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Àíîòàöiÿ

Âêëàäàííÿ ãðàôà â ñâî¹ äîïîâíåííÿ öå içîìîðôiçì(íàäàëi ÷àñòî âèêî-
ðèñòîâóâàòèìåòüñÿ òåðìií ïåðåñòàíîâêà) σ : V (G) → V (G) òàêèé, ùî
∀u, v ∈ V (G) i {u, v} ∈ E(G), {σ(u), σ(v)} ∈ G äå G � íåîði¹íòîâàíèé ãðàô,
V (G) � ìíîæèíà âåðøèí ãðàôà G,E(G) � ìíîæèíà ðåáåð ãðàôà G, òîáòî
íåâïîðÿäêîâàíèõ ïàð âåðøèí.

Ìåòà ðîáîòè ïîëÿãà¹ â äîñëiäæåííi òàêèõ ïåðåñòàíîâîê i ¨õ çàêîíîìið-
íîñòåé, ùî ìîæóòü áóòè àëãîðèòìi÷íî âèðàæåíi, òà ðåàëiçàöi¨ àëãîðèòìó
îòðèìàííÿ òàêîãî içîìîðôiçìó.

Êëþ÷îâi ñëîâà: ãðàô, âêëàäàííÿ, äîïîâíåííÿ, ïåðåñòàíîâêà, àëãîðèòì.
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Âñòóï

Òåìà âêëàäåííÿ ÷è ïàêóâàííÿ ãðàôiâ â ñâî¹ äîïîâíåííÿ ÷è â iíøi ãðàôè
àêòèâíî äîñëiäæó¹òüñÿ ìàòåìàòèêàìè.

Iñíó¹ äîñèòü áàãàòî ìàòåðiàëiâ, ïîâ'ÿçàíèõ ç âêëàäàííÿì ÷è ïàêóâàííÿì
ãðàôiâ - äëÿ ïðèêëàäó, M. Wozniak ìà¹ áiëüøå 7-ìè ñòàòåé íà öþ òåìàòèêó.

Ó öié ðîáîòi ïîñòàâëåíî çà ìåòó âiäøóêàòè âçà¹ìîçâ'ÿçêè ÷è äîâåäåííÿ
iñíóâàííÿ âêëàäåííü, ÿêi ìîæíà àëãîðèòìiçóâàòè, òà ñïðîáóâàòè öå çðîáè-
òè.

Òóò ðîçãëÿäàþòüñÿ òà äîñëiäæóþòüñÿ içîìîðôiçìè, ÿêi âêëàäàþòü ãðà-
ôè â ñâî¨ äîïîâíåííÿ íà n−2 òà n−1 ðåáðàõ, âèêëàäàþòüñÿ îñíîâíi ïîíÿòòÿ,
ðåàëiçîâó¹òüñÿ àëãîðèòì íà îäèí ç âèùå çãàäàíèõ òèïiâ òàêîãî içîìîðôiçìó
íà ìîâi ïðîãðàìóâàííÿ Haskell, âèäîçìiíåíèé äëÿ ñïðîùåííÿ i ñêîðî÷åí-
íÿ çàéâîãî, òà ðîçïîâiäà¹òüñÿ ïðî ìîæëèâiñòü ðåàëiçóâàòè äðóãèé ç âèùå
çãàäàíèõ òèïiâ íà áàçi 2-îõ òåîðåì, ÿêi â ñâîþ ÷åðãó áàçóþòüñÿ íà ïåðåñòà-
íîâêàõ (n, n−2)-ãðàôiâ òà äåðåâ, ñïðîáóâàâøè ñàìîñòiéíî çíàéòè àëãîðèòì
ïåðåñòàíîâêè äëÿ íåòðèâiàëüíèõ äåðåâ, ÿêi íå ¹ çiðêàìè.
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1 Îñíîâíi îçíà÷åííÿ

Îçíà÷åííÿ 1.1. Íåîði¹íòîâàíèé ãðàô � öå ïàðà G = (V,E), äå

V (G) � ìíîæèíà âåðøèí,

E(G) ⊂ V (G)(2) = {{u, v}| u, v ∈ V (G)} � ìíîæèíà ðåáåð.

Íàäàëi çàìiñòü ïîçíà÷åííÿ {u, v}, âèêîðèñòîâóâàòèìåìî uv.

Îçíà÷åííÿ 1.2. Ñòåïiíü âåðøèíè d(u) � öå öiëå ÷èñëî âiä 0 äî |V (G)|−
1, ÿêå ïîçíà÷à¹ êiëüêiñòü ðåáåð, ÿêi ìiñòÿòü öþ âåðøèíó àáî êiëüêiñòü âåð-
øèí, ç ÿêîþ âîíà çâ'ÿçàíà.

Îçíà÷åííÿ 1.3. Ïðîñòèé ãðàô � öå ãðàô áåç êðàòíèõ ðåáåð òà ïåòåëü.

Îçíà÷åííÿ 1.4. Çâ'ÿçíèé ãðàô � öå ãðàô, ìiæ áóäü-ÿêîþ ïàðîþ âåðøèí
ÿêîãî iñíó¹ øëÿõ, ÿêèé ¨õ ñïîëó÷à¹.

Îçíà÷åííÿ 1.5. Êîìïîíåíòà çâ'ÿçíîñòi ãðàôà � öå éîãî ìàêñèìàëüíèé
(çà âêëþ÷åííÿì) çâ'ÿçíèé ïiäãðàô.

Îçíà÷åííÿ 1.6. Ïiäãðàô � öå çâ'ÿçíèé ãðàô (ïîçíà÷èìî ÿê G∗) ÿêèé ìà¹
êiëüêiñòü âåðøèí |V (G∗)| = |V (G)|−n, 0 ≥ n ≥ |V (G)|òà ìiñòèòü âñi ðåáðà,
ÿêi íàÿâíi â G ìiæ âåðøèíàìè, íàÿâíèìè â G∗. Ïîçíà÷à¹òüñÿ ÿê G∗ ⊂ G

Îçíà÷åííÿ 1.7. Øëÿõ � ìiæ ïàðîþ âåðøèí x, y ∈ V (G) öå ïîñëiäîâ-
íiñòü âåðøèí v0, v1, ..., vn, äå x = v0 öå ïî÷àòîê øëÿõó, à y = vn � êiíåöü
øëÿõó, ∀i = 0, n− 1 : vivi+1 ∈ E(G).

Îçíà÷åííÿ 1.8. Öèêë � öå øëÿõ, ó ÿêîãî ïî÷àòîê òà êiíåöü çáiãàþòüñÿ.

Îçíà÷åííÿ 1.9. Ïîâíèé ãðàô Kn � ãðàô, ó ÿêîìó êîæíi äâi âåðøèíè
ç'¹äíàíi ðåáðîì, òîáòî E = V (2).

Îçíà÷åííÿ 1.10. Äåðåâî � öå çâ'ÿçíèé ãðàô, ÿêèé ìà¹ êiëüêiñòü ðåáåð
|E(G)| = |V (G)| − 1 .

Òàêîæ äåðåâî íå ìiñòèòü öèêëiâ, ÿê ñâî¨õ ïiäãðàôiâ

Îçíà÷åííÿ 1.11. Íåòðèâiàëüíå äåðåâî � öå äåðåâî, ÿêå íå ¹ K1 ÷è K2 .
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Îçíà÷åííÿ 1.12. Äâî÷àñòêîâèé ãðàô � öå ãðàô, ìíîæèíó âåðøèí ÿêîãî
ìîæíà ðîçáèòè íà äâi ïiäìíîæèíè (÷àñòêè) òàê, ùîá æîäíi äâi âåðøèíè ç
îäíi¹¨ ïiäìíîæèíè íå áóëè ñóìiæíèìè, òîáòî V = V1 ⊔ V2, E ⊂ {{a, b}|a ∈
V1, b ∈ V2}.

Îçíà÷åííÿ 1.13. Çiðêà K1,n � öå äåðåâî, ÿêå ¹ ïîâíèì äâî÷àñòêîâèé
ãðàôîì ç ¹äèíèì âíóòðiøíiì âóçëîì i n ëèñòêàìè.

Îçíà÷åííÿ 1.14. Ëàíöþã Pn � öå äåðåâî, ÿêå ñêëàäà¹òüñÿ òiëüêè ç 2-õ
÷è ìåíøå âåðøèí, ñòåïåíÿ 1, òà (n− 2)-õ âåðøèí ñòåïåíÿ 2.

Îçíà÷åííÿ 1.15. Ïåðåñòàíîâêà � öå içîìîðôiçì σ : V (G) → V (G) ç G
â G(àáî â H, ÿêùî ðîçãëÿäàþòüñÿ ðiçíi ãðàôè) òàêà, ùî ∀u, v ∈ V (G), uv ∈
E(G) � σ(u)σ(v) ∈ E(G).
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2 Çíàõîäæåííÿ ïåðåñòàíîâêè äëÿ (≤ n − 2)-
ðåáåðíîãî ãðàôà

2.1 Äîâåäåííÿ iñíóâàííÿ ïåðåñòàíîâêè âåðøèí äëÿ ãðà-

ôà íà (n − 2)-õ i ìåíøå ðåáðàõ, ÿêà âêëàäà¹ ãðàô

â âëàñíå äîïîâíåííÿ

Òåîðåìà 2.1. ßêùî |E(G)|, |E(H)| < n− 2, êîëè n = |V (H)| = |V (G)|,
òîäi G i H âçà¹ìíî ðîçìiùóâàíi.

Äîâåäåííÿ. Âèêîðèñòîâó¹òüñÿ iíäóêöiÿ ïî n. Òåîðåìà ïðÿìà äëÿ ìàëèõ n,
ñêàæiìî n < 5.

Çàôiêñó¹ìî G, H íà n âåðøèíàõ i ïðèïóñòèìî, ùî òåîðåìà âèêîíó¹òüñÿ
äëÿ áóäü-ÿêî¨ ìåíøî¨ êiëüêîñòi âåðøèí. Äîñòàòíüî ïðîñòî ïîêàçàòè, ùî G i
H âçà¹ìíî ðîçìiùóâàíi çà äîäàòêîâîþ ãiïîòåçîþ |E(G)| = |E(H)| = n− 2.
Òîìó, ÿêùî çàäàíî áóäü-ÿêi G1, H1, ùî çàäîâîëüíÿþòü ãiïîòåçè òåîðåìè, ìè
äîâiëüíî ïîøèðþ¹ìî ¨õ i íàG,H ç n−2 ðåáðàìè òà ái¹êöiÿ σ äëÿG,H òàêîæ
ïðàöþ¹ äëÿ G1, H1 . Ïiä äåðåâîì ó G ÷è H áóäåìî ðîçóìiòè içîëüîâàíó
êîìïîíåíòó ç t âåðøèíàìè òà t − 1 ðåáðàìè, ç äåÿêèì íàòóðàëüíèì t. Öå
âêëþ÷à¹ òàêi âèïàäêè, ÿê içîëüîâàíà òî÷êà(t = 1), i içîëüîâàíå ðåáðî(t = 2).
Êîæåí t-âåðøèííèé êîìïîíåíò, ÿêèé íå ¹ äåðåâîì, ïîâèíåí ìàòè ïðèíàéìíi
t ðåáåð. Òîäi åëåìåíòàðíî ïîðàõóâàâøè, G i H ìàþòü ìiñòèòè ïðèíàéìíi
2 äåðåâà. Äîâåäåííÿ äiëèòüñÿ íà äåêiëüêà âèïàäêiâ, äå âèïàäîê a ìiñòèòü
îñíîâíó iäåþ.

Âèïàäîê a: Íi G, íi H íå ìiñòÿòü içîëüîâàíèõ òî÷îê ÷è ðåáåð. Â äåðåâi
ç ≥ 3 âåðøèí ìè çàâæäè ìîæåìî çíàéòè âèñÿ÷ó òî÷êó a ñòåïåíÿ d(a) = 1,
ïðè¹äíàíó äî âåðøèíè β ñòåïåíÿ d(β) > 1.

Âèêîðèñòà¹ìî ïîçíà÷åííÿ a → β äëÿ ïîçíà÷åííÿ òîãî, ùî âåðøèíà a
ç'¹äíàíà ëèøå ç âåðøèíîþ β. Ó ãðàôi G â äâîõ äåðåâàõ çíàõîäèìî âåðøè-
íè 1, 2, 3, 4 òàêi, ùî 1 → 2, 3 → 4, 2 i 4 ìàþòü ñòåïåíi d(2), d(4) > 1 i
{2, 3} /∈ E(G) (òîìó, ùî âîíè â ðiçíèõ êîìïîíåíòàõ çâ'ÿçíîñòi). Â H çíàõî-
äèìî âåðøèíè a, b, c, d òàêi, ùî a → b, c → d ç àíàëîãi÷íèìè óìîâàìè.

Íåõàé G∗ = G(V (G) − {1, 2, 3, 4}), H∗ = H(V (H) − {a, b, c, d}). Òîäi
|E(G∗)| ≤ |E(G)| − 4 = |V (G∗)| − 2 i |E(H∗)| ≤ |E(H)| − 4 = |V (H∗)| − 2,
òîìó, ùî â ãðàôi G âåðøèíè {1, 2, 3, 4} ìàþòü ïðèéíàéìíi 4 ðåáðà. Òå ñàìå
i äëÿ H. Òîäi çíàõîäèìî ïåðåñòàíîâêó σ∗:

σ∗ : V (G∗) → V (H∗)
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Ðèñ. 1: Âèïàäîê à

Ðîçøèðþ¹ìî σ∗ äî σ:

σ : V (G) → V (H),

ÿêà âèçíà÷åíà ÿê

σ(x) = σ∗(x), x ̸= 1, 2, 3, 4,
σ(1) = b, σ(3) = d,
σ(2) = c, σ(4) = a.

Ñòâåðäæó¹ìî, ùî σ ¹ ðîçìiùåííÿì. Ïðèïóñòèìî, {i, j} ∈ E(G). ßêùî
i, j /∈ {l, 2, 3, 4}, òî {σi, σj} /∈ E(H), îñêiëüêè σ∗ ¹ ðîçìiùåííÿì. Ïðèïóñòè-
ìî, i = 1. Òîäi {i, j} ∈ E(G), òiëüêè ÿêùî j = 2, àëå {σ1, σ2} = {b, c} /∈
E(H). Ïðèïóñòèìî, i = 2. Òîäi, ÿêùî E(H) ìiñòèòü {σi, σj} = {σc, σj},
ìè ïîâèííi ìàòè σj = d, òîìó j = 3, àëå {2, 3} /∈ E(G). Àíàëîãi÷íèìè ¹
âèïàäêè äëÿ i = 3, 4.

Âèïàäîê á: Ó G àáî H ¹ êîìïîíåíò ðîçìiðó 2. Ìè ìîæåìî ïðèïóñòèòè,
ùî {1, 2} ¹ äâîòî÷êîâîþ êîìïîíåíòîþ â G. Ðåøòà n−2 âåðøèí ìàþòü n−3
ðåáåð, òîìó ìè çíàõîäèìî òî÷êó 3 ∈ V (G) ñòóïåíÿ d(3) ≥ 2.

Âèïàäîê á1: H íå ìà¹ içîëüîâàíî¨ òî÷êè.
Âiçüìåìî êîìïîíåíò, ÿêèé ¹ äåðåâîì òà çíàéäåìî a, b ∈ V (H), a → b.

Âèáåðåìî c ∈ V (H), {b, c} /∈ E(H), ìàêñèìàëüíîãî ñòåïåíÿ. (ßêiñü c, b, c /∈
E(H) iñíóþòü, îñêiëüêè ¹ ëèøå n − 2 ðåáåð.) ßêùî d(b) = 1, òî d(c) ≥ 2.
Â iíøîìó âèïàäêó ìè çíàéäåìî d(c) > 1, ÿêùî âñi ðåáðà H íå ìiñòÿòü b. Ó
áóäü-ÿêîìó âèïàäêó {a, b, c} ìàþòü ïðèíàéìíi 3 ðåáðà.

Òåïåð çíàõîäèìî ðîçìiùåííÿ

σ∗ : V (G)− {1, 2, 3} → V (H)− {a, b, c}
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Ðèñ. 2: Âèïàäîê á1

i ðîçøèðþ¹ìî äî σ, çà äîïîìîãîþ

σ(1) = b, σ(2) = c, σ(3) = a.

Âèïàäîê á2: H ìà¹ içîëüîâàíó òî÷êó, ñêàæiìî, a ∈ V (H).
Âèáåðåìî b ∈ V (H) ìàêñèìàëüíîãî ñòåïåíÿ òà c ∈ V (H) ìàêñèìàëüíîãî

ñòåïåíÿ òàê, ùîá c ̸= a, {b, c} /∈ E(H).

Ðèñ. 3: Âèïàäîê á2

Ïiäâèïàäîê á21: ÿêùî òàêîãî c íå iñíó¹, H ìà¹ áóòè îá'¹äíàííÿì içîëüî-
âàíî¨ òî÷êè a i çiðêè ç öåíòðîì b ñòåïåíÿ d(b) = n− 2.

Ó öüîìó âèïàäêó âèçíà÷èìî σ(1) = b, σ(2) = a, à ðåøòó äîâiëüíî.
Ïðîäîâæåííÿ á2: Ïðîñòî ïîðàõóâàâøè, îòðèìó¹ìî d(b) > 2 i, âèêëþ÷à-

þ÷è âèïàäîê á21, d(c) > 1. Çíàõîäèìî ïåðåñòàíîâêó:

σ∗ : V (G)− {1, 2, 3} → V (H)− {a, b, c}
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Ðèñ. 4: Âèïàäîê á21

i ðîçøèðþ¹ìî ¨¨ äî σ, äîäàâøè:

σ(1) = b, σ(2) = c, σ(3) = a.

Âèïàäîê â: íåìà¹ içîëüîâàíèõ ðåáåð, àëå ¹ içîëüîâàíi òî÷êè.
Ïðèïóñòèìî, 1 ∈ V (G) ¹ içîëüîâàíîþ òî÷êîþ. Âèáåðåìî 2 ∈ V (G) ç

d(2) > 2.
Ïiäâèïàäîê â1: H ìà¹ içîëüîâàíó òî÷êó a.

Ðèñ. 5: Âèïàäîê â1

Âèáåðåìî b ∈ V (H), d(b) > 2. Çíàõîäèìî ðîçìiùåííÿ

σ∗ : V (G)− {I, 2} → V (H)− {a, b}

i ðîçøèðèìî éîãî äî σ, äîäàâøè
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σ(1) = b, σ(2) = b.

Âèïàäîê â2: H íå ìà¹ içîëüîâàíèõ òî÷îê.

Ðèñ. 6: Âèïàäîê â2

ßêùî H ìà¹ äâîâåðøèííi êîìïîíåíòè, ìè âèêîðèñòîâó¹ìî âèïàäîê á.
Iíàêøå ìè çíàéäåìî êîìïîíåíòó iç òî÷êàìè a, b ∈ V (H), a → b, d(b) > 2.

Çíàõîäèìî ðîçìiùåííÿ:

σ∗ : V (G)− {I, 2}+ V (H)− {a, b}

i ðîçøèðèìî éîãî, äîäàâøè

σ(1) = b, σ(2) = a.

Äàëi ðîçáåðåìî ñàì àëãîðèòì:

2.2 Àëãîðèòì äëÿ çíàõîäæåííÿ ïåðåñòàíîâêè âåðøèí

äëÿ ãðàôà íà (n− 2)-õ i ìåíøå ðåáðàõ, ÿêà âêëàäà¹

ãðàô â âëàñíå äîïîâíåííÿ, íà áàçi òåîðåìè 2.1

1 type Graph = [[Int]]

2 type Placement = [(Int , Int)]

3

4 nodes :: Graph -> [Int]

5 nodes g = [0..( length g - 1)]

6

7 edges :: Graph -> [(Int ,Int)]

8 edges g = [(x,y) | x<-nodes g, y <- g!!x]
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9

10 edgeIn :: Graph -> (Int , Int) -> Bool

11 edgeIn g (x,y) = elem y (g!!x)

Äëÿ ïî÷àòêó ïîòðiáíî çàçíà÷èòè, ÿê çàäàâàâñÿ ãðàô: ñïèñêîì çi ñïèñêiâ
ñóñiäiâ âåðøèí, íîìåðè âåðøèí âiäïîâiäàëè ¨õ ïîðÿäêó â ñïèñêó

Â äàíîìó ôðàãìåíòi ïîêàçàíi ôóíêöi¨, ÿêèìè ìîæíà çíàéòè ñïèñîê âåð-
øèí ãðàôà, ñïèñîê ðåáåð i ïåðåâiðèòè ÷è íàëåæèòü ðåáðî ãðàôó.

Òàêîæ òóò âèçíà÷åíî ÿêèì ÷èíîì çàäàâàëàñü ïåðåñòàíîâêà: ñïèñêîì ïàð
íîìåðiâ âåðøèí, äå ïåðøèé åëåìåíò ïàðè âiäïîâiäà¹ îðèãiíàëüíié âåðøèíi
ãðàôà, à äðóãèé - ¨¨ ïðîåêöi¨ â äîïîâíåííi.

1 a :: (Graph ,Placement) -> [[Int]] -> (Graph ,Placement)

2 a (gr , p) el = let points = take 2 (head $ filterPs (getPoints gr (el!!2))

) in (gr , (act ((snd $ head points):(fst $ head points):(snd $ last

points):(fst $ last points):[]))++p)

3

4 getPoints :: Graph -> [Int] -> Placement

5 getPoints gr el = [(head gr!!x, x)|x<-nodes gr, length gr!!x ==1, notElem

(head gr!!x) el]

6

7 filterPs :: Placement -> [Placement]

8 filterPs p = filter (lengthBigger1) (map (filterP []) (subsequences p))

9

10 lengthBigger1 :: [a]->Bool

11 lengthBigger1 l = length l > 1

12

13 filterP :: [Int] -> Placement -> Placement

14 filterP is (p:ps) = if elem (fst p) is then filterP is ps else p:( filterP

(fst p : is) ps)

15 filterP _ [] = []

Â öüîìó ôðàãìåíòi íàâåäåíà ôóíêöiÿ äëÿ âèïàäêó à i ¨¨ äîïîìiæíi ôóí-
êöi¨

Ïî÷àòè âàðòî ç getPoints - òóò ïîâåðòà¹ìî ïàðè âèñÿ÷èõ âåðøèí ç âåð-
øèíàìè, äî ÿêèõ âîíè ïðè'¹äíàíi, ÿêùî öi âåðøèíè ùå íå îòðèìàëè ïåðå-
ñòàíîâêó. Ñàìi âèñÿ÷i âåðøèíè íå ïåðåâiðÿþòüñÿ, îñêiëüêè êîæíó iòåðàöiþ
àëãîðèòìà ãðàô î÷èùà¹òüñÿ i âåðøèíè ç ïåðåñòàíîâêàìè áóäóòü ïðåäñòàâ-
ëåíi ïîðîæíiìè ñïèñêàìè, òîæ óìîâà length==1 ¨õ âiäñi¹.

Äàëi ðîçãëÿíåìî ôóíêöiþ �lterPs - â ôóíêöi¨ a âîíà ñëóæèòü äëÿ òîãî,
àáè ïåðåëiê ïàð áóâ íå ïîâ'ÿçàíèé(âñi âåðøèíè ðiçíi).

ßêèì ÷èíîì:

� íà âõiä ôóíêöi¨ ïåðåäà¹ìî îòðèìàíèé â getPoints ñïèñîê ïàð âåðøèíà-
âèñÿ÷à âåðøèíà,

� óòâîðþ¹ìî âñi ìîæëèâi ¨õ êîìáiíàöi¨(àáè ðàïòîì íå ïðîãàâèòè ñïèñîê,
ÿêèé ïðè ôiëüòðàöi¨ íå ñòàíå ìåíøèì çà 2 - äëÿ ïðèêëàäó âèïàäîê,
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êîëè ìà¹ìî 2 çiðêè äóæå iëþñòðàòèâíèé - òîäi ìè ìàêñèìóì çìîæåìî
îòðèìàòè ñïèñîê äîâæèíè 2 ïðè ôiëüòðàöi¨, îñêiëüêè ñïèñêè ïî òèïó
[(0,1),(0,2),...,(0,n)] ñòàíóòü îäíîåëåìåíòíèìè i ëèøå ñïèñîê ïðèéíàéì-
íi ç îäíi¹þ ïàðîþ ç iíøî¨ çiðêè çìîæå áóòè 2-åëåìåíòíèì),

� âèäàëÿ¹ìî çà äîïîìîãîþ ôóíêöi¨ �lterP ïàðè, â ÿêèõ íåâèñÿ÷i âåðøè-
íè ïîâòîðþþòüñÿ(âèñÿ÷i àïðiîði ïîâòîðþâàòèñü íå ìîæóòü, îñêiëüêè
ìàþòü ¹äèíå ðåáðî, âiäïîâiäíî âiäîáðàæåíå ¹äèíîþ ïàðîþ) (â öié ôóí-
êöi¨ ìè ïðîñòî ðåêóðñèâíî ïåðåáèðà¹ìî ïàðè âåðøèí, êîæíó iòåðàöiþ
äîäàþ÷è âåðøèíó äî ñïèñêó âèêîðèñòàíèõ àáî íå äîäà¹ìî ïàðó äî
ðåçóëüòàòó, ÿêùî âåðøèíà âæå â ñïèñêó),

� òà âèäàëÿ¹ìî ñïèñêè ïàð äîâæèíîþ ìåíøå 2-õ, ôiëüòðóþ÷è ïðåäèêà-
òîì lengthBigger1, îñêiëüêè íàì ïîòðiáíi ñàìå 2 ïàðè, íåïîâ'ÿçàíi ìiæ
ñîáîþ.

Àëå, îñêiëüêè íàì ïîòðiáíi ñàìå 2 ïàðè, äîïîìiæíi ôóíêöi¨ ìîæíà ñêî-
ðîòèòè äî îäíi¹¨, ç âèêîðèñòàííÿì edgeIn:

1 getPoints gr el = head [[(x,y) ,(u,v)]|x<-nodes gr , y<- gr!!x,u<-nodes gr ,

v<-gr!!u, length gr!!x ==1, length gr!!u ==1, notElem y el , notElem v

el, not x==u, not (edgeIn gr (y,v))]

Â öüîìó ôðàãìåíòi ïðîñòî ïåðåáèðà¹ìî âåðøèíè òàê, àáè x i u áóëè âèñÿ-
÷èìè, yv íå ¹ ðåáðîì G, áî ïåðåñòàíîâêà ñòàíå íåäiéñíîþ(ðåáðî íå ìiñòèòè-
ìåòüñÿ â äîïîâíåííi íà òàêié ïåðåñòàíîâöi, õî÷à ìà¹ âìiñòèòèñü), âåðøèíè
íå áóëè âèêîðèñòàíi, x i u íå îäíà é òà æ âåðøèíà, ðåáðà xv, uy /∈ E(G), áî
ïîòðiáíi ñàìå íåïîâ'ÿçàíi âåðøèíè äëÿ ïåðåñòàíîâêè.

I ñêîðîòèòè âèçíà÷åííÿ points äî
1 let points = getPoints gr (el!!2)

Àëå ÷îìó áóëî ïðèéíÿòî ðiøåííÿ çàëèøèòè öåé êîä - âií çãîäèòüñÿ äëÿ
àëãîðèòìó íà äåðåâàõ.

Íàðåøòi ôóíêöiÿ a: âèáèðà¹ìî 2 ïàðè âåðøèí i ïåðåñòàâëÿ¹ìî ¨õ òàêèì
÷èíîì:

σ(âèñÿ÷à1)= âåðøèíà1, σ(âåðøèíà1)= âèñÿ÷à2,

σ(âèñÿ÷à2)= âåðøèíà2, σ(âåðøèíà2)= âèñÿ÷à1.

×îìó ñàìå òàê - â òåîðåìi áóëî âèçíà÷åíî âêëàäåííÿ G â , à ìè ìà¹ìî
÷àñòêîâèé âèïàäîê H = G i ëåãêî áà÷èòè, ùî {a, b, c, d} - ìîæíà ââàæàòè
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òèì ñàìèì, ùî é {1, 2, 3, 4} âiäïîâiäíî, ùî = {âèñÿ÷à1, âåðøèíà1, âèñÿ÷à2,
âåðøèíà2}.

Ôóíêöiÿ act ïðîñòî ïîâåðòà¹ öèêëi÷íî, ïî-ïîðÿäêó ïåðåñòàâëåíi âåðøè-
íè(äëÿ ïðèêëàäó äëÿ ñïèñêó [0,1,2] ïîâåðíå ïåðñòàíîâêè [(0,1),(1,2),(2,0)]) -
¨¨ êîä íàÿâíèé â íàñòóïíîìó ôðàãìåíòi:

1 b1 :: (Graph ,Placement) -> [[Int]] -> (Graph ,Placement)

2 b1 (gr , p) el = let edge = findE gr (el!!2) in

3 let m = findMaxP gr ((fst $ edge):(snd $ edge):[]) in (gr ,(act ((fst

$edge):(snd $ edge):m:[]))++p)

4

5 act :: [Int] -> Placement

6 act [] = []

7 act l = [(l!!i,l!!(i+1))|i< -[0..( length l -2)]]++[(l!!( length l -1),l!!0)]

8

9 findE :: Graph -> [Int] -> (Int ,Int)

10 findE gr el = head [(n,y)|n<-nodes gr, y<-(gr!!n), length (gr!!y) == 1,

length (gr!!n) == 1, notElem n el]

11

Ôóíêöiÿ �ndE øóêà¹ âèñÿ÷i ðåáðà(K2): âîíè ìàþòü ìàòè ëèøå îäíå ðå-
áðî i ëèøå îäèí ç îäíèì, à òàêîæ êîæíà ç íèõ íå áóòè âæå âèêîðèñòàíîþ

b1 öèêëi÷íî ïåðåñòàâëÿ¹ âåðøèíè òàêèì ÷èíîì:

σ(ðåáðî1)= ðåáðî2, σ(ðåáðî2)=ìàêñèìàëüíà,

σ(ìàêñèìàëüíà)= ðåáðî1.

×îìó ñàìå òàê, ÿêùî â òåîðåìi áðàëè äåðåâî, à íå ðåáðî ç H:
Âåðøèíà 3 ìà¹ ìàêñèìàëüíèé ñòåïiíü i, àáè íå ïîðóøèòè ðiâíîâàãó

(n, n − 2) âîíà ìà¹ áóòè ïðèéíàéìíi ñòåïåíÿ 2 - òîäi òàêà ïåðåñòàíîâêà,
î÷åâèäíî, âêëàäà¹òüñÿ â G i äîñòóïíà äëÿ òîãî, àáè ïðîâîäèòè ïîäàëüøi iòå-
ðàöi¨¨ àëãîðèòìó. Àëå ùî ÿêùî âåðøèíà 3 ìà¹ ñòåïiíü 1? Òîäi öå îá'¹äíàííÿ
âèñÿ÷èõ ðåáåð, ÿêi ëåãêî âêëàäàþòüñÿ â äîïîâíåííÿ, îñêiëüêè â òàêîìó âè-
ïàäêó êiëüêiñòü ðåáåð ãðàôà |E(G)| = n/2, n ≥ 3 i òîäi ãðàô ïðè êîæíié
iòåðàöi¨ øâèäøå ñòàíå ïîðîæíiì, íiæ ïîðóøèòü áàëàíñ ðåáåð íàâiòü ÿêùî
iòåðóâàòè âèêëþ÷íî ïî á1(àëå ïiñëÿ ïåðøî¨ æ iòåðàöi¨ òàêèé ãðàô àáî çà-
êèíå â á2, àáî â îáðîáêó äëÿ ïîðîæíüîãî ãðàôà(áåç ðåáåð)).

Òîìó äîöiëüíî, àáè íå ðîáèòè ïðîãðàìó çàïëóòàíiøîþ, ïåðåðîçïîäiëèòè
âåðøèíè {1, 2, 3}, ÿê {a, b, c}, âiäïîâiäíî

1 b2 :: (Graph ,Placement) -> [[Int]] -> (Graph ,Placement)

2 b2 (gr , p) el = let min = findZeroP gr (el!!1) in

3 let e = findE gr (el!!2) in

4 let m = findMaxP gr ((fst e):(snd e):min:(el!!0)) in if m==(-1) then (gr

,(drop 1 (act (min:(fst e):(snd e):[])))++p) else (gr ,(drop 1 (act (min

:(fst e):(snd e):m:[])))++p)



17

Â âèïàäêó á2 çíàõîäèìî âèñÿ÷i âåðøèíó i ðåáðî, òà âåðøèíó ìàêñèìàëü-
íîãî ñòåïåíÿ - ïîçíà÷èìî çà {0, 1, 2, 3}, âiäïîâiäíî(a ç òåîðåìè òåïåð 0).

σ(1) = 2, σ(2) = 3, σ(3) = 0.

Ìîæå çäàòèñü, ùî òóò áóäå çàáðàíî 4 âåðøèíè, àëå íàñïðàâäi áóäå çà-
áðàíî 3 - ìiíiìàëüíà i ïåðøà ïî ïîëîâèíi, òîáòî ç 0 ìîæíà ïåðåéòè, àëå
íàäàëi âæå íå ìîæíà áóäå ïåðåéòè â 0, íàòîìiñòü íå ìîæíà ïåðåéòè ç 1, àëå
ìîæíà ïåðåéòè â 1.

Îòîæ àáè íå ïîðóøèòè áàëàíñ ïîòðiáíî ïðèéíàéìíi 3 ðåáðà - d(3) ≥
2. Âèïàäîê, êîëè d(3) = 1 âæå îáãîâîðþâàâñÿ âèùå. ßêùî æ d(3) = 0,
òî ïiñëÿ öi¹¨ ïåðåñòàíîâêè ãðàô ñêëàäàòèìåòüñÿ ç içîëüîâàíèõ âåðøèí i
áóäå ïðåäñòàâëåíèé ñïèñêîì ïîðîæíiõ ñïèñêiâ - òîáòî î÷åâèäíî âêëàäåòüñÿ
i ïåðåñòàíîâêè áóäóòü ïðèçíà÷åíi âiäïîâiäíîþ ôóíêöi¹þ.

Òàêîæ âàðòî çàçíà÷èòè, ÷îìó íåìà¹ âàðiàíòà á21: ïî ñóòi âií âèêîíà¹òüñÿ
â á2 - a = 0, b = 3, àëå iíàêøîþ ïåðåñòàíîâêîþ, íiæ íàäàíà â òåîðåìi.

1 v :: (Graph ,Placement) -> [[Int]] -> (Graph ,Placement)

2 v (gr , p) el = (gr , (findZeroP gr (el!!0), findMaxP gr (el!!1)):( findMaxP

gr (el!!0), findZeroP gr (el!!1)):p)

3

4 findZeroP :: Graph -> [Int] -> Int

5 findZeroP gr el = head [n|n<-nodes gr, null (gr!!n), notElem n el]

6

7 findMaxP :: Graph -> [Int] -> Int

8 findMaxP gr el = maxL (map (change el) [( length (gr!!n), n)|n<-nodes gr])

9

10 maxL :: Placement -> Int

11 maxL (p1:p2:ps) = if fst p1 > fst p2 then maxL (p1:ps) else maxL (p2:ps)

12 maxL [p] = snd p

13 maxL [] = -1

14

15 change :: [Int] -> (Int ,Int) -> (Int ,Int)

16 change el p = if elem (snd p) el then (-1,-1) else p

Â öüîìó ôðàãìåíòi ïðåäñòàâëåíi ôóíêöi¨, ÿêi âèêîðèñòîâóâàëèñü â ïî-
ïåðåäíüîìó - ðîçáåðåìî ¨õ:

�ndZeroP - ïîâåðòà¹ ïåðøó æ içîëüîâàíó âåðøèíó ãðàôà, ÿêà íå âèêî-
ðèñòàíà(i âîíà òî÷íî iñíó¹, îñêiëüêè ìè ÿêîñü ïîòðàïèëè â âèïàäîê â).

maxL ç ïàð ñòåïiíü-íîìåð îáèðà¹ îñòàííþ âåðøèíó ç íàéâèùèì ñòåïå-
íåì, à ó âèïàäêó âiäñóòíîñòi åëåìåíòiâ â ñïèñêó âèäà¹ ïîìèëêó -1.

change ïî ñóòi ðîáèòü âåðøèíè, ÿêi âæå áóëè âèêîðèñòàíi, íåäîñòóïíèìè
- ÿêùî íåäîñòóïíà æîäíà âåðøèíà, â ðåçóëüòàòi â �ndMaxP âèêèíåòüñÿ -1

�ndMaxP óòâîðþ¹ ç óñiõ âåðøèí ïàðè ç äîâæèíàìè(ñòåïåíÿìè) òà íîìå-
ðàìè, çàìiíþ¹ âèêîðèñòàíi âåðøèíè íà (-1, -1) òà çíàõîäèòü íîìåð âåðøèíè
ç íàéáiëüøèì ñòåïåíåì
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Âèïàäîê â âiäïîâiäíî äî âèïàäêó â1 òåîðåìè ïåðåñòàâëÿ¹ içîëüîâàíó
âåðøèíó ç ìàêñèìàëüíîþ i íàâïàêè.

σ(1) = 2, σ(2) = 1.

Âèïàäîê â2 íå ïðåäñòàâëåíèé, îñêiëüêè â âèïàäêó H = G ñèòóàöiÿ G
ìiñòèòü içîëüîâàíó âåðøèíó, à H - íi íå ¹ ìîæëèâîþ.

1 fullEmpty :: (Graph ,Placement) -> [[Int]] -> (Graph ,Placement)

2 fullEmpty (gr,p) el = let points = [x|x<-nodes gr, notElem x (el!!2)] in (

gr, (act [x|x<- points , notElem x (el!!0), notElem x (el!!1)])++[(x,y)|

x<-points ,y<-points , elem x (el!!1), elem y (el!!0) ]++p)

fullEmpty íàäà¹ ïåðåñòàíîâêè âåðøèíàì, ùî çàëèøèëèñü, òàêèì ÷èíîì
- "öiëi"âåðøèíè öèêëi÷íî, ïî-÷åðçi ïåðåñòàâëÿþòüñÿ, à íàïîëîâèíó âèêî-
ðèñòàíi ç'¹äíóþòüñÿ ìiæ ñîáîþ. Òàê ìîæëèâî çðîáèòè, îñêiëüêè ¹äèíèé
âàðiàíò, ÿêèé óòâîðþ¹ ¨õ - óòâîðþ¹ îäíàêîâî ïî îäíîìó íàïiââèêîðèñòàí-
íþ ðiçíîãî òèïó, à ùîäî ¨õ âèêîðèñòàííÿ, ñêàæiìî â âèïàäêó â, - áàëàíñ
êiëüêîñòi íå áóäå ïîðóøåíî.

1 haveIsolatedP :: Graph -> [Int] -> Bool

2 haveIsolatedP gr el = if null [n|n<-nodes gr, null (gr!!n), (notElem n el)

] then False else True

3

4 haveIsolatedE :: Graph -> [Int] -> Bool

5 haveIsolatedE gr el = let ps = [gr!!n|n<-nodes gr, length (gr!!n) == 1] in

if null [x|x<-ps , y<-x, length (gr!!y) == 1, (notElem y el)] then

False else True

haveIsolatedE òà haveIsolatedP - öå ïðåäèêàòè, ÿêi ïîâåòàþòü iñòèíó ó
âèïàäêó, ÿêùî ãðàô(áåç âèêîðèñòàíèõ âåðøèí) ìà¹ içîëüîâàíå ðåáðî ÷è
içîëüîâàíó âåðøèíó, âiäïîâiäíî.

1 decide :: Bool -> Bool -> (Graph ,Placement) -> [[Int]] -> (Graph ,Placement

)

2 decide False False gp el = a gp el

3 decide True True gp el = b2 gp el

4 decide True False gp el = b1 gp el

5 decide False True gp el = v gp el

decide, íà îñíîâi çíà÷åíü ïîïåðåäíiõ äâîõ ïðåäèêàòiâ, çàïóñêà¹ âiäïîâiä-
íèé âèïàäîê:

� Íå ìà¹ íi içîëüîâàíèõ ðåáåð, íi içîëüîâàíèõ âåðøèí - âèïàäîê à,

� Ìà¹ i içîëüîâàíi ðåáðà i âåðøèíè - á2,

� Ìà¹ içîëüîâàíi ðåáðà, àëå áåç içîëüîâàíèõ âåðøèí - á1,
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� Ìà¹ içîëüîâàíi âåðøèíè, àëå íå ðåáðà - â.

1 cEL :: [Int] -> [Int] -> [Int]

2 cEL f s = [e|n< -[0..( length (f++s)) -1], let e =(f++s)!!n, elem e (drop (n

+1) (f++s))]

3

4 cELf :: Placement -> [Int]

5 cELf p = [fst e|e<-p]

6

7 cELs :: Placement -> [Int]

8 cELs p = [snd e|e<-p]

Ñïèñêè ç âèêîðèñòàíèõ âåðøèí, ÿêi óòâîðþþòüñÿ ç ïîâíiñòþ âèêîðèñòà-
íèõ, ç âèêîðèñòàíèõ ïðîîáðàçiâ â G i ç âèîðèñòàíèõ îáðàçiâ â G, âiäïîâiäíî

1 clean :: (Graph ,Placement) -> Graph

2 clean (gr,p) = let e = cELf p in [[y| y<-gr!!x, notElem y e, notElem x e]|

x<-nodes gr]

Ôóíêöiÿ, ùî î÷èùà¹ ðåáðà âèêîðèñòàíèõ âåðøèí(àáè íå çàâàäèòè âèêî-
íàííþ fullEmpty âèïàäêó)

1 check :: (Graph ,Placement) -> Placement -> (Graph ,Placement)

2 check (gr,pn) pl = let n = [x|x<-pn , notElem x pl] in (gr ,(fn [(fst x,snd

x)|x<-n, y<- nodes gr, notElem (fst x, y) pl , notElem (y, snd x) pl] (

length gr))++pl)

3

4 fn :: Placement -> Int -> Placement

5 fn (p:ps) l = if length [x|x<-(p:ps), x==p] == l then p:(fn ps l) else fn

ps l

6 fn [] _ = []

Ôóíêöiÿ, ÿêà ïðèáèðà¹ íåïîðîçóìiííÿ ç ïåðåñòàíîâêàìè - ïîâòîðþâàíi
ïåðåñòàíîâêè, ÿê äëÿ ãðàôà [[]], ñêàæiìî, ÷è âæå íàïiââèêîðèñòàíi âåðøèíè
â òîìó âèãëÿäi, â ÿêîèó âîíè íå ìàëè á áóòè - ôiíàëüíèé âèãëÿä ôóíêöi¨ á2
ïðèíîñèòü äîñèòü áàãàòî íåçðó÷íîñòåé.

1 n2 :: Graph -> Placement

2 n2 gr = replacement (gr ,[]) [[] ,[] ,[]]

3

4 replacement :: (Graph ,Placement) -> [[Int]] -> (Graph , Placement)

5 replacement (gr ,p) el =

6 let d = decide (haveIsolatedE gr (el!!0)) (haveIsolatedP gr (el!!0)) (gr,

p) el in

7 let cd = check (clean d, snd d) p in

8 let el1 = ((( cELf $ snd cd)++(el!!0)):(( cELs $ snd cd)++(el!!1)):((cEL (

cELf $ snd cd) (cELs $ snd cd))++(el!!2)):[]) in if (length (snd cd) ==

(length gr)) then cd else if null [x|x<-(fst cd), (length x) > 0] then

fullEmpty cd el1 else replacement cd el1

I, íà îñòàíîê, ôóíêöiÿ ÿêà ñêðiïëþ¹ ôóíêöi¨ decide, clean, ckeck, fullEmpty
äî êóïè â öèêë - replacement, òà ôóíêöiÿ, ÿêà ïîçáàâëÿ¹ âiä çàéâîãî ââîäó
- n2
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3 Ïðèêëàä àíòèàëãîðèòìi÷íîãî äîâåäåííÿ iñíó-
âàííÿ ïåðåñòàíîâêè äëÿ ãðàôà

Òåîðåìà 3.1. ßêùî |E(G)||E(H)| < (n2) òîäi G, H âçà¹ìíî ðîçìiùóþ-
òüñÿ.

Äîâåäåííÿ. Çàóâàæòå, ùî äëÿ n íàâiòü ïðèêëàä iç ïîïåðåäíüîãî ðîçäiëó
ïîêàçó¹, ùî òåîðåìà 3.1 íàéêðàùà ç ìîæëèâèõ.

Çàôiêñó¹ìî G,H, ùî çàäîâîëüíÿþòü óìîâè òåîðåìè 3.1. Âèêîðèñòà¹ìî
iìîâiðíiñíèé ìåòîä.

Íåõàé σ � âèïàäêîâà ái¹êöiÿ ç V (G) â V (H). Òî÷íiøå, ðîçãëÿíåìî éìî-
âiðíiñíèé ïðîñòið, n! òî÷îê ÿêîãî, ¹ ìîæëèâèìè ái¹êöiÿìè σ, êîæíà ç ÿêèõ
ìà¹ éìîâiðíiñòü n!−1. Äëÿ áóäü-ÿêèõ e = {i, j} ∈ E(G), f = {a, b} ∈ E(H),
íåõàé Aef ïîçíà÷à¹ ïîäiþ σ(e) = f Òîäi

Prob[Aef ] = 2(n− 2)!/n! = (n2)
−1.

Íåõàé A = V Aef , äèç'þíêöiÿ íàä óñiìà e ∈ E(G), f ∈ E(H) Òîäi

Prob[A] = Prob[V Aef ] ≤ Prob[Aef ] = |E(G)||E(H)|(n2)−1 < 1.

Îòæå, äëÿ äåÿêîãî ôiêñîâàíîãî σ ïîäiÿ A íå âèêîíó¹òüñÿ. Òîáòî σ � öå
ðîçìiùåííÿ.
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4 Çíàõîäæåííÿ ïåðåñòàíîâêè äëÿ n−1-ðåáåðíîãî
ãðàôà

4.1 Äîâåäåííÿ iñíóâàííÿ ïåðåñòàíîâêè äëÿ n−1-ðåáåðíîãî

ãðàôà, íà áàçi òåîðåìè 4.4

Òåîðåìà 4.1. Êîæåí ãðàô (p, p− 2) âêëàäà¹òüñÿ ó ñâî¹ äîïîâíåííÿ.

Âèêîðèñòà¹ìî íàñòóïíó ïîñèëåíó âåðñiþ öi¹¨ òåîðåìè, ÿêà äîâåäåíà â
[4].

Òåîðåìà 4.2. ßêùî G � áóäü-ÿêèé ïîçíà÷åíèé ãðàô (p, p−2), òî iñíó¹
içîìîðôi÷íå âêëàäåííÿ σ G ó G òàêå, ùî σ íå ìà¹ ôiêñîâàíèõ âåðøèí.

Î÷åâèäíî, ùî âêëàäåííÿ â òåîðåìàõ 4.1 i 4.2 âèêîíóþòüñÿ äëÿ áóäü-ÿêîãî
(p, p− n) ãðàôà, ÿêùî n ≥ 2.

Ùî ñòîñó¹òüñÿ (p, p − 1) ãðàôiâ, òî, çäà¹òüñÿ, Ã. Äæîçåô Ñòðåéò áóâ
ïåðøèì, õòî ïîìiòèâ, ùî ìàéæå âñi äåðåâà ìiñòÿòüñÿ ó ñâî¨õ äîïîâíåííÿõ.
Âií äîâiâ íàñòóïíå:

Òåîðåìà 4.3. Êîæíå íåòðèâiàëüíå äåðåâî, ÿêå íå ¹ çiðêîþ, âêëàäà¹òüñÿ
ó ñâî¹ äîïîâíåííÿ.

Òóò ïðîïîíó¹òüñÿ çàâåðøèòè äîñëiäæåííÿ âêëàäåííÿ (p, p− 1) ãðàôiâ ó
¨õ äîïîâíåííÿ, âèêîðèñòîâóþ÷è òåîðåìó 4.3 ÿê îêðåìèé âèïàäîê. Ñïî÷àòêó
ìè îãîëîøó¹ìî êëàñ γ çàáîðîíåíèõ ãðàôiâ: K1∪C3, K1∪C4, K1∪2C3, K1,1∪
C3, K1,p−1 òà K1,n ∪ C3 äå n ≥ 4. (Äèâ. ðèñ. 7)

Òåïåð ìè ïî÷èíà¹ìî ç óòèëiçàöi¨ íàéáiëüø íàäîêó÷ëèâîãî êëàñó (p, p−1)
ãðàôiâ.

Òåîðåìà 4.4. Íåõàé T áóäü-ÿêå äåðåâî, òðèâiàëüíå ÷è íåòðèâiàëüíå.
ßêùî G ¹ îá'¹äíàííÿì T i m íåïåðåñi÷íèõ öèêëiâ (m ≥ 1) i G /∈ γ, òî
G ⊂ G.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ñåðåä m öèêëiâ â G ¹ öèêë Cr iç r ≥ 5. Íåõàé
V (Cr) = {v1, v2, ..., vr−1}þ Ðîçãëÿíåìî (k, k−2) ãðàôG1 = G−{v1, v2, . . . , vr}.
Çà òåîðåìîþ 4.2 ìè çíà¹ìî, ùî iñíó¹ içîìîðôíå âêëàäåííÿ

σ∗ : G1 → G òàêå,
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Ðèñ. 7: γ-êëàñ

ùî σ∗ íå ìà¹ ôiêñîâàíèõ âåðøèí.
Êðiì òîãî, çà òåîðåìîþ 4.3 ìè çíà¹ìî, ùî iñíó¹ içîìîðôíå âêëàäåííÿ

σt : Cr − vr → Cr − vr.

Îá'¹äíàííÿ âiäîáðàæåíü σ∗ i σt óòâîðþ¹ içîìîðôíå âêëàäåííÿ σ:

σ : G → G,

íàñòóïíèì ÷èíîì:

σ(v) = σ∗(v) äëÿ v ∈ V (G1),

(vi) = σt(vi) äëÿ 1 ≤ i ≤ r − 1.

Îñêiëüêè σ∗(vr) ̸= vr, ðåáðà σ(vr−1)σ(vr) i σ(v1)σ(vr) çíàõîäÿòüñÿ â G.
Î÷åâèäíî, âñi iíøi ðåáðà σ(G) çíàõîäÿòüñÿ â G, òîìó σ ¹ áàæàíèì içîìîð-
ôíèì âêëàäåííÿì.

Äîâiâøè òåîðåìó äëÿ ãðàôiâ iç öèêëîì Cr, äå r ≥ 5, íàäàëi ïðèïóñêà¹ìî,
ùî m öèêëiâ G ¹ 3-âåðøèííèìè àáî 4-âåðøèííèìè. Çàëèøîê äîâåäåííÿ
âèêîíó¹òüñÿ iíäóêöi¹þ ïî m.

ßêùî m = 1, òî G = T ∪ C3 àáî G = T ∪ C4.

Ðîçãëÿíåìî G = T ∪ C3. Îñêiëüêè G /∈ γ, T ìà¹ ïðèíàéìíi 3 âåðøèíè.
ßêùî T ¹ çiðêîþ, òî G = K1,2 ∪ C3 àáî G = K1,3 ∪ C3; ó êîæíîìó âèïàä-
êó ëåãêî ïåðåâiðèòè, ùî G ⊂ G. ßêùî T íå ¹ çiðêîþ, òî T ìà¹ ïîðÿäîê
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t ≥ 4. Äëÿ t = 4, 5 âêëàäåííÿ G â G ïîêàçàíî íà ðèñ. 8, äå ñóöiëüíi ëiíi¨
ïîçíà÷àþòü ðåáðà G, à ïóíêòèðíi ëiíi¨ ïîçíà÷àþòü ðåáðà G. ßêùî t ≥ 6, òî
iñíóþòü êiíöåâi âåðøèíè x, y ∈ V (T ) òàêi, ùî T − {x, y} íå ¹ çiðêîþ; îòæå,
iñíó¹ içîìîðôíå âiäîáðàæåííÿ σ∗:

σ∗ : T − {x, y} → T − {x, y}.

Âèêëèêàþ÷è V (C3) = {u1, u2, u3}, ìè âèçíà÷à¹ìî âiäîáðàæåííÿ σ íà-
ñòóïíèì ÷èíîì:

σ(u1) = x, σ(u2) = y, σ(u3) = u3, σ(x) = u1,

σ(y) = u2 i σ(v) = σ∗(v) äëÿ v ∈ V (T − {x, y}).

Òîäi σ ¹ âêëàäåííÿì T ∪ C3 â T ∪ C3.

Ðèñ. 8: t = 4, 5 : T ∪ C3

Ðîçãëÿíåìî G = T ∪ C4: îñêiëüêè G /∈ γ òî, T � íåòðèâiàëüíå. ßêùî T
� çiðêà, òî ëåãêî ïîáà÷èòè, ùî G ⊂ G. ßêùî T íå ¹ çiðêîþ, òî íåõàé σ∗ ¹
âêëàäåííÿì T ó T . Êðiì òîãî, íåõàé v1, v2 ∈ V (T ) i V (C4) = {u1, u2, u3, u4}.

Ìè âèçíà÷à¹ìî σ íàñòóïíèì ÷èíîì:

σ(u1) = u1, σ(u2) = σ∗(v1), σ(u3) = u3, σ(u4) = σ∗(v2).

σ(v1) = u2, σ(v2) = u4iσ(v) = σ∗(v)

äëÿ v ∈ V (T ) i v /∈ v1, v2.
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Ðèñ. 9: T ∪ C4

Òîäi σ � öå âêëàäåííÿ G ó G, ÿê ïîêàçàíî íà ðèñ. 9. Öå çàâåðøó¹ äîâå-
äåííÿ äëÿ m = 1.

Ïðèïóñòèìî òåïåð, ùî G ⊂ G äëÿ áóäü-ÿêîãî ãðàôà G, ÿêèé çàäîâîëü-
íÿ¹ ãiïîòåçó òåîðåìè, äå m < k i k ≥ 2. Íåõàé H � ãðàô (p, p − 1), ÿêèé
çàäîâîëüíÿ¹ ãiïîòåçó, äå H � îá'¹äíàííÿ äåðåâà òà k öèêëiâ Cr, äå r = 3
àáî 4. Ìè ðîçãëÿäà¹ìî äâà âèïàäêè çàëåæíî âiä òîãî, ÷è ¹ C4 êîìïîíåíòîì
H.

Âèïàäîê à. Ïðèïóñòèìî, ùî îäèí êîìïîíåíò H ¹ C4. Òîäi H ìà¹ iíøèé
öèêë ÿê êîìïîíåíò. Ðîçãëÿíåìî H∗ = H − {C4, Cr}, äå r = 3 àáî 4.

Ïåðø íiæ ìè çìîæåìî çàñòîñóâàòè iíäóêöiþ äî H∗, ìè ïîâèííi óñóíóòè
òi âèïàäêè, êîëè H∗ ∈ γ àáî H∗ âèðîäæóþòüñÿ, ïåðåòâîðþþ÷èñü íà K1.

ßêùî H∗ = K1, òîäi H = K1 ∪ C4 ∪ C3 àáî H = K1 ∪ 2C4. Â îáîõ
âèïàäêàõ, âêëàäåííÿ H ó H ëåãêî ïîáóäóâàòè. ßêùî H∗ = K1 ∪ C3, òî
H = K1 ∪C4 ∪ 2C3 àáî H = K1 ∪ 2C4 ∪C3; çíîâó æ òàêè, ëåãêî ïåðåâiðèòè,
ùî H ⊂ H.

ßêùî H∗ = K1, òîäi H = K1 ∪ C4 ∪ C3 àáî H = K1 ∪ 2C4 â îáîõ
âèïàäêàõ, âêëàäåííÿ H ó H ëåãêî ïîáóäóâàòè. ßêùî H∗ = K1 ∪ C3, òî
H = K1 ∪C4 ∪ 2C3 àáî H = K1 ∪ 2C4 ∪C3; çíîâó æ òàêè, ëåãêî ïåðåâiðèòè,
ùî H ⊂ H.

ßêùî H∗ ¹ çiðêîþ, òî âêëàäåííÿ H â H ïîêàçàíî íà ðèñ. 10, äå ñóöiëüíà
âåðøèíà âêàçó¹ íà íàÿâíiñòü ïóíêòèðíèõ ðåáåð ìiæ öi¹þ âåðøèíîþ òà âñiìà
iíøèìè âåðøèíàìè íà äiàãðàìi ÿêi ùå íå iíöèäåíòíi ç ïóíêòèðíèìè êðàÿìè.
ßêùî H∗ = K1,1 ∪ C3, òî H = K1,1 ∪ 2C4 ∪ C3 àáî H = K1,1 ∪ C4 ∪ 2C3.
ßêùî H∗ = K1 ∪ C4, òî H = K1 ∪ 3C4 àáî H = K1 ∪ 2C4 ∪ C3. À ÿêùî



25

Ðèñ. 10: K1,n ∪ C4 ∪ Cr

H∗ = K1 ∪ 2C3, òî H = K1 ∪ 2C4 ∪ 2C3 àáî H∗ = K1 ∪C4 ∪ 3C3. Ó âñiõ öèõ
âèïàäêàõ ëåãêî ïåðåâiðèòè, ùî H ⊂ H.

Íàðåøòi, ÿêùî H∗ = K1,n ∪ C3, ç n ≥ 4, H = K1,n ∪ 2C4 ∪ C3 àáî
H = K1,n∪ 2C3∪C4. Â îñòàííüîìó âèïàäêó âêëàäåííÿ H â H ¹ î÷åâèäíèì.
Ó ïåðøîìó âèïàäêó ìè ðîçãëÿäà¹ìî ãðàôiê H∗∗ = H − {C4, C3} = KI1,n ∪
C4, ó öüîìó âèïàäêó ìè ìîæåìî çàñòîñóâàòè iíäóêöiéíó ãiïîòåçó äî H∗∗, à
îñêiëüêè H∗∗ ⊂ H

∗∗
i C4 ∪ C3 ⊂ C4 ∪ C3, ìè ìà¹ìî H ⊂ H .

Ó âñiõ èíøèõ âèïàäêàõ H∗∗ çàäîâîëüíÿ¹ iíäóêöiéíó ãiïîòåçó, òîìó H∗ ⊂
H

∗
. Îñêiëüêè C4 ∪ Cr ⊂ C4 ∪ Cr äëÿ áóäü-ÿêîãî r ≥ 3, ìè ïðèõîäèìî äî

âèñíîâêó, ùî H ⊂ H.
Âèïàäîê á. Ïðèïóñòèìî, ùî êîæíà öèêëi÷íà êîìïîíåíòà H ¹ 3-öèêëîì,

H = T ∪kC3. Ïðèïóñòèìî, ùî T = K1. Òîäi k > 2, iíàêøå H ∈ γ. Îñêiëüêè
kC3 ⊂ kC3 äëÿ k > 2, ìè ìà¹ìî H ⊂ H.

Ïðèïóñòèìî, ùî T � çiðêà K1,n. ßêùî n = 1, òî âêëàäåííÿ H = K1,1 ∪
kC3 ó éîãî äîïîâíåííÿ ¹ î÷åâèäíèì äëÿ k = 2, 3 i 4. Äëÿ n > 1 i k = 2, 3 i 4
ìè äåìîíñòðó¹ìî âêëàäåííÿ íà ðèñ. 11. ßêùî k > 4, ãðàôiê H∗∗ = H− 3C3

ïiäêîðÿ¹òüñÿ iíäóêöiéíà ãiïîòåçà; îòæå, H∗∗ ⊂ H
∗∗
. I, îñêiëüêè 3C3 ⊂ 3C3,

ìè ìà¹ìî H ⊂ H. Íà öüîìó àíàëiç äëÿ T íà çiðêó çàâåðøåíî.
Òåïåð ïåðåéäåìî äî çàãàëüíîãî âèïàäêó, êîëè T íå ¹ íi K1, íi çiðêîþ

K1,n. Íåõàé v1, v2 ∈ V (T ) i σ∗ : T → T � içîìîðôíå âêëàäåííÿ, â ÿêîìó
σ∗(vi) = v1 i σ∗(vj) = v2. ßêùî k = 2, ìè íàçèâà¹ìî 3-öèêëè u1, u2, u3 i
w1, w2, w3, à ïîòiì âèçíà÷à¹ìî σ íàñòóïíèì ÷èíîì (äèâ. ðèñ. 12):

σ(u1) = u1, σ(u2) = w2, σ(u3) = v1,
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Ðèñ. 11: k = 2, 3, 4 : K1,n ∪ kC3

σ(w1) = w1, σ(w2) = u2, σ(w3) = v2,

σ(vi) = u3, σ(vj) = w3iσ(v) = σ∗(v)

äëÿ ðåøòè v ∈ V (T ). Âiäîáðàæåííÿ σ ¹ içîìîðôíèì âêëàäåííÿì T ∪
2C3 ó éîãî äîïîâíåííÿ. ßêùî k = 3, òî 3C3 ⊂ 3C3 ó ïî¹äíàííi ç T ∪ T
ïåðåäáà÷à¹, ùî H = T ∪ 3C3 ìiñòèòüñÿ ó ñâî¹ìó äîïîâíåííi. Äëÿ k > 3
H∗∗∗ = H − 3C3 çàäîâîëüíÿ¹ iíäóêöiéíó ãiïîòåçó, îòæå, H∗∗∗ ⊂ H

∗∗∗
i

3C3 ⊂ 3C3 çàâåðøó¹ äîêàç òîãî, ùî H ⊂ H.

Òåîðåìà 4.5. Íåõàé G � áóäü-ÿêèé ãðàô (p, p − 1) iç p ≥ 4. Òîäi G
âêëàäà¹òüñÿ ó ñâî¹ äîïîâíåííÿ òîäi i òiëüêè òîäi, êîëè G /∈ γ.

Äîâåäåííÿ. Çðîçóìiëî, ùî ÿêùî G ∈ γ, òî G íå ìîæå áóòè içîìîðôíî âêëà-
äåíî â G.

Íàøà óâàãà áóäå îáìåæåíà âèïàäêîì, êîëè G ¹ íåçâ'ÿçíèì, îñêiëüêè
ÿêùî G ¹ çâ'ÿçíèì, òî öå äåðåâî, i â öüîìó âèïàäêó çàñòîñîâíà òåîðåìà 4.3.
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Ðèñ. 12: T ∪ 2C3

ßêùî v ¹ içîëüîâàíîþ âåðøèíîþG, òîG−v ¹ (p−1, p−1) ãðàôîì. Îòæå,
G − v àáî ¹ îá'¹äíàííÿì öèêëiâ, àáî ìiñòèòü âåðøèíó u ñòåïåíÿ d(u) ≥ 3.
Ïåðøèé âèïàäîê îõîïëþ¹ òåîðåìà 2.5. Â äðóãîìó âèïàäêó G − {v, u} ¹
(p − 2, p − k) ãðàôîì ç k ≥ 4. Òàêèì ÷èíîì, iç çàóâàæåííÿ ïiñëÿ òåîðåìè
2.3 ìè çíà¹ìî, ùî iñíó¹ içîìîðôíå âêëàäåííÿ σ∗

σ∗ : G− {v, u} → G− {v, u}.

Âèçíà÷åííÿ σ∗(v) = u i σ∗(u) = v çàáåçïå÷ó¹ îòðèìàííÿ ïåðåñòàíîâêè,
ùî âáóäîâó¹ G â G.

ßêùî ãðàô G íå ìà¹ içîëüîâàíèõ âåðøèí, òî âií ïîâèíåí ìàòè äåðåâî T
ç t ≥ 2 âåðøèí ÿê îäíó çi ñâî¨õ êîìïîíåíò (áî êîæíà öèêëi÷íà êîìïîíåíòà
ç n âåðøèíàìè ìà¹ ïðèíàéìíi n ðåáåð). Òîäi G− T ¹ (p− t, p− t) ãðàôîì.
Àáî G− T ¹ íåïåðåñi÷íèì îá'¹äíàííÿì öèêëiâ, àáî G− T ìiñòèòü âåðøèíó
w, ñòåïiíü ÿêî¨ äîðiâíþ¹ ïðèíàéìíi 3 (d(w) ≥ 3). Ïåðøèé âàðiàíò, â ÿêîìó
G ¹ îá'¹äíàííÿì äåðåâà òà öèêëiâ, îõîïëþ¹òüñÿ òåîðåìîþ 4.4. Ó äðóãîìó
âèïàäêó G−T−w ¹ ãðàôîì (p−t−1, p−t−s) ç s ≥ 3; îòæå, iñíó¹ içîìîðôíå
âêëàäåííÿ ãðàôà G − T − w ó éîãî äîïîâíåííÿ σ∗. Êðiì òîãî, ÿêùî y ¹
âåðøèíîþ ìàêñèìàëüíîãî ñòåïåíÿ â T , òî iñíó¹ içîìîðôíå âêëàäåííÿσt

σt : T − y → T − y,
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òîìó ùî T −y ¹ àáî (t−1, t−n) ãðàôîì ç n ≥ 3, àáî öå K1. Âèçíà÷èâøè

σ(w) = y, σ(y) = w,

σ(x) = σ∗(x) äëÿ x ∈ V (G− T − w),

σ(v) = σt(v) äëÿ v ∈ V (T − y),

ìè îòðèìó¹ìî içîìîðôíå âêëàäåííÿ σ G â G.

4.2 Àëãîðèòì çíàõîäæåííÿ ïåðåñòàíîâêè äëÿ n−1-ðåáåðíîãî

ãðàôà, íà áàçi òåîðåìè 4.5 - íåîáõiäíi êîìïîíåíòè

Îñêiëüêè ðåàëiçóâàòè àëãîðèòì ïîêè íå âäàëîñü � ïîãîâîðèìî ÿê öå
ìîæíà çðîáèòè i ÿêi êîìïîíåíòè ïîòðiáíi:

Ïåðø çà âñå ïîòðiáíi ïåðåñòàíîâêè äëÿ n − 2 òà T , ïðè÷îìó ïåðøà �
áåç ôiêñîâàíèõ âåðøèí, ÷è íi? Íàñïðàâäi íàì ïîòðiáíî âñüîãî ëèø àáè âåð-
øèíà, âçÿòà ç öèêëà íå ëèøèëàñü íåðóõîìîþ. Ðåàëiçîâàíèé â öié ðîáîòi
àëãðîðèòì, ëèøå ÷åðåç âèïàäîê á1 ìîæå çàëèøèòè ùîñü íåðóõîìèì, àëå
îñòåðiãàòèñü âàðòî ëèøå âèïàäêó íà 4 âåðøèíè i öå ëåãêî âèïðàâèòè, íàêè-
íóâøè âåðøèíi ç öèêëó 2 ïåòëi(òàêi ðåáðà çíèêíóòü ëèøå ïðè âèêîðèñòàííi
öi¹¨ âåðøèíè, àëå ãàðàíòóâàòèìóòü âèáið öi¹¨ âåðøèíè ÿê ìàêñèìàëüíî¨,
òîæ íà ìiñöi âîíà íå çàëèøèòüñÿ i íå çàâàäèòü çàñòîñóâàííþ fullEmpty)

Îòîæ äàëi T - íàñïðàâäi ìîæíà ñïðîñòèòè ñîái çàâäàííÿ òàêèì ÷è-
íîì(äèâ. ðèñ.13): Îáèðà¹ìî âåðøèíó ìàêñèìàëüíîãî ñòåïåíÿ, âåðøèíó, ÿêà
çíàõîäèòüñÿ âiä íå¨ íà âiäñòàíi â 2 ðåáðà, i ñóñiäíi âåðøèíè(öå ìîæëèâî,
îñêiëüêè T� íå çiðêà).Â çàëåæíîñòi âiä òîãî, ñêiëüêè ðåáåð çíèêíå, ÿêùî
çàáðàòè òàêèé ëàíöþã - ìîæíà âèêîðèñòàòè ïîïåðåäíié àëãîðèòì àáî áàãà-
òî ÷îãî ñêàçàòè ïðî ãðàô.

ßêùî ìè çàáðàëè áiëüøå 4 ðåáåð, çàñòîñó¹ìî àëãîðèòì äëÿ n − 2 äëÿ
óòâîðåíîãî ãðàôà i ïåðåñòàíîâêó äëÿ P4, ÿêà çàçäàëåãiäü âiäîìà, îñêiëüêè
P4 ¹ ÿñêðàâèì ïðåäñòàâíèêîì ñàìîäîïîâíÿëüíèõ ãðàôiâ i â òàêié ïåðåñòà-
íîâöi âåðøèíè íå çàëèøàþòüñÿ íà ìiñöi.

ßêùî çàáðàëè 4 ðåáðà, òî âñi âåðøèíè T ìàþòü ñòåïiíü 2 ÷è 1, áî ìè âè-
áðàëè âåðøèíó ç íàéâèùèì ñòåïåíåì, àáî ìà¹ìî 1 âèñÿ÷ó âåðøèíè, ç'¹äíàíó
ç 1. Â ïåðøîìó âèïàäêó, îñêiëüêè ãðàô T çâ'ÿçíèé, òî ìà¹ìî, ùî T � ëàíöþã
Pn, n ≥ 6. Â äðóãîìó ïiñëÿ ïåðåñòàíîâêè íà P4 çàëèøèòüñÿ îäíà içîëüîâà-
íà âåðøèíà, ÿêà âêëàäà¹òüñÿ ñàìà â ñåáå.ßêùî çàáðàëè âñüîãî 3(ìåíøå íå
ìîæíà), òî ãðàô ¹äèíèé - P4 i, ÿê áóëî ñêàçàíî ðàíiøå, ìà¹ âèçíà÷åíó ïå-
ðåñòàíîâêó.
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Ðèñ. 13: T

Ðèñ. 14: Pn

Íå çðîçóìiëî, ùî ðîáèòè òîäi ç ëàíöþãîì � ç ëàíöþãiâ ìîæíà âèäiëÿòè
ëàíöþãè P4 òàêèì ÷èíîì, ÿêèé çàëåæèòü âiä äiëåííÿ n íà 4(äèâ. ðèñ.14).
Êîëàìè òà ïðÿìîêóòíèêàìè ïîçíà÷åíi ëàíöþãè P4, ÿêi ïåðåñòàâëÿþòüñÿ çà
âæå âiäîìèì ïðèíöèïîì, iíøi æ çàëèøàþòüñÿ íà ìiñöi(âêëàäàþòüñÿ â ñåáå
æ), àáî ïåðåñòàâëÿþòüñÿ ìiæ ñîáîþ çà ñòðiëêàìè.

Òàêîæ äóæå âàæëèâèì áóäå àëãîðèòì äëÿ çíàõîäæåííÿ âåðøèí öèêëó
íà 5 i áiëüøå âåðøèí òà íà 3,4 âåðøèíè.
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Âèñíîâêè

Ó ðîáîòi ïðîâåäåíî äîñëiäæåííÿ ïåðåñòàíîâîê, ùî âêëâäàþòü G â G i
¨õ çàêîíîìiðíîñòåé, ùî ìîæóòü áóòè àëãîðèòìi÷íî âèðàæåíi, òà ðåàëiçàöi¨
àëãîðèòìó îòðèìàííÿ òàêîãî içîìîðôiçìó.. Ìåòà ðîáîòè äîñÿãíóòà ÷àñòêî-
âî - òåìà äóæå îáøèðíà, òîæ ìîæíà ùå áàãàòî äîñëiäæóâàòè i çíàõîäèòè
àëãîðèòìi÷íi ïàòåðíè.

Ó Ðîçäiëi 1 ðîçãëÿíóòî áàçîâi îçíà÷åííÿ, ÿêi âèêîðèñòîâóþòüñÿ íàäàëi
â ðîáîòi. Çîêðåìà ââîäèòüñÿ ïîíÿòòÿ ïàðíî-çíàêîâîãî ãðàôà, ïîçèòèâíèõ
òà íåãàòèâíèõ ðåáåð òà êîìïîíåíò.

Ó Ðîçäiëi 2 íàâåäåíî àëãîðèòì âêëàäàííÿ ãðàôiâ ç n âåðøèí òà ≤ n−2
ðåáåð, à òàêîæ ðåàëiçàöiÿ íà Haskell.

Ó Ïiäðîçäiëi 2.1 íàâåäåíî òåîðåìó âêëàäàííÿ ãðàôiâ ç n âåðøèí òà
≤ n− 2 ðåáåð îäíå â îäíîãî

Ó Ïiäðîçäiëi 2.2 íàâîäèòüñÿ îïèñ ïðîãðàìè íà Haskell, âèäîçìiíþþ÷è
àëãîðèòì ç òåîðåìè 2.1 ïiä ÷àñòêîâèé âèïàäîê H = G i ïðîñòîòó êîäóâàííÿ

Ó Ðîçäiëi 3 ïðåäñòàâëåíî òåîðåìó, äîâåäåííÿ ÿêî¨ íå ¹ àëãîðèòìi÷íèì
� à íàâiòü ¹ àíòèàëãîðèòìi÷íèì, àáè ïîêàçàòè, ùî äàëåêî íå âñå â öié òåìi
ìîæëèâî ïåðåòâîðèòè â àëãîðèòì.

Ó Ðîçäiëi 4 ðîçãëÿíóòî âèïàäîê çíàõîäæåííÿ ïåðåñòàíîâêè äëÿ äëÿ n
âåðøèí òà n− 1 ðåáðà, ÿêå â ïîäàëüøîìó ìîæíà çàêîäóâàòè.

Ó Ïiäðîçäiëi 4.1 íàâåäåíî òåîðåìè äëÿ n âåðøèí òà n − 1 ðåáðà, ÿêi
ìîæóòü áóòè àëãîðèòìi÷íî ïðåäñòàâëåíi òà ïåðåòâîðåíi â ïîãðàìíèé êîä
âèêîðèñòîâóþ÷è ðåàëiçàöiþ äëÿ ≤ n − 2 òà íåòðèâiàëüíèõ äåðåâ, ÿêi íå ¹
çiðêàìè.

Ó Ïiäðîçäiëi 4.2 íàâåäåíî êîìïîíåíòè, ç ÿêèõ ìîæíà ñêëàñòè àëãî-
ðèòì çíàõîäæåííÿ ïåðåñòàíîâêè äëÿ ãðàôà ç n âåðøèí òà n− 1 ðåáðà.
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