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THE CAUCHY PROBLEM FOR ONE CLASS OF
PARABOLIC PSEUDODIFFERENTIAL EQUATION WITH
DEVIATION OF THE ARGUMENT

Yaroslav M. Drin* Irynal. Drin{ Svitlana S. Drinii§ Maksym P. Kotsur!

Abstract. In this paper, we study solvability of the Cauchy problem for a parabolic
pseudodifferential equation with the deviation of the argument. Parabolic pseudodiffer-
ential operator with non-smooth symbols introduced by Eidel’man and Drin’ for the first
time. For such equations, the initial condition is set on a certain interval. Technical and
physical reasons for delays can be transport delays, delays in decision-making, delays in
information transmission, etc. The most natural are delays when modeling objects in
medicine, population dynamics, ecology, etc. Other physical and technical interpretations
are also possible, for example, the molecular distribution of thermal energy in various
media (liquids, solid bodies, etc.) is modeled by heat conduction equations. Features of
the dynamics of vehicles in different environments (water, land, air) can also be taken
into account by introducing a delay. The formula for the solution of the Cauchy prob-
lem is constructed for the nonlinear equation of heat conduction with a deviation of the
argument, its properties are investigated.

Key words: pseudodifferential nonlinear equation, Cauchy problem, deviation argument,
step method.
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1. Introduction

Differential equations with deviating argument are differential equations in
which unknown function and its derivatives take, generally speaking, different
values of the argument. These equations are frequently encountered in the de-
scription of various processes and problems in the theories of automatic control,
automatics and telemechanics, radiolocation, radionavigation, electric communi-
cations, theoretical cybernetics, missile engineering, nuclear fusion, biology, eco-
nomics, and medicine. Some equations with ordinary derivatives were introduced
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by Condorcet (1771). The systematic study of these equations was originated by
Myshkis, Write, and Bellman in connection with the needs of applied sciences.
The extensive application of these methods resulted in a significant increase in the
interest to the theory of these equations and, hence, in the appearance of numer-
ous publications dealing with the theory of differential equations with deviating
argument. The works of Ukrainian mathematicians Mitropol’skii, Samoilenko,
and Perestyuk became classical in the field of differential equations with devi-
ating argument. A brief survey of the methods used for the investigation of
three-dimensional nonlocal effects caused by the delay in diffusion models of some
populations placed in bounded or unbounded domains can be found in [2].

Parabolic pseudodifferential equations with nonsmooth constants symbols in-
troduced by Eidel’'man and Drin’ in [3]. Cauchy problem for quasilinear systems
of parabolic pseudodifferential equations is studied in [4,5] and its equations with
deviation argument is studied in |7]. The theory of parabolic pseudodifferential
equations, a well-developed part of the contemporary theory of pseudodifferential
equations and mathematical physics, is the subject of an immense rearch activity
(see [6], [8]). In this book interprets pseudodifferential operator as a hypersingular
integral, i. e., as an integral with singularity whose order is higher than the dimen-
sion of the space regularized with the help of finite differences. The relationship
between a pseudodifferential operator and a hypersingular integral is described
in detail in [6, p. 911-914]. The behavior of oscillating integrals is being inver-
tion by virtue of solvability Cauchy problem for the parabolic pseudodifferential
equations with nonsmooth symbols are studied in [9].

2. Statement of the Cauchy Problem

In the present paper, we use the step method [1] to construct the solution of
a quasilinear Cauchy problem

ou(z,t)

5 + (Au)(z,t) = f(x,t,u(x,t —h)), z=e€R" t>h, (2.1)

u(z,t) =uo(x,t), zeR", 0<t<h, (2.2)

where h > 0 is a number, A is a pseudodifferential operator with symbol a :
R™ x [0,7] — R homogeneous of order v > 0 and infinitely differentiable with
respect to o for o # 0 (0 = 0 is a point of nonsmoothness of the symbol a(o, 1)),
and f and ug are known bounded and continuous functions of the arguments
r,t, and u. The band Iljy ) = {(x,t);2 € R",0 <t < h} in which the initial
function wug is defined is called the initial band and the hyperplane {(x,h); h > 0
is a number; x € R"} is called an initial hyperplane. If, in Eq. (2.1) and in the
initial condition (2.2), u, f, and g are vector functions and the symbol a(o,t) is a
matrix of the corresponding order, then we get the principal initial-value problem
for the system of equations with delay.

In the case of variable delay h(t) > 0, it is first necessary to define an initial
hyperplane {(z, ho) ;2 € R™, hg > 0 is a constant} and an initial set formed the
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initial hyperplane and the points of the band
H[t—h(t),ho} = {(l’,t);:l? S Rn,t — h(t) < hg for t > ho}

For Eq. (2.1), it is necessary to find a solution u(zx,t),x € R™ ¢t > hg, which
coincides with a given initial function ug(z,t) on the initial set.

For Eq. (2.1) in which the pseudodifferential operator is defined by a non-
smooth symbol independent of ¢, the posed problem with nonlocal condition is
solved in the present paper for the first time.

We now formulate conditions for the symbol a, define the corresponding pseu-
dodifferential operator, and interpret it as a hypersingular integral [6]. Assume
that the symbol a : R" x [0, 7] — R satisfies the conditions of nonsmoothness at
the origin, homogeneity a € C* (R"\{0}), a(\o,t) = Na(o,t), A > 0, v > 0, and
ellipticity

Rea(o,t) > ap >0, o€R", |o|=1, te]0,T], (2.3)

|DXa(o,t)| < Clo|"™ X, o £0, v>0, tel0,T]. (2.4)

In the class of rapidly decreasing functions, a pseudodifferential operator is
defined by the formula

(Au)(z,t) = (2m)™" / @ a(o, t)i(o,t) do, xe€R”, t>0,
Rn

(o, t) = /e_i(“’y)u(y,t) dy, oceR" t>0,
Rn
where the symbol a satisfies conditions (2.3) and (2.4).
In [6] interprets a pseudodifferential operator as a hypersingular integral, i.e.,
as an integral with singularity whose order is higher than the dimension of the
space regularized with the help of finite differences.

For given complex-valued bounded functions f € (R™) and 2 € C (R” X S”_l),
a relation of the form [6]

(D&f) () = — /n( B)Wda, sER  (25)

:L‘, = ~
dni(@) [hlJ [hI"+e
Rn

where a > 0, [ is a natural number, d,,;() is a normalizing constant, S~ ! is a
unit sphere in R™, and

l

(AL7) (@) = > (~1*CF (@ — kh),
k=0

is called a hypersingular integral of order a with characteristic £2. The relationship

between a pseudodifferential operator and a hypersingular integral is described in

detail in [6, p. 911-914].



The Cauchy problem for parabolic pseudodifferential equation with deviation of the argument 211

3. Step Method

By the step method, we reduce the Cauchy problem for a pseudodifferential
equation with deviating argument to the Cauchy problem for an equation with
nondeviating argument (this result is announced in [7]).

Let h <t < 2h, let x € R™, and let f(x,t,uo(x,t —h)) = fo(x,t,h). Then
u(z,t — h) = ug(x,t — h) and problem (2.1), (2.2) takes the form

ou(z,t)
ot

+ (Au)(x,t) = fo(z,t,h), x€R", h<t<2h, (3.1)

u(x,t)],y, = uo(x, h), xecR" (3.2)
In terms of the Fourier transforms, we get the following problem:

dv(o,t)

o T alo (o t) = folo,t,h), o eR™ h<t<2h, (3.3)

v(o,t)|,_), = to(o,h), oeR" (3.4)
The solution to the problem (3.3), (3.4) for k = 1 will be written as

v(o,t) = exp{—1I(c,h,t)} |v(o,h) —i—/fo(a,z,h) exp{I(o,h,2)} dz| ,
h

¢
where I(o,kh,t) = [ a(o, ) dr,
kh

fol, 2. h) = (2m)~™ / folé, 2 hyexp{—i(€,0)} dé, h<z<t,

R

v(o, h) = tg(o,h) = (27T)n/u0(§,h) exp{—i(¢,0)} d§, oeR™
R’ﬂ
Considering that
(o, t) = / expli(z, o) }v(o, 1) do,
RTL

we get the expression

t

u(m,t) - /G($_§7ta h)uﬂ(gvh) df—i—/dz/G(m—f,t,h,z)fg(f,z,h) d§7 k=1.
R™ R™

h

where

Gla — &,h) = (27) " / exp{—I(o,h,t) +i(z — £,0)} do,
RTL
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G(x —&,t,h,z) = (27T)_”/exp{— [I(o,h,t) —I(o,h,z)]+i(z—& 0)} do.
Rn
If the symbol a(o,t) = a(o) does not depend on ¢, then (o, h,t) = a(c), then
the formula for solving the Cauchy problem (3.1), (3.2) takes the form

v(o,t) = exp{—a(o)(t—h)}ig(o, h)+/exp{—a(o)(t—7')}f(a, T,7—h) dr, (3.5)
h

where 0 € R"™ and h < t < 2h. It is clear that condition (3.4) is satisfied and

v(o,2h) = exp{—a(o)h}iy(o, h)
2h

+ /exp{—a(a)(Qh — V2 f(o,7,7—h)dr, o€R" (3.6)
h

Condition (3.6) follows from (3.5) and plays the role of initial condition for the
Cauchy problem in the interval 2h < t < 3h.
In view of the fact that
u(z,t) = /exp{i(a:,a)}v(t, o)do, z€R" h<t<2h,
R

fO(O-a T, T — h) = (QW)_n/fo(f,T, h) eXp{_i(£70-)} d£7 S Rna h<t < L,
]Rn

to(o, h) = (271')"/n uo(&, h) exp{—i(§,0)} d§, o €R",

we get the following solution of the Cauchy problem (3.1), (3.2) (in the interval
h <t < 2h; it is denoted by uq(x,t, h)):

ui(x,t,h) = /G(a: —&,t—h)up(§, h) d€
R

t

+/dT/G(x—§,t—T)fo(§,T,h) de, wER", h<t<2h (3.7)
h Rn

where
Glat) = (2m)~" / expli(z,0) — a(o)t} do, TR, t>0.  (3.8)
Rn

By II; we denote the band {x € R" kh <t < (k+1)h,k € N}. Then, for
(x,t) € IIj, the solution of the Cauchy problem (3.1), (3.2) is given by the formula
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un(o k) = [ Gla = €t~ bhyus (6, kh) dg
Rn

t
+ [dr | Gz =&t —7)fr—1(&,7,h) d§. (3.9)
[l

In the case of the symbol a(o,t) under the sign of integrals over spatial vari-
ables, we must write G(z — &, t, kh) and G(z — &, t, kh, z), which were introduced
earlier. We will take this fact into account in the following, and for simplicity, the
symbol a(o) is independent of ¢.

4. Substantiation of the Expression for the Solution of the
Cauchy Problem

Since the symbol a : R™ — R is a function infinitely differentiable with respect
to o for o # 0, the following estimates hold for v > 0 :

—n—y—|x]|
\DXG(x,1)| < Ct <t1/7 + ]a:\) T ern tso, (4.1)
‘;G(x,t)‘ <C (tl/V + ]w\)_n_w, R, >0, (4.2)

(these estimates are established in [5] for v > 1, in [6] for v > 1, and in [9] for
~ > 0). Moreover, the following equality is true:

/G(:U—ﬁ,t—y)dyzl, reR" €£e€R™ ¢>0. (4.3)
Rn

Equality (4.3) follows from (3.8) and the relation for the Fourier transform.
In view of (4.2) and (4.3), we get

0
/&G(x—f,t—y) dy = 0.
R

The convergence of integrals (3.7)—(3.9) is guaranteed by the conditions im-
posed on the symbol a and the function f and the estimates for G.
We study the properties of the volume potential

t
w( t, lh) = / dr / Gla— &t — 1) for(E,7) de, (4.4)
kh Rn
zeR" t>kh keN,

where fr(y,7) = f (y, 7, ux(y, 7 — h)). Assume that the following conditions are
satisfied:
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(f1) e (&) SC(r —kh)™F kh <7 <1, 0<p <1,

(f2)  |feci(z,7) = foc1(6,7)| < Clz — €M7 —kh)P, kh <7 <t,0< p<1,
0<A<1,keN.

It follows from inequalities (4.1) that integral (4.4) absolutely converges and
the function u; has continuous derivatives with respect to x of any order smaller
than . These derivatives can be found by the direct differentiation under the
integral sign.

As in [5,6], the existence of the derivative with respect to ¢ and the relation

t
Pl [ ar [ PSS s r) = (o) e
kh R

+ fi—1(z,t), zeR", t>kh (4.5)

are established by using inequality (4.2).

Consider the action of the hypersingular integral [the operator D@ of the
form (2.5)] on the volume potential (4.4) in two cases: o < v and a = . Let
a be a noninteger number and let [ > [a] + 1. It follows from (4.1) that, for
[ < (¢ =7)',

MN

’(A%G) (x =&t —1) SC\BI[O‘]H(t—T) |:(t—7')1/'Y

I
=)

v

+ |z — O,0h — €] ~(nttleltD)

where z € R",t > 7, and 0 < 6, < 1. By using (3.4), for ]ﬁ\ > (t— 7)Y, we
arrive at the estimate
! e
‘(A%G) (x— &t 7)\ <c@t-nY [(t VY 4 |z — Gk — g\} @)
v=0
zeR" t>7.
In view of (4.6), (4.7), and the Fubini theorem, we conclude that the hypersingular

integral Dgu is absolutely convergent and can be used in the integrand of the
integral with respect to &,

t
(DSuw) (x4, kh) — / dr / Galr,x — .t — 1) fia(67) dE, (48)
kh R
x €R™ t>kh,

where G = DGG, i.e.,

Go(z,z,t —y = (27r)"/Q(:c, o) exp{i(z,0) —a(o)(t —y)} do,
Rn
.’EERR7 ZeRna t>y’
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and € is the symbol of the analyzed hypersingular integral. The convergence of
integral (4.8) is guaranteed by the properties of the function G and estimates
similar to (4.1) and (4.2) valid for Gq.

Let a be an integer. Hence (see [6, p. 911|), if « is even, then D& can be
defined by equality (2.5) and the hypersingular integral, i.e., the operator Dg, is
a differential operator of order a. If «v is odd, then, for I > «, the integral in (2.5)
is identically equal to zero for any function f. In this case, the hypersingular
integral is defined only for the even characteristic 2 by relation (3.2) in [6, p. 911]
with [ = . We now consider the hypersingular integral of order v > 0. Assume
that Q(z, ) is an infinitely differentiable symbol with respect to o for o # 0 and

|DXOw, )| < Clop =M,y >0,

D¥[0(x,0) — Ay, 0| < Cle — ol N, 7>0, 0<r<1

Moreover, we assume that Q(w, o) # 0 for o # 0. If the number ~ is integer
and the symbol Q is not a polynomial in ¢ (this is possible only for odd 7 and
the even characteristic), then we additionally assume that, in the decomposition
in spherical harmonics

oo 621}
Q.0 =30 Covp(@)Varu(o), o] =1,
v=0 p=1
the coefficients Cay () = 0 for v = n + 2v + 2k,k = 0,1,2,.... Since the

case where {2 is a polynomial in o belongs to the theory of parabolic differential
equations [8], it is not considered in the present work.

Theorem 4.1. Under the conditions listed above, the hypersingular integral Duy,
exists in a sense of conditional convergence

(Dduk) (z,-) = lim (Dgﬁuk) (x,-),

e—0

where the truncated hypersingular integral (D?2 Euk) (x,-) is obtained from relation

(2.5) by replacing the domain of integration with {iz € R™, |B! >eg,e> 0} and,

furthermore,

(Dduk) (z,t,kh) = /dT/GQ(x,x =&t —7) [fe1(& 1) — fro1(z,7)] dE,

kh R
(4.9)

zeR™ t>kh.
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The proof is performed according to the following scheme (see [6, p. 922, 923|):
Instead of the function uy in (4.4), we consider the expression

t—0
o (.1, kh) = /dT/G(x—g,t—T)f“(g,T) d6, zER" 0<O<t—kh
kh R™

Inequalities (4.6) and (4.7) guarantee the absolute convergence of the hyper-
singular integral DQue and the possibility of application of D?z to Gg under the
integral sign by the formula

(Dg,ug) (z,t,kh) /dT/GQ =&t —7)fk-1(&7) dE, (4.10)

xeR”, 0<0<t—Ekh.

In view of (4.6), (4.7), and the Fubini theorem, relation (4.3) implies that

/GQ(:U,:B—§,t—T)d§:O, zeR" t—7>0 (4.11)

where

Ga(r,z—&t—n|<Cle—n)+1z—¢| ", v>o0, (4.12)
zeR" ¢(eR™ t>r.

The last inequality guarantees the convergence of integral (4.11). It is proved
in [6] for v > 1 and in [9] for v > 0. In view of (4.11), relation (4.10) can be
rewritten in the form

(Dﬂuk> (z,t,kh) /dT/GQ =&t =7)[fi-1(67) = fo—r(z, 7)] dE,

(4.13)

zeR" 0<60<t—kh.
By ®(z,t,kh) we denote the function on the right-hand side of (4.9). Note
that the integrals in (4.9) are convergent by virtue of estimate (4.12) and the

conditions imposed on the function f. Thus, by virtue of relation (4.13), we
conclude that

(Dfux) (@ t,kh) = lim (DQuk) (,t, kh)
= ®(z,t,kh), ze€R", kh<t<(k+1)h

uniformly in z € R”.
The theorem is proved.
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Theorem 4.2. Let kh <t < (k+1)h, k € N, z € R". Then the solution of the
Cauchy problem (3.1), (3.2) is given by relation (3.9).

We prove the theorem by induction on & € N. Let £k = 1. By virtue of
estimates (4.1) and (4.2) and the conditions imposed on ug(z,t) and fo(x,t,h),
the integrals in (3.7) are uniformly convergent for t > h+ ¢, x € R™, where ¢ > 0
is an arbitrarily small number. Thus, the function wui(x,t,h) is continuous and
bounded. In view of (4.5) and (4.9), we can directly show that (3.7) satisfies Eq.
(3.1). We now check the initial condition (3.2). First, we consider the second
term in (3.7):

t
u%(x,t,h):/dT/G(x—g,t—T)fo(g,T,h) dé, h<t<2h zcR"
h Rn

It is clear that
lim u?(x,t,h) = 0.

t—h+0

Consider the first term in (3.7). By using (4.13), we rewrite it in the form of
a difference

w2, 1, h) — o (z, h) = / Glw — &, — h) (uol&, h) — upla, 1) dé,

where h < t < 2h and x € R", and perform the following change of the space
variables: z; = (& — x;)t /7,1 <i <n,f =t — h. In view of (3.8), this yields

ui(z,t, h) —ug(z,h) = (27)~ /{‘R/exp{z (z,0) —a(o)} do

X (uo (37 + zfl/V,h) — up(z, h)) dz, ze€R", h<t<2h, (4.14)

where estimate (4.1) guarantees the uniform convergence of the integral with
respect to z. By using (4.14), we get

(£, h) — wol, )| < / G(2) (o (o + 287,1) — oo ) dz
j<n

+ / G(z) (uo (x + sz/V,h) - uo(x,h)> dz
2>N
=1 + Is.
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It follows from boundedness of the initial function ug that there exists a num-
ber M > 0 such that

)uo(xszflM,h)—uo(x,h)‘§M, reR", zeR", 0<t<h.

Let € > 0 be an arbitrarily small number. One can find a sufficiently large N > 0
such that the convergence of the integral in (4.14) with respect to z enables us to
write

|Io| < M / |G(2)] dz <

| ™

The continuity of the function ug(z, h) implies that, for all # = ¢t —h > 0 close
to zero and all |z] < N, we can write

‘uo (x + zﬂ/V,h> — uo(x,h)‘ < i,
2c
where
¢— / G(2)] de.
|2|<N
Then y . .
I < c‘ua (9:+zt “’,h) —ug(x,h)| < €5 =3

Thus, for all £ > h sufficiently close to h and = € R", we find

[l (et h) —uo(w, h)| S+ L < 5+ 2 =e.

Since € > 0 is arbitrary, this implies that

lim wi(x,t,h) = lim ul(x,t,h) = uo(z, h)

t—h+0 t—h+0
because lim wug(x,t,h) = 0.
t—h+0

By induction, we prove that

li t.h) = up_ h
t_}}rlliouk(%, ) = ug—1(x, h)

The theorem is proved.

Remark 4.1. This result remains true if, in Eq. (1), we set

(Au)(w,t) = (Agu) (2.) + ) (Agu) (,1),

k=1

where Ay are pseudodifferential operators either with symbols a; : R” — R, 0 <
k < m, homogeneous of orders v, > 0, 0 < k < m, and such that yg >~y > ... >
~Ym are infinitely differentiable with respect to o € R™\{0} [the principal symbol
ao satisfies condition (2.3) and the other symbols satisfy condition (2.4)], or with
symbols depending on the time variable ¢ > 0 and the space variables x € R™ [6].
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Remark 4.2. The result remains true for a system of parabolic pseudodifferential
equations of the form (2.1) with condition of the form (2.2).

5. Conclusion

In this paper, we use the step method [1] to construct the solution of a quasi-
linear Cauchy problem for parabolic pseudodifferential equation with nonsmooth
symbol depend from ¢ > 0. Parabolic pseudodifferential equations with nons-
mooth symbols introduced by Eidel'man and Drin’ in [3|. The solvability of the
Cauchy problem for autonomous quasilinear parabolic pseudodifferential equa-
tions with nonsmooth symbols independing from ¢ > 0 and deviating argument
is proved in [10].

Theory of Differential Equations with Deviating Argument describe in [1].
Nonlocal reaction-diffusion differential equations with delay: biological models
and nonlinear dynamics describe in [2]. In [6, 8] pseudodifferential operator in-
terprets as a hypersingular integral, i. e. as an integral with singularity was
order is higher then the dimension of the space regularized with the help of fi-
nite differences. We investigation [4,5] and the behavior of oscillating integrals
from [9].
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