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In the tight-binding one-electron model, the influence of substitutional impurity atoms on the 

energy spectrum and electrical conductance of graphene is studied. It is established that the 

ordering of substitutional impurity atoms on nodes of the crystal lattice causes the appearance 

of a gap in the energy spectrum of graphene 𝜂|𝛿| in width centered at the point 𝑦𝛿, where 𝜂 is 

the parameter of ordering, 𝛿 is the difference of the scattering potentials of impurity atoms and 

carbon atoms, and 𝑦 is the impurity concentration. If the Fermi level is located outside the gap, 

then the electrical conductance increases with the parameter of order 𝜂. 

It is shown that an increase in the electrical conductance with the order parameter is a result of 

both the growth of the density of states at the Fermi level and the time of relaxation of electron 

states. We have demonstrated the presence of a domain of localized states on the edges of the 

energy gap arising at the ordering of atoms of the admixture. 
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1. Introduction

Theoretical studies of the energy spectrum of graphene are mainly based on the 
density functional theory. It should be noted that the success of this theory is associated 
with a self-consistent meta-generalized gradient approximation within the project-
tor-augmented-wave method [1], implemented using VASP software. Quantitative 
studies performed by this method showed the opening of a gap in the energy spectrum of 
graphene due to the presence of impurities. Calculations of the electronic structure of 
graphene with impurities were performed in works [2-5], where the appears of the gap in 
The possibility of a metal-insulator transition and the dominant role of a quasi-gap with 
localized states caused by scattering by pairs and triplets of impurity centers were 
assumed. In the works [6-11] in the tight-binding one-electron model, which allows 
accurate analytical solutions, in the extreme case of weak scattering |𝛿/𝑤| ≪ 1 it was 
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first analytically predicted that when ordering the substitution impurity atoms in the 
energy spectrum of graphene there is a gap width  with center at point   Here 

 is the ordering parameter, is the impurity concentration,  is the difference 
between the scattering potentials of the impurity atom and carbon,  is the half-width of 
the energy zone of pure graphene. 

It is worth noting the other nature of the gap in the energy spectrum of graphene, 
associated with edge effects. In works [12-14], study of the appearance of an energy gap 
in graphene nanoribbons, which increases with decreasing width of the nanoribbons, was 
performed. Recently, several dozen papers have been published on the effect of different 
types of deformation on the electronic properties of (mostly defect-free) graphene (see, 
for example, a review [15]). The results of the first calculations in the theory of the 
density functional [16] claimed that even small deformations can cause the appearance of 
a band gap. Calculations in the model of strong bonding and linear theory of elasticity 
[17] showed that the band gap occurs only at tensile deformations (~23%). 

 

2.  Theoretical Model 
 
The Hamiltonian in the Lifshits tight-binding one-electron model describing the 

one-electron states of graphene with substitutional impurity atoms can be written in the 
form [10] 

𝐻 = ∑ |𝑛𝑖⟩𝑣𝑛𝑖⟨𝑛𝑖|𝑛𝑖 + ∑ |𝑛𝑖⟩ℎ𝑛𝑖,𝑛′𝑖′⟨𝑛′𝑖 ′|𝑛𝑖,𝑛′𝑖′≠𝑛𝑖 ,    (1) 

where ℎ𝑛𝑖,𝑛′𝑖′  is a matrix element (hopping integral) of the Hamiltonian that is 
nondiagonal in the Wannier representation and is independent of the random distribution 
of atoms in the accepted approximation of diagonal disorder; 𝑣𝑛𝑖 is a diagonal matrix 
element taking the value 𝜈𝐴 or 𝜈𝐵 if atom 𝐴 or 𝐵 is located, respectively, at node 𝑛𝑖; 
𝑖 is the number of a sublattice, and 𝑛 is the number of a node of the sublattice. 

The retarded Green’s function of graphene, which is an analytic function in the upper 
half-plane of values of the complex energy z, is defined as 

𝐺(𝑧) = (𝑧 − 𝐻)−1.       (2) 

It was shown [6] that the contributions of electron scattering processes to the density 
of states and electrical conductivity decrease with an increase in the number of atoms in a 
cluster in powers of some small parameter 𝛾𝑖(𝜀). The study of this parameter shows [10] 
that it can be small in a wide range of changes in the characteristics of the crystal, with the 
exception of narrow intervals of the value of the electron energy, located at the edges of 
the energy band and the edges of the gap that occurs when the impurity is ordered. 

Neglecting the contribution of the processes of scattering on clusters composed of 
three and more atoms, being small by parameter 𝛾, we present the density of one-electron 
states of graphene as [6]: 

𝑔𝑒(𝜀) =
1

𝜈
∑ 𝑃𝑛𝑖

𝜆 𝑔𝑖1𝛾1

𝜆𝑛𝑖 (𝜀)𝑖1,𝛾1,𝜆 ,      (3) 

where the conditional partial density of states is 

𝑔𝑖1𝛾1

𝜆𝑛𝑖 (𝜀) =

| |  y
 y 

w
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−
1

𝜋
 Im {𝐺̃𝑛𝑖1𝛾1,𝑛𝑖1𝛾1

+

∑ [𝐺̃ 𝑡𝜆𝑛𝑖𝐺̃ + ∑ 𝑃𝑙𝑗𝑛𝑖
𝜆′ 𝜆⁄

 (𝑙𝑗)≠(𝑛𝑖)

𝜆′,𝑍𝜆′ ,𝑚𝜆′

× 𝐺̃𝑇(2)𝜆 𝑛𝑖,𝜆′𝑙𝑗 𝐺̃]

𝑛1𝑖1𝛾1,𝑛1𝑖1𝛾1

𝑛1
}   

   (4) 

𝐺̃ = 𝐺̃(𝜀) is the retarded Green’s function of the effective medium described by 

coherent potentials 𝜎𝑖 (𝑖 = 1,2), where 

𝑇(2)𝑛1𝑖1,𝑛2𝑖2 = [𝐼 − 𝑡𝑛1𝑖1𝐺̃𝑡𝑛2𝑖2𝐺̃]𝑡𝑛1𝑖1𝐺̃𝑡𝑛2𝑖2[𝐼 + 𝐺̃𝑡𝑛1𝑖1],   (5) 

𝑡𝑛1𝑖1 = [𝐼 − 𝑣̃𝑛1𝑖1𝐺̃]
−1

𝑣̃𝑛1𝑖1,      (6) 

𝑣̃𝑛1𝑖1  = |𝑛1𝑖1⟩(𝑣𝑛1𝑖1 − 𝜎𝑖1)⟨𝑛1𝑖1|.     (7) 

Here, 𝑡𝑛1𝑖1 is the operator of scattering on one node. 
Detailed calculations of conductance σxx are given in [6].  

 

3.  Results 
 
In the limiting case of weak scattering |𝛿/𝑤| ≪ 1, where 𝑤 is the half-width of the 

energy zone of pure graphene, 𝛿 is the difference of the scattering potentials of impurity 
atoms and carbon atoms, the given theoretical model admits analytic solutions [6]. It was 
established that the arising gap ηδ in width is centered at the point yδ, where 𝜂 is the 
parameter of ordering and 𝑦 is the impurity concentration. 

Near the edges of the gap, the density of electron states as a function of the energy has 
the characteristic peaks related to electron impurity states. Outside the energy gap, the 
density of electron states 𝑔(𝜀) increases by a linear law with the distance to the gap edge 
[6]: 

𝑔( 𝜀) =
𝑆1(𝜀−𝑦𝛿)

𝜋ℏ2𝜐𝐹
2 , |

𝛥𝜀(𝜂)

𝑤
| < |

𝜀−𝜎′
𝑖

𝑤
| ≤ |

𝛿

𝑤
|.     (13) 

a

 

b

 

c

 

Fig. 1.  Dependence of the density of electron states on the energy at values of the scattering potential 

𝛿/𝑤 = −0.3 and the impurity concentration 𝑦 = 0.2 with different order parameters 𝜂 = 0.1 (a), 

𝜂 = 0.25 (b),  𝜂 = 0.4 (c). The energy region in a vicinity of the gap is shown. 
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Fig. 2.  Dependence of the electron energy on the wave vector for graphene with completely ordered 

impurity with the concentration 𝑦 = 1/2 and scattering parameter 𝛿/𝑤 = 0.1. On the right, the region 

of the Dirac point is shown. 

 

Fig. 3.  Dependence of a) the electrical conductance of graphene σxx; b) the Fermi level μ; с) the partial 

density of states 𝑔𝑖(𝜇) at the Fermi level; d) the imaginary part of the coherent potential 𝜎𝑖
′′(𝜇) at the 

Fermi level on the order parameter of impurity atoms η. The substitutional impurity concentration 

𝑦 = 0.2, the scattering potential 𝛿/𝑤 = −0.6. Circles correspond to 𝑔1(𝜇) and 𝜎1
′′(𝜇)  of the first 

sublattice, in which the impurity atoms are located in the case of full order. Filled circles show 𝑔2(𝜇)  

and 𝜎2
′′(𝜇) for the second sublattice. 
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We recall that the contributions of the processes of scattering of electrons on clusters 
to the density of states and to the electrical conductance decrease and are guided by some 
small parameter 𝛾𝑖(𝜀), as the number of atoms in a cluster increases [6]. 

In Fig. 1 we show the results of numerical calculations of the density of states of 
graphene. Numerical calculations are performed according to the formulas (3), (4). 

It is seen from Fig. 1, that the gap width increases with the order parameter, which 
agrees qualitatively with the conclusions obtained in the limiting case of weak scattering 
|𝛿/𝑤| ≪ 1. 

In Fig. 2, we present the dependence of the energy of an electron on the wave vector 
for graphene with completely ordered substitutional impurity ( 𝜂 = 1 ) with the 
hypothetical concentration 𝑦 = 1 2⁄  in case where the scattering potential: 𝛿 > 0. The 
dependence of the energy of an electron on the wave vector for the completely ordered 
arrangement of an impurity is given by the formula following from the equation for poles 
of Green’s function. 

At the ordering of a substitutional impurity with the stoichiometric concentration 
𝑦 = 1/2, the gap appears in the energy spectrum of graphene. 

The results of studying the dependence of the electrical conductivity of graphene on 
the impurity ordering parameter η are shown in Fig. 3. Numerical calculations are 
performed using formula (8). Here, d is the thickness of graphene. The azis x is directed 
from a carbon atom to its nearest neighbour. The σxx ·d are given in units 𝑒2 · ℏ−1 . 

It is seen from Fig. 3 that the electrical conductance of graphene increases with the 
order parameter of an impurity η. 

 

4.  Conclusions 
 
We have established that, at the ordering of impurity atoms, a gap appears in the 

energy spectrum of graphene. In the limiting case of weak scattering |𝛿/𝑤| ≪ 1, we 
have shown that the gap arising at the ordering of impurity atoms in the energy spectrum 
of graphene has a width of 𝜂|𝛿| and is centered at the point  𝑦𝛿, 𝑤 = 3|𝛾1|, where 𝑤 is 
the half-width of the energy zone of pure graphene. It is shown that at values of the order 
parameter η close to the maximum 𝜂𝑚𝑎𝑥 = 2𝑦, 𝑦 < 1/2, the curve of the density of 
electronic states at the edges of the energy gap that occurs when the impurity is ordered 
has peaks corresponding to impurity levels. As the order parameter η decreases, the 
impurity levels split into impurity bands. 

At the electron concentration, when the Fermi level falls in the arising gap, the 
electrical conductance tends to zero at the ordering of an impurity, , i.e., a 
metal-dielectric transition arises. 

If the Fermi level lies outside the gap, the electrical conductance σxx increases with the 
order parameter  and tends to infinity, as the order parameter . 

An increase in the electrical conductance σxx of graphene with the order parameter η of 
impurity atoms is caused by an increase in the density of states at the Fermi level, 𝑔(𝜇), 
and by an increase in the relaxation time of electron states, 𝜏(𝜇). 
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