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THE NON-REGULAR 2-GROUPS SATISFYING THE CONDITION:
EACH CYCLIC SUBGROUP IS CONTAINED IN THE CENTER
OR HAS A TRIVIAL INTERSECTION WITH IT

Y. Berkovich formulated the following problem: «Suppose that p-group (! satisfies the following
condition: if C is a cyclic subgroup of G then either (‘< Z(G) or CnZ(C) ={I}. Classify all such
groups.» The authors have proved that each regular p-group satisfies this condition ifand only if it is

either abelian or a group of exponent p.

Here we regard the non-regular 2-groups. Some necessary conditionsfor non-abe/ian 2-group in which
every cyclic subgroup is contained in the center or has a trivial intersection with it are pointed. The
minima! example ofnon-regular 2-group with 2 generators satisfying this condition is constructed.

1. Introduction

Let G be a non-trivial finite/;-group. Z(G) - the
center of G.

In his book 111 Y. Berkovich formulated the
follow ing problem. «Suppose that /i-group (I satis-
fies the following condition: if (" is a cyclic subgroup
off; then cither C<Z(G) or CnZ((/) ={l} Clas-
sify ail such groups».

The /i-group which satisfies this condition we
will call the Zf*group.

The authors (|2]) have proved that a regularp-
group is Zf-group ifand only ifit is cither the group
of exponent p or an abelian group. The />-group G
is called to be regular if for each g.he G we have

Zphp =(& Y X\sjf,
i
where s, is an clement from the commutator sub-
group (g.h) of the group generated by g. h (|3].|4]).

It is easy to sec that each non-abciian 2-group is
non-regular.

In the first part of the paper we consider the
question when the non-abciian ZC-group is the di-
rect product of some ZC-groups M and N. We
prove that this claim holds ifand only if expZ(M)~
~c\pZ{N) =p\

In the second part of the paper we prove three
theorems, which give the necessary conditions for
2-group to be the ZC-group.

In the third part we regard the 2-groups of class
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3 and prove some necessary conditions for them
to be the ZC-group.

In the final part of this paper we use these state-
ments to construct the minimal example of non-
regular 2-group with two generators, which is a
ZC-group.

2. The factorization of the ZC-group
as a direct product of ZC-groups

We want to prove the next theorem:

Theorem 1 Let M, N are the ZC-groups. The
non-abelian group G M xN is ZC-group ifand
only ifexpZ(M) expZ(N) p.

We need the next lemma for proving.

Lemma 1. Let non-abelian p-group G be ZC-
group. Then Z(G) is an elementary abelian group.

Proof. Let G be a non-abelian ZC-group. We
want to show that G has an element g of order p.
which docs not belong to the center, g €Z(G). Re-
ally, consider the factor-group T-G 1 Z(G). Let
Z(/<) be acenter of T\ ge Z(T) - clement of order
p. For each preimage g of g we have gpe Z{G)
but g<£Z(G). G is a ZC-group. so#y = I.

Suppose that cxpZ(fr) > p.

Lctge G be an clement of exponentp. g Z(G).
Choose the element z, e Z(G) such as expz, = pm=>
p. The element Z|§ docs not belong to the center
and has an exponent which is equal to the expo-
nent of element z\. The cyclic subgroup C ={z,9)
has the non-trivial subgroup Cp, which is gcncrat-
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ed by the element (z,g)" =z,7g? =z, #1 and is
contamed in the center of G. The contradiction with
the condition that & is a ZC-group leads to
expZ(() = p.

The Lemma 1s proved.

Proof of Theorem [. Let G=M xN Dbe a non-
abelian gronp ZC-group, where M, N are Z(C-
groups. If M(N) is non-abelian, then from Lem-
ma 1 we have expZ(G) = p (expZ(N) = p). Sup-
pose M i1s abelian. Then M is contained in the center
Z(G) of group G. According to Lemma | we have
expZ(G) =expM = p.

On the other hand, suppose that A, N are ZC-
groups and exp Z(M) =expZ(N)=p. Let Cbe acy-
clic subgronp of G, C =(g) andlet C 7 Z(G). Gis
the direct product of M, N, so g = g1g., where

g €M.g, € N. We may assume, w1thout aloss of
generality, that g, 2 Z(Glz Let |g,|= 7", |g:|= p”

If k2 m then |g| |21| = »" and for each i<k holds
g¥ ¢ Z(G),s0 C have a trivial intersection with
Z(G). If k< m then |g2‘ > p, according Theorem 1
g5 € Z((F5). Similarly, we obtain gP ¢ Z{(7). Thus
G is a ZC-group. The proof of Theorem 1 1s com-
plete.

3. The sufficient conditions
for 2-group to be a ZC-group

Here we will regard non-abehan 2-groups.

We will denote the second member of the up-
per central series by Z;(<) and the mlpotency class
of G by cl().

For a finite p-group & and each non-nega-
tive integer &, we define subgroups Q,(G)=

&
=<8€G|8p = >and Uk(G)=<xpk|xE G>.

Theorem 2, Lef non-abelian 2-group G be ZC-
group. Then

1) Z-(G) is an elementary abelian group;

2) each element g < G of order 2 belongs to the
centralizer Z-(G) of in G

Proof. Assume the non-abelian 2-group G is a
Z(C-gronp.

1) Suppose there i is ye Z,(G), such as vl
G is a ZC-group, so 3> & Z(G). Then, there exists
the element ge &, such as ;«J“y =z #1. where
ze Z(G). Foreach element ve Z,(Gyand each ac G
holds [&,¥]€ Z(G). On the other hand, z = [a. V"] =
=[a.¥] [a.y] =[a.3] .So we obtain exp Z(G)>2.
This contradiction with Lemma 1 proves that
expZ,(G)y=2. so Z-((G) 1s an elementary abelian
2-group.

2)Let g G, g% =1 and ve Z5((r). Suppose
[g,¥]=z=1, where ze Z((G). Then from v* = g2 =
=1 we have (gy)? =ze Z(G). According to Lem-
ma 1 expZ(G) = 2, so gve Z(G) and the cyelic

subgroup which 1s generated by this element has
non-trivial mtersection with Z{(G). The contradic-
tion with the condition that & is a ZC-group proves
the Theorem.

Next corollanes obviously follow from Theo-
rem 2.

Corollaries. Lef 2-group G be a ZC-group.
Then

1) cG)y= 3,

2) Q) is contained in the centralizer of
ZAG).

We will denote () = G. For each non-negative
integer & > 1, we define the subgronps G, =[G.G.].

Theorem 3. Lef 2-group G be a ZC-group and
the derived subgroup G:is an elementary abelian
group. If cl(G) = | then exp G < 2%1,

Proof. 1t 1s easy to see that condition exp G =
= 2% ig equivalent to

U;..(G):(xpk |xe G):l,

0,(G)= <x‘”H |xve G> £1.

Let c/(G) =1 = 3. Assume exp G = 2%, where
k ‘“_3 — 1. There is an element a€(r, such as
azk #1. According to Lemma 1 a¢ Z(G). Since
G is a ZC-group, then ¢* € Z(G). Thus, there
exists the element be G such as [&, a 1#1. De-
noted, = a’ .o =[h,al.c,, =[b,d,]. Itis easy to see
d,=d’(i=2,...&k—1)and ¢, 1(j=1,...k). Since
(- 1s an elementarv abehan group, then c;+| =[5, d]=
=[b,d%1=[b,d_ VIb.d.y.diy)=[c,.d.;]. In this
way from ¢, € G, weobtain ¢, € G, Therefore we
have G,,; %1, where & + 1 >1. As this contradicts
the assumption that ¢/{(G) = /, the Theorem is pro-
ved.

4. ZC-groups with nilpotency class 3

Let 2-group G be a ZC-group, and c/(G) =3

Theorem 4, If 2-group G is a ZC-group and
cl(G) = 3 then D(G) is an elementary abelian
group.

Proof. The condition ¢/(G) = 3 implies that G
is contained in the Z(G) and the derived subgroup
G2 1s contamed in the Z-(G). Therefore G215 an ele-
mentary abelian group. Theorem 3 inphes expG <
< 22 Since all groups of exponent 2 are abelian,
then exp G = 22, In this case G,(G)=1 T (G) =],
U ,(G) 2 Q(G). From Corollary 2 we have Q,(G) <
C C;(Z,(G)y and so each element U,(G)of com-
mutes with each element of G:. Note that Frattim
subgroup ®(&) of an arbitrary p-group 15 gene-
rated by the derived subgroup G:and ¥3,(G), name-
ly ®(G)=G, U, (G), wherefrom ®(G) is elemen-
tary abelian. The Theorem is proved.
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Theorem S, If 2-group G is a ZC-group and
cl(G) = 3 then ©(G)=0,(G).

Proof. Note that the assumption of the theorem
implies that G, ¢ Z,(G). We want to show that
every commutator ce (G, belongs to U,(G). Let
c=[b,a]#1.1f 52 = 1, then, by the Theorem 2,
2) the element & belongs to the centralizer of Z-((r)
m G. Thus (a4)* =a*c and ¢ belon 5 to O(G). If
a*=d #1,b* = f #1 then (ab)’ = a’b’c[c, b] The
commutator [¢, #], where ¢>= 1, belongs to T, (G)
as well as given above. Summing up, we obtain
G, c U,(G), and thus &(G)=3T,(G). The Theo-
rem is proved.

Corollary. If 2-group G is a ZC-group and
cl(G) =3 then U,(G)= AXG,,where A is an ele-
mentary abelian group.

Lemma 2. If 2-group G is a ZC-group and
cl(G)Y =13 then for each g G and each [ ©(G)
holds 8. /]€ G;.

Proof’ According to Theorem 5, foreach /e ©(G)
holds /e U,(G) and consequantly there exists
ae G such as f=a®. According to Theorem 4
I(G) is an elementary abelian gronp, then for each
geG we have [g.f]=[g.a"]=[g.a)[g.0.d]=
=[g,0,0]€ G;.Lemma 2 is proved.

5. The construction of ZC-group

The aim of this part of the paper 1s to construct
the mimimal example of ZC-group.

Suppose that the following conditions hold:

1. a Z-group & is ZC-group;

2. (@) =

3. G has t\w generators: G={a,b).

According to the Theorem 3 we have exp(G) =
=122

It is easy to see that the conditions 2), 3) give
the minimal value for the number of generators, for
the class of nilpotency of G and for the exponent
of G.

Proposition 1, Suppose 2-group G is a ZC-
group with 2 generators and clG) = 3. Then for
each g G\D(G) holdsg” +1 and g° ¢ Z(G).

Praof. Really, suppose that there exists be
e G\(D(G) such as 2= 1. Consider the subgroup

B={h,®(G)). If B is abelian, then exp(B)=2.
Since exp{(G)>2 then there 1s an element ac
€ G\B, such as ¢ =d #1. Here de ®(G)C B,
so [d,b]=1. This being the case that G has two
generators, we may consider G=<a,b). The ele-
ment  commutes with ¢ and b, so ge Z(G). We
obtain the contradiction to the claim that &is a ZC-
group.

If B 1s not abelian, then there exists an element
fe®(G), such as [b,f]=z#1 and ze Z{().
From 4% = f?=1 follows that () =ze Z(G).

Since fhe Z(G), it contradicts the claim that G
is a ZC-group. The Proposition is proved.

Proposition 2, Suppose 2-group G is a ZC-
group with 2 generators, G = (aﬁb), and cl(G)=73,
Then O(G)=H xG,. where H = {a*), x {b*)..

Proof. We want to show for each a,be G,
where G={(a.), holds a*=d #1,b*=f #1 and
de(f.G,).

Really, suppose d = fg, where ge G,. From & =
={a,b} we have G, ={[, a )mcu:lG3 Denote ¢ =
=&, a] #1. So d=jf1c%z, where ze Z(G),
£,,€, =01 If €, =0 then from 1=[a,d]=[a, £]=
=[a,f] we have fe Z{(). It contradicts to the
clamn that G 1s a ZC-group.

If ¢, =¢,=1 then

(ab)y = a®’de,b]= fez [ -cfe,b),
where [c,b]e Z{G). According to Lemma 1 Z(G)
is an elementary abelian group, so (ab)® = z[c,b)e
€ Z(G). By Proposition 1 (ab)? #1. We have the
contradiction again.

If g =0, £ =1 then d—cz and [c.a]=1. Thus
[6,d]1=[5.a)[5.0.4] = c*[c,al=1. From G={a.b)
we have d e Z(G). It contradicts to the claim that
G is a ZC-group.

Summing up we can conclude, that d & (/,G,}
and that U (G)=H xG,, where H =(d,f>. Since
d=a%, f =b%e ®(G) and D(G) is elementary abe-
lian, then H:<a232x<b2>2_ Proposition 2 1s pro-
ved.

Proposition 3. Suppose 2-group G is a ZC-
group with 2 generators and cN(G) =73, Then |G;| =
=9

Proof. The assumption that ¢ has two genera-
tors, G={a,b), implies that G, ={[a,b]}mod G;.
Denote [a,b] =, ce Z,(G)\ Z(G). D(G) 1s elemen-
tary abehian, so

G, ={[e,al.le,b),[R,al,[h,b] he ®(G)).
Without a loss of generality we may assume that
[c,al#1,[c,a]l=2z, € Z(G)

We want to show that [b,c]=z,¢ z,z) Really,
(&, c]—l if then [a.f]= [a bz] [a,b)[c.5,b]=
=c?[e,p]=1, where f = b%. Therefore fe Z(G).
It contradicts to the claim that & is a ZC-group.

If [b.c]#L[b.cle{z) then for ' =ab holds
[¥",c]=1 and similarly we obtain »"?€ Z(G). The
contradictions obtained prove that [b,¢] =z, ¢ {z, ),
and, in this way, |G;| = 2. The proof of Proposi-
tion 3 1s completed.

Now we want to construct the 2-group of min-
imal order which 1s a ZC-group,

Suppose that G has two generators, c/{(G) =3,
|Gs] = 4 and G, =Z(G). Thus we may assume
G={ab,cd,f, 21,22> where c=[b,a] %1, d =&,
h=0%z=[c,al,.z =|c, b. z.2,¢ Zg ). The
last relations give [a, f]=[a.b%]=[a.b)[a,b,b].
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Since ®((G) is an elementary abelian group, ®(G) =
={c.d, f,2,,2,), then [, f]=[¢.5] = z,. Analogous-
ly, [b,d]=[c,a]=z,. So, we have the following rela-
tions of group G.
G = <a:bscsd:,fszlszz |a2 = dsbz = f:
02=d2=f2=212=z§=l,[b,a]=c,
[C,ﬂ] = Zl:[dsa] = l,[f‘,ﬂ] = 22:[2.{9“] = 1:
[e.b]=2,,[d.b]=2,,[f.b]=[2,.b]=],
[d.c]=LF.cl=[z,.cl=f.d]=[z.d]=],
[z, /1=[21,2]=LG=12))

Verify that this group G is a ceach g€ G has
the following presentation: g=a®bPc¥d® f*z0z
where o.f3,7,0,A,1,v="0,1. Consider the cyclic
subgroup C = (g) Ifoa=Pf=7=0=A=0then g€
g Z(Gyand C is contammed in the center Z({r).
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If o=3 =0 then ge ®(G) and g- =1, so C has
a trivial intersection with center Z (2G)'

If 0.=0,B=1 then ge V(G), g” =bc"[c",b] x
xd¥[d® b1etd® ;2 = fz, where ze Z(G), f & Z(G).
Thus C has a trivial intersection with center Z(G).

If oo=1 =0 —as given above — C has a trivial
mtersection with center Z(G).

If co=1,f=1 then g¢ ®(G), analogously g =
=dfz, where ze Z((} by Proposition 2 df & Z(G).
Thus C has a trivial mtersection with center Z(G).

Summing up, we can easily see that G is a ZC-
group.
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HEPETYJIAPHI 2-T'PYIIH, 10 3AJJOBOJIBHAIOTE YMOBY:
KOXHA HHKJ/ITYHA HNIAT'PYIIA MICTHTBCA B HEHTPI
ABO MA€ 3 HUM TPUBIAJIbHUH IIEPETHH

Aemopu sricrostioroms nodaxy npodecopy 3. Anry ma npogecopy B. Henvnivy. aki sanpononyean
PO3ZRAHYIN HACMYRHY npobaremy, nocm asreny . Beprosuvem: «Hexan p-epyna G 30008016HAE yMOBY:!
Hrwo Z € yuxaivnowo nidepynow epyvan G, mo Z £ 2(G) abo £ Z2(G) = {i). Kracudpricveamu eci mari
epviiey, Fpynu, wo 3adoeeorentions o ymoey, nassemo ZC-zpvinamu. Aemopamu dyao doeedero, wo
pezyaspui ZC-zpynu euuepryviontvCca aOerestuMit ZpYRAMIL G ZPVIAMY eKCHOHENMIL P.

YV oaniii pobomi smu pozznadaenrio nepezyaspni 2-zpvnn. oseno deaxi neobxiowi ymoen mozo, o
Heabenesa 2-epyna € ZC-2pynoiw. [To6ydosano MiHIMARBHU RPUKAGO HePe2YIAPHOL 2-2pynu 3 0soMa
meipuumit, aka € ZC-2pvrow.



