 1, the log returns
X, is stationary process with marginal Student
T(u, 6, v) distribution

G 1
COVAT(E) [ ()

where p € R is a location parameter, § > 0 is a
scaling parameter, v > 0 is a tail index.

If & # 0 and o # 0, then returns are skewed
Student distributed.

After choosing model for risk factors we need
simulating (generating) N scenarios for this model
over time horizon.

[si(z)

e R, (7)

Simulating for Student-like models with
fractal activity time

For simulating N scenarios for Student-like
models with fractal activity time over time hori-
zon we proposed the following iterative scheme [6],
which follows from (4):

(52
Tyl = g+ pag A+ (04 E)OEka +oTeer (8)

where 1, o and 8 are constants, which can be found
from historical data; ¢ - white noise with normal
standard distribution, and 7 is a stationary process
of active time, with inverse gamma distribution,
which was modeled earlier (see {2], [8], [9], [10]).

Now we need to construct a iterative scheme
for stochastic diffusion process 7, with a given
marginal gamma-inverse density:

_ B a1 /e
f= F(a)x e . (9)

where o = %; B=3.
Using Bibby’s article[4] and our paper {10} the

process 7; can be determined by the equation:

v [ 46
d’T:—e <’T—m> dt+ 52_27—2dw (10)

where 0 - coefficient of the autocorrelation func-
tion.

From (10) we can easily build an iterative
scheme:

v 40
Tyl =Tr — 0 (x s 2) ANEEY! 52 _272At£k

(11)
Thus, for simulating we use iterative scheme
(8), where 7, can be generated by (11).
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Procedure of finding VAR for some kinds
of investor portfolios

Now we discuss procedure of finding VQR for
two types of portfolios =z = (x4, ...,24), where z;
denotes the fraction of asset i in this collection.
The first one is uniform portfolio, where d assets
are equally distributed. The second is optimal
portfolio, where variance of which return is the
smallest out of all other portfolios with the same
mean return. It seems reasonable that the portfo-
lio with the same average return, but lower risks of
loses should be "better" for profit-seeking investor.

Therefore according Markovitz approach, the
portfolio will be called optimal if it has the small-
est possible variance under fixed expected value of
its returns. Optimal portfolios can be analyzed in
a mean-variance framework if the returns on the
assets are jointly elliptically distributed, including
the special case in which they are jointly normally
distributed.

Under mean-variance analysis, it can be shown
that every minimum-variance portfolio given a par-
ticular expected return (that is, every efficient
portfolio) can be formed as a combination of any
two efficient portfolios.

Formally, given = = (z1, 29, ...z4) is the distri-
bution of our funds among assets 1 to d we need:

o2 = min (12)
subject to:
d
fw = Y pim; =T, (13)
i=1
d
S ai=1 (14)
i=1

This problem (12)-(14) of solving conditional
extremum problem can be reduced to uncondi-
tional extremum problem using Lagrange multi-
plier method and Lagrangian function is written
in the form:

d d
L(zy,...;zq,u,0) =30 D05 agjxixj—

—v X Z?:1Mixi - r] —u X {Zgzlxi - 1} ,

(15)

where afj is covariance of assets ¢ and 7, p; is

a mean return on asset i, r - targeted mean return
of a portfolio.

Thus the procedure includes the finding covari-
ance matrix afj of assets 7 and 7, building the op-
timal portfolio, applying iterative scheme for gen-
erating N scenarios by sampling changes in risk

factors AS(1),..., AS(N) over horizon At, deter-
mining losses Y (1), .., Y(N) by subtracting revalu-
ation in each scenario from current portfolio value;
building the empirical distribution function G(Y)
and finding a quantile for given probability c.

Numerical results

In this section, numerical results between his-
torical simulation and Monte-Carlo simulation for
investor optimal portfolio and the portfolio with
uniform distribution of stocks are demonstrated.

We took three assets for illustrating our ap-
proaches:

Asset 1 - Facebook shares
Assets 2- Boeing shares
Asset 3 - Goldman Sacks shares
and considered two different portfolios: uniform,
where
xz=(1/3,1/3,1/3),

and optimal
z =(0.413,0.225,0.362),

which was built using Lagrange multiplier method.
We obtained the following values of Value at Risk
during monthly time interval and confidence level
p = 0.95, which are presented in Table 1.

Table 1. Numerical V@R comparisons

Historical Normal Monte-
Simula~ Assump-  Carlo
tion tion FAT Sim-
ulation
Facebook -8.374 -9.054 -12.042
Boing -10.698 -10.652 -13.373
Goldman  -10.461 -10.692 -12.420
Opt.Port. -8.082 -7.314 -8.940
Uniform -8.111 -7.410 -9.467
Port.

Overall, the results show that the optimal port-
folio demonstrates the smallest possible Value at
Risk under different probabilistic scenarios.

Conclusions

In this paper we propose procedure for VAQR
evaluating by Monte Carlo method for Student-
like models with fractal activity time. We use
this method for some investor portfolios of risky
assets. We show that optimal Markovitz portfo-
lio demonstrates in the most of cases the smallest
possible Value at Risk comparing with other port-
folios. Thus, for making investor decisions under
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uncertainty we recommend to apply portfolio op-  ble Value at Risk for optimal portfolio comparing
timization and value at risk approach jointly. with other investor portfolios. The other problem

However we have perspectives for further re- is to include some derivatives in investor portfolio.
search. It is interesting to find necessary and /or  Finally it is useful to apply the expected shortfall
sufficient conditions which provide smallest possi- risk measure.
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Conaomanwyx I K., Hlecmiwor H. IO.

maxoanm 10 MOAEJIOBAHHA PUSUKY J1JIA
CTBIOJEHT-IIOJIBHNX MOJAEJIEI I3 ®PAKTAJILHIM
AKTUBHUM YACOM

Cmammio npucesnueno npobaemi sumipiosanns pusuxy (VAQR) dan Cmwiodenm modeaeti punxie
3 (paxmanvnum exmuenum wacom, (FAT). Modeai punxis 3 dpaxmasvrum axmuenum wacom 6yau
eeedeni Xetide, w06 cnpobysamu oxonumuy emnipusno 3nelideni TapaxmepucmuKry Peatsnuy donur i
noxpawumy naaeni modeai. Ii modeai eoice 6ya0 docaidoceno das Variance Gamma posnodiay, normal
inverse Gaussian poanodiay i skewed Student posnodiay. IIpome npobaemu 6UMIPDIOBAHHA PUSUKY 6 UUT
modensxr ne 6ya0 docaidmceno. Bapmo saysascumu, AKU0 MU GUKOPUCTIOBYEMO MOJEAT 3 HOPMEABHUM
poanodiaom abo 3 cumempuurnum poznodiaom Cmoerodenma, mo VAR moocha obuucaumu 36 donomozoi
cmandapmuur cmamucmusnus naxemie. Jas pospaxynxy VAR das modeseti i3 ckocobouenum posno-
dinom Cmuiodenma, nam snadobumovces memod Monwme-Kapao ma imepauiiing crema das Mooeaosarms
N cuenapiie yin axuit. Mu modeaoemo yinu axuid ax npouecu Judysii 3 GpaxmaosvHuM GEMUGHUM
YACOM, G 048 MODEAIOGAHHA NPUPOCTNIE NPOUECY U020 HOBO20 “ACY MU GUKOPUCTNOBYEMO IHULUT NPOLEC
dupysit, axuill mae 3adanuidl epanuunull 36opomuull 2amma-posnodia. Mema pobomu noaseae y 3acmo-
cyeoanni ma nopieuanni memody Mowme-Kapao das ob6wucaenmsa mipu pusuxy VAR ma nidzody Mapxo-
6iya daa modeaeti muny Cmwiodenma, y mepminaxr nopmdeavrnozo pusury. JIas 14po2o mu nPonoHyemo
npouedypy pospaxymnxy VAR das deox munie nopmdenis insecmopis. Ilepwuii — odnopidnui nopm-
ean, de axmusu na d posnodiseni nopieny. Jpyeuii — onmumarsrui nopmpens Maprosiya, dan axoeo
ducnepcia npubymroeocmi ¢ HoUMEHUL0N0 3 YCir inwux nopmgeris 3 maxo e cepeduboio nPudymKos6i-
cmio. 3anpozpamosana modeas, aka 6yara nobydosana 3 euxopucmannam R-cmaemucmurxu, mooce dymu
BUKOPUCTNANG 0L MOOEM0BaNNA OAf BYdb-AK020 axmuey ma Oad nobydosu onmumaersrur nopmdenie
das 6yde-axoi sadanot kiavkocmi axmusie. Taxooc 1o modess Moscha suxopucmamu, wob 3posymimu,
AK yelt onmumaasnull nopmdess nosodumsci NOPIGHANHO 3 tnwumu nopmeerimu das modereis muny
Cmwiodenma na punkax 3 Gpaxmasvnum 4acom axmusnocmi. Taxooe mu HE60IUMO “UCAO6T PE3YAbTG-
mu das ouinku VAR das obox munis nopmean insecmopa. Ioxasano, wo onmumassnull nopmdens
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MapkoBiua AeMOHCTpye B 6ifibLUOCT I BMMAAAKIB MasliM,BULLY MOXK/IMBY Mipy PU3UKY MOPIBHSHO 3 iHLIN-
MU nopTdenaMmu. Takum UYMHOM, ANs, MPUAHAT TS, pilleHb IHBECTOPaMM B YMOBaxX HEeBU3HAUYEHOCTi MU
peKoMeHAyeMO CrislbHO 3acTO0COBYBAaTUW ONTUMAN3auilo nopTdena Ta nigxig BMMiproBaHHSA, pU3MKYy.

KniouoBi cnoBa: mipa puauky, posnogin Ctbiogonta, MoHTe-Kapsio MeTos, MoAesb 3 aKTUBHUM
(hpakTanbMHM YacoMm, oNTUMasIbHUI NOPTQESb.
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