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Annotation

This bachelor’s thesis investigates the use of neural-network-based methods for
solving forward and inverse problems in dynamical systems. The work considers
neural networks (NNs) and Physics-Informed Neural Networks (PINNs).

The thesis provides a description of differential equations, inverse problems,
and the theoretical foundations of Physics-Informed Neural Networks. The practi-
cal part considers Euler’s planar two-fixed-centers problem as a model dynamical
system for studying forward and inverse PINN formulations. Numerical experi-
ments are conducted for both forward trajectory reconstruction and inverse pa-
rameter recovery.

Keywords: Machine learning, Neural networks, Physics-informed neural net-
works, Inverse problems, Differential equations, Dynamical systems, Euler’s two-

fixed-centers problem, Parameter identification.

AHoTarisa

B 6akaJiaBpchKiit poOOTI TOCIIzKEHO BUKOPUCTAHHSI HEPOHHUX MEPErK JIJIsI PO3B’ si3aHHSI
HpPSIMUX Ta OOEpHEHUX 3ajad y JUHAMIYHUX cHcTeMaX. PoO3IJIssHyTO HeipoHHi
mepexki (NNs) Ta disuko-opienroani meiiponni mepexi (PINNs).

Y poboTi nogano onuc gudepenniaabHIX PIBHAHD, 00epHEHNX 33/1a9 Ta TEOPETHIHUX
OCHOB (Pi3MKO-OPIEHTOBAHUX HEPOHHUX MepexK. ¥ IMPAaKTUUHI YacTUHI PO3IJISIHYTO
zaja4dy Eitnepa mpo JiBa HepyXomi IEHTPHU IK MOJECIbHY JUHAMIUHNY CUCTEMY JIJIs
100Y/IOBU TIPSIMOI Ta 00EPHEHOT MOCTAHOBKM. UncesibHI eKCIEPUMEHTH TPOBEJICHO
AK JIJI1 IPOJIOBYKEHHS TPAEKTOPIT y NIpsAMIil 381841, TaK 1 JIJis BIJHOBJIEHHSI HEBLJIOMUX
napaMerpiB B oOepHeHiil 3a/1a4i.

Kuro4dosi cjoBa: MmalmHHe HaBUYaHHS, HeIIPOHHI MepexKi, (DI3UKO-OpieHTOBaHI
HefpOHHI MepeXKi, obepHeHi 3a1a41, JudepeHIlia bl PIBHAHHS, JUHAMIYHI CUCTEMU,

zaj1ada Eitepa npo jaBa HepyxXoMi HEeHTpPH, ijeHTudIKaIisI mapamMeTpis.



Introduction

Relevance and motivation

Inverse problems arise in mathematics and physics when unknown causes, param-
eters, or properties of a system must be estimated from available data. Many
physical systems are described by differential equations, including ordinary and
partial differential equations. However, the numerical solution of such models can
be challenging in the presence of nonlinearity, complex domains, noisy data, or
other complicating factors [1].

Neural networks (NNs) and their physics-informed extension, Physics-Informed
Neural Networks (PINNs) are promising machine learning methods for studying
inverse problems. In particular, PINNs make it possible to incorporate the un-
derlying physical laws directly into the training process. However, PINNs are still
a relatively new approach, and their performance may depend on the problem
formulation, available data, and training strategy. This work contributes to their

further study by applying PINNs to Euler’s planar two-fixed-centers problem.

Aim of the research

The purpose of the qualification work is to examine NNs and PINNs as ap-
proaches to solving forward and inverse problems for dynamical systems. The
work highlights the features of each method, the advantages and limitations of
PINNSs, and study their application to trajectory reconstruction and parameter
identification.

The object of the research is inverse problems in physics and physical systems
described by differential equations, as well as neural-network-based methods used
to solve them.

The subject of the research is trajectory reconstruction and identification
of unknown physical parameters using PINNs. Special attention is paid to the
performance of neural-network-based methods when only a limited amount of
data is available. The practical part considers Euler’s two-fixed-centers problem,
where the inverse formulation is connected with the identification of unknown

attraction parameters from observation data.



The practical significance of this research lies in the possibility to:
1. investigate the accuracy of physical parameter estimation;
2. study inverse problems with limited or noisy data;

3. analyze the role of physical constraints in neural network training.



1 Differential equations and inverse problems

Many physical, biological, chemical, and other natural processes can be described
using ordinary differential equations (ODEs) or partial differential equations (PDEs).
Although this work primarily focuses on neural-network-based methods, it is im-
portant to provide the necessary background on differential equations and inverse
problems in order to understand the context in which these methods are applied.
Since the practical part of this thesis is based on a dynamical system described by

ODEs, the following discussion mainly uses ODE-based intuition and notation.

1.1 Differential equations in physical modeling

In general, a differential equation is an equation that involves an unknown function
and its derivatives. In the case of ordinary differential equations, the unknown
function depends on one independent variable, usually time. Such equations are
commonly used to describe dynamical systems whose state evolves continuously.
In many practical cases, it is difficult or impossible to obtain an analytical so-
lution of such equations. Therefore, a wide range of analytical, numerical, and
computational methods are used to approximate their solutions.

We consider a general ordinary differential equation in operator form:

du d"u
F(t,ll,(t),%,,dt—m,’y> —O, te[to,T],
du

u(ty) = up, g(to) = uq,

where ¢t denotes time, u(t) is the unknown state function, and 7 represents
physical parameters of the system. The operator F describes the governing dif-
ferential relation and may include derivatives of u(t) up to order m. The interval
[to, T'] defines the time domain on which the solution is considered.

To determine a particular solution, the differential equation is supplemented
with initial conditions. For higher-order ODEs, these conditions may include
not only the value of the function at the initial time, but also the values of
its derivatives. In the case of a dynamical system, this usually corresponds to

specifying the initial state of the system.



1.2 Forward and inverse problems

For a differential equation model, the forward problem usually assumes that the
governing equation, physical parameters, and initial conditions are known. The
task is then to determine the solution of the system on the considered time interval.
In the context of a dynamical system, this means predicting the evolution of the
system state from the given model and initial data.

In contrast, inverse problems arise when some information about the system
is unknown and has to be recovered from observations. These unknown quanti-
ties may include physical parameters, initial conditions, external forces, or other
properties of the model. In many practical cases, the full solution is not available,
and only partial or noisy measurements of the system are given.

When the structure of the differential equation is known, but some physical
parameters are unknown, the inverse problem can be viewed as a parameter iden-
tification problem. In this case, the goal is not only to approximate the state
function wu(t), but also to estimate the unknown parameters -+ using the available

observation data.

Forward problem

Causes / model parameters@Effects / observations

Inverse problem

Figure 1: Simple conceptual relation between forward and inverse problems.



2 Machine learning approach

2.1 Artificial Neural Networks

Input layer Hidden layer ~ Output layer

@
O

Figure 2: Schematic simplified structure of a feedforward neural network.

With the rapid development of machine learning methods, new opportunities
for improving the solution of differential equations have emerged. Neural networks
(NNs), inspired by biological neural structures |2|, are widely used in many fields,
ranging from computer vision to economics. According to the Universal Approx-
imation Theorem, NNs are capable of approximating any continuous function to
an arbitrary degree of accuracy [3].

A classical NN consists of interconnected neurons organized into layers (Fig. 2).
Each neuron receives inputs, applies a linear transformation defined by weights
and biases, and then passes the result through a nonlinear activation function.
By combining multiple layers and optimizing a loss function during training, the
NN learns from data and can represent a parametric function that maps an input
vector to an output.

In this context, u(t) represents an unknown function that we aim to approx-
imate. If y(t) denotes the neural network approximation, where 6 represents

network parameters (weights and biases), the approximation can be written as:

() = u(t).

The parameters 6 of the neural network are determined during training. This

process is described in more detail in the next subsection.



2.2 Loss Functions and Optimization

Training a neural network can be formulated as an optimization problem. The
network output depends on the trainable parameters ¢, and the goal is to choose

these parameters so that the loss function is minimized:
0" = arg mgin L(6).

The loss function £(#) defines how the quality of the approximation is measured.
In supervised learning, it is usually constructed from the difference between the
network predictions and the available target values. Let {(t;,u;)}Y, be a set of
training data, where ¢; is an input point and wu; is the corresponding observed

value. The prediction error at t¢; is

€, — fb@(tz) — U;.
Different loss functions measure this error in different ways and therefore affect

how strongly small and large prediction errors are penalized during training.

Activation functions. Activation functions introduce nonlinearity into a neu-
ral network. Without them, a composition of several layers would still be equiv-

alent to a linear mapping. Common activation functions include the sigmoid

function,
1
o(z) =
()=
the hyperbolic tangent,
e —e~
tanh(z) = ——,

and the rectified linear unit,
ReLU(z) = max(0, z).

In this work, the hyperbolic tangent (tanh) activation function is used in the
hidden layers, which is a common choice for PINNs. This activation function is
suitable because tanh is smooth and continuously differentiable, which is necessary

when derivatives of the network output are used in the physics loss.
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Mean squared error. One of the most common loss functions is the mean
squared error (MSE), defined as

N
1 .
Lyse(0) = NZ g (t:) — will5-
i=1

The squared form makes this loss sensitive to large errors, since larger deviations
contribute disproportionately more to the total loss. This property is useful when
large prediction errors should be penalized strongly, but it can also make the

training process more sensitive to noisy observations or outliers.

Mean absolute error. Another common choice is the mean absolute error
(MAE), defined as

N
1 .
Lyiae(0) = NZ [u(ti) — willy -
i=1

In contrast to MSE, this loss increases linearly with the magnitude of the er-
ror. Therefore, MAE is less sensitive to large deviations and can be more robust
when the data contains noise or outliers. However, because it does not penalize
large errors as strongly as MSE, it may sometimes lead to slower or less precise

convergence near the optimum.

Huber loss. The Huber loss combines the behaviour of MSE and MAE [6]. For
a scalar error e, it is defined as
3¢% le| <6,
ls(e) =

5 (lel = 16, || >
where 0 > 0 is a threshold parameter. For small errors, the Huber loss behaves
quadratically, similarly to MSE. For large errors, it grows linearly, similarly to
MAE. This makes it useful in cases where the training data may contain noisy

measurements or occasional large deviations.

Optimization and Adam optimizer. After the loss function is defined, train-

ing consists of minimizing it with respect to the network parameters. This is

11



usually done using gradient-based optimization methods, which update the pa-
rameters in the direction that reduces the loss. In general, the update step can

be written as

0k+1 = Hk — CKV@ﬁ(Qk),

where « is the learning rate and VyL(6y) is the gradient of the loss function at
iteration k.

In this work, the Adam optimizer is used. Adam is an adaptive gradient-
based optimization method that uses estimates of the first and second moments
of the gradients to adjust the update size for each parameter [7]. This makes
it convenient for training neural networks, especially when the loss landscape is

complex and different parameters may require different effective learning rates.

2.3 Physics-Informed Neural Networks

Although NNs are powerful universal function approximators, the classical train-
ing approach relies solely on observational data. In many scientific problems,
however, the available data may be noisy or limited. At the same time, the un-
derlying physical laws or relationships that describe the system are often known
and can be expressed in the form of differential equations. Standard NNs do
not explicitly enforce these physical constraints during training. As a result, the
learned approximation may fit the data but still violate the governing equations.
The idea of using neural networks to solve differential equations is not entirely
new. For example, Lagaris et al. [4] proposed a method in which a neural network
approximates the solution and is trained to satisfy the differential equation.
Building on this general direction, the modern framework of Physics-Informed
Neural Networks (PINNs) was introduced and popularized by Raissi et al. (2019).
This modification of neural networks [5] has generated a lot of interest in the
scientific community. Citations of the original work have grown rapidly, as has

the number of papers related to PINNs.

PINN loss function. PINNs approximate the solution u(t) using a neural
network tg(t) with parameters . Instead of relying purely on data, PINNs incor-

porate the differential equation (Lpn,s) and initial/boundary conditions (Leona)

12



into the loss function, as well as data loss:

£(9; ’y) = /\d/Ldam(G) + A Ephys(e ) + A L’md(e) (1)

Here, v denotes the physical parameters of the differential equation, and the
coefficients A\gq, A, and A, control the relative importance of the loss terms during

training.

Physics residual and collocation points. The physics loss is the main dif-
ference between a standard neural network and a PINN. It is constructed by sub-
stituting the neural network approximation s (t) into the differential equation.

Using the operator notation introduced earlier, the physics loss can be written as:

d'U/Q dmﬂg
7 (a0, . i)

Np

1
»Cphys - ﬁ Z

where t? are collocation points at which the governing equation is evaluated, and

2

Y

N, is the number of such points. These points do not necessarily correspond to
observed data points. Instead, they are selected inside the time domain and are
used to enforce the differential equation during training. The required derivatives
of 1y (t) with respect to t are computed using automatic differentiation. Therefore,
the network is trained not only to fit the observed data, but also to satisfy the
governing equation at selected points in the time domain.

In inverse problems, some physical parameters of the differential equation may
be unknown. In this case, these parameters can be treated as additional trainable
variables and optimized together with the neural network parameters 6. Thus, a
PINN can be used not only to approximate the solution wu(t), but also to identify

unknown parameters of the physical system.

Limitations and related works. As concluded in the original work by Raissi
et al., their discovery raised more questions than answers. Therefore, there is
strong motivation to further explore this direction.

Cuomo et al. summarize PINNs as a framework with wide applicability for
both forward and inverse problems [8]. However, PINNs depend on many factors

and should not be considered a universal solution. For example, Krishnapriyan et

13



al. discuss possible failure modes of PINNs and show that difficulties can appear
when the optimization problem becomes too complex [9]. One possible solution is
curriculum regularization, where the complexity of training is increased gradually.
This idea is related to the staged training strategy used later in this work.

Quality of observational data used in PINNs is also important. Satyadharma
et al. [10] investigate PINN performance with sparse noisy velocity data for a
lid-driven cavity flow problem. They show that data assimilation can reduce the
computational cost of PINN simulations, but that the final accuracy depends
strongly on the quality, amount, and distribution of the available data. In partic-
ular, noisy observations can reduce accuracy and make the model more dependent
on the data term.

Another related direction is the use of transfer learning to improve PINN
training. Mustajab et al. [11] study PINNs for high-frequency and multi-scale
problems and note that such problems can lead to slow convergence and training
instability. They propose to start from a simpler low-frequency problem and
then gradually transfer the trained model to more complex cases. Although this
approach is different from the staged loss-weight strategy used in this work, both
ideas reflect the same general observation: PINN training often benefits from
increasing the difficulty of the optimization problem gradually.

It is also worth mentioning that, in some cases, it may be useful to divide the
whole problem domain into smaller subdomains. This idea is used in XPINNS,
where the space-time domain is decomposed and different parts of the problem

can be treated separately [12].
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3 Problem Formulation and Methodology

3.1 Euler’s Two-Fixed-Centers Problem

The practical part of this work is based on Euler’s planar two-fixed-centers prob-
lem. This is a classical problem of mechanics in which a moving particle is influ-
enced by two fixed attracting centers [13|. In this thesis, the planar version of the
problem is considered.

Let the two fixed centers be located symmetrically on the x-axis:
Cl - (—G,O), C? = (G,O),

where a > 0 determines half of the distance between the centers. The position of

the moving particle is denoted by

The distances from the particle to the fixed centers are

re= /() +a) +yt)?, = /(a(t) —a) +y(t)% (2)

The attraction strengths of the two centers are denoted by 1 and ps. For at-
tractive centers, these parameters are assumed to be positive. The corresponding

potential is

The force acting on the particle is determined by the negative gradient of the

potential:
F($7 y) - —VV<Z', y)

Assuming unit mass of the moving particle, Newton’s second law gives
G(t) = F(q(t)) = =VV(q(t)).

Therefore, the equations of motion are

B(t) = —p = 2 . (3)
i) = =g = ()



To determine a particular trajectory, the system is supplemented with initial

conditions:
x(ty) = xo, y(to) = o,
x'(to) = Uz,0, y(tO) = Uy,0-

Thus, the system state is determined by the particle position, velocity, and
physical parameters a, pt1, and po. In this work, this model is used as a benchmark
dynamical system for studying forward and inverse PINN formulations.

Related work has also explored PINN-based approaches for the full three-body
problem. Pereira et al. [14] show that physics-informed losses can improve physical
consistency, although their results are mixed and the method is not universally
better in all cases, especially near close encounters. This motivates the use of the
Euler two-fixed-centers problem as a more controlled benchmark.

Also note that Euler two-fixed-centers problem is integrable and has exact
solution in elliptic coordinates [15]. In this work, reference trajectories are gen-
erated numerically using scipy.integrate module. The obtained trajectory is
then used as reference data for constructing observations in the forward and in-

verse experiments.

109 — trajectary et
B initial velocity
Vi =—0.225
vy =0.785
0.5 A yﬁ_
vp=0.817
Center 2
pz = 1.5
0.0 e
=
—0.5 1
_10 -

T T
=1.5 =10 0.5 0.0 0.5 1.0

Figure 3: Example of the reference trajectory.
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3.2 PINN Setup for the Euler Problem

For both forward and inverse experiments, the trajectory of the moving particle
is approximated by a neural network. The input of the network is time, and the

output is the predicted position of the particle:

t = (2g(t), a(t))

where 6 denotes the trainable parameters of the neural network.
The neural network does not directly output velocity or acceleration. Instead,
automatic differentiation is used to compute derivatives of the predicted coordi-

nates with respect to time. This means differentiating Zy(t) and gy (t):

Zo(t),  Ua(t), Zo(t), ya(t).

In the physics residual, the second-order derivatives are used, while the first-order
derivatives are needed when the initial velocity condition is included in the loss.

Substituting the neural network approximation into the equations of motion
gives the physics residuals. Similarly to the distance definitions in Eq. (2), but

using the neural network predictions, let

L= /(@) +a)? +9p(t)%, o=/ (Ze(t) — @) + go(t)*.
Using the equations of motion (3)—(4), the residuals are defined as

. To(t) +a To(t) —a
Rult) = dolt) + i 10 1 T2,
1 2

5 G () o (t)
Ry(t) = 9a(t) + 15" + 25—
1 ra

For the exact solution, both residuals should be equal to zero.

The physics loss is evaluated at collocation points t? inside the chosen time

interval:
1

N,

[+

2 2
Lphys = (Rw(’%?) + Ry(tg) ) '
j=1
Here, t? are not observation data points, but additional points generated in-
side the chosen time interval to evaluate the physics residual. The number of

collocation points [V, is specified before training. The collocation interval may

17



coincide with the interval where observation data are available, or it may be ex-
tended beyond it if the goal is to guide prediction outside the observed part of
the trajectory.

The data loss measures the mismatch between the predicted and observed
particle positions. If observations are given at time points t;, the data loss is

L QT 2 )
Lao = 37, 2 (G@olts) = )" + (Glt:) — )’

This expression corresponds to the mean squared error data loss. In experi-
ments with noisy observations, alternative data losses such as MAE and Huber
loss are also considered.

The initial-condition loss anchors the neural network solution at the beginning
of the trajectory. It tells the model where the particle starts and, if velocity is
included, how it initially moves. Depending on the experiment and available data,
this term may play a more or less important role:

: 2 . 2
Lo = (9(to) — 0)” + (o (to) — y0)* + (ie(to) - Ux,o) + (C&e(to) - Uy,O)

Following the general PINN loss in Eq. (1), the total loss for the Euler problem

is written as
L = NiLaata + NpLphys + ArcLrc,

where the coefficients A\g, A), and Ajc control the relative influence of the data,
physics, and initial-condition terms.

In practice, the coefficients in this loss are not fixed in the same way for the
whole training process. Since the data loss and physics loss can have different
scales and may compete with each other, a staged training strategy is used. At
the beginning, the model is trained mainly to fit the observation data and the
initial condition. After the trajectory approximation becomes more stable, the
physics loss is introduced gradually by increasing its weight. If the physics term
is given a large weight from the first epochs, the optimization process may lead
to unrealistic trajectories and physically incorrect behaviour instead of improving

the solution.
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3.3 Implementation Pipeline

The numerical experiments in this work were implemented as a modular Python
pipeline. The pipeline includes generation of reference trajectories, construction
of observation data, preparation of tensors for PINN training, model training,
and evaluation of the obtained results. This structure makes it possible to use
the same physical model for both forward and inverse experiments while changing

only the training setup, loss weights, and parameters treated as unknown.

Reference trajectory generation. The first step of the pipeline is to generate
a reference trajectory for the Euler two-fixed-centers system. For this purpose,
the second-order equations of motion are rewritten as a first-order system for the
state vector
s(t) = (2(t), y(t), 2 1), §(2)) .

The resulting initial value problem is solved numerically using the solve_ivp
function from the SciPy library. The solver receives the physical parameters,
the initial state, the time interval, and the number of evaluation points. The
generated trajectory contains the time values, particle coordinates, and velocity
components, and is used as the reference solution for constructing observations

and evaluating the PINN results.

Observation and collocation data. Observation data are constructed by
sampling the reference trajectory at selected time points. If the full numerical

trajectory is given by

Dfull: {(tkaxkayk) Lk = 17"'7N}7

then sparse observations are obtained by taking every s-th point from the selected

interval:
Tops ={1,14+s,1+2s,...} C{1,...,N},

where s is the observation stride. The resulting sparse observation set is
Dops = {(tis zi, yi) = i € Lops} -

Only the particle position is used as observation data, while velocity values are

not directly given to the network as training targets.
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To test the inverse problem under imperfect measurements, noisy observations
are also considered. They are obtained by adding Gaussian noise independently

to the observed coordinates:
Dnoise - {(tu T + Ex,ir Yi + 5y,i) NS Zobs} ’

where

6;572', 5y,i ~ N(O, 02).

The parameter ¢ denotes the standard deviation of the observation noise.
In addition to observation points, collocation points are generated inside the
selected time interval. Before training, both observation data and collocation

points are converted into tensors used by the neural network.

Neural network architecture. The same neural network architecture is used
in all experiments. The model is a fully connected feedforward network with four
hidden layers, each containing 64 neurons. The hyperbolic tangent activation
function is used between hidden layers. This architecture provides a differentiable
approximation of the trajectory, which is required for computing the physics resid-

uals using automatic differentiation.

Hidden layer 1 Hidden layer 2 Hidden layer 3 Hidden layer 4

N NV NS v
Yo e

64 neurons 64 neurons 64 neurons 64 neurons

Figure 4: Schematic architecture of the neural network used in the experiments.

Forward and inverse setups. Two PINN formulations are considered in this
work. In the forward setup, the physical parameters a, p1, and uo are assumed

to be known. Therefore, the neural network parameters 6 are the only trainable
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variables, and the goal is to reconstruct the particle trajectory while satisfying
the equations of motion.

In the inverse setup, the parameter a remains fixed, while the attraction
strengths p1 and ps are unknown. They are optimized together with the neu-
ral network parameters. Since the centers are assumed to be attractive, the
learned values of gy and po must remain positive. To enforce this constraint,
unconstrained trainable variables 7; and 7, are introduced, and the physical pa-

rameters are represented using the softplus transformation:

p11 = softplus(n: ), pt2 = softplus(ns),

where

softplus(z) = log(1 + ¢€*).

Thus, the optimizer updates the unconstrained variables 7; and 7y, while the

physics residuals use the positive values p; and ps.

Training procedure. All models are trained using the Adam optimizer. The
objective is the weighted PINN loss, which combines data, physics, and initial-
condition terms. Since these terms may have different scales, staged training is
used: the model is first trained mainly on data and initial conditions, and the
physics loss is introduced or increased in later stages.

In the forward setup, Adam updates only the neural network parameters:
Otwa = {0}.

In the inverse setup, the optimized parameter set also includes the unconstrained

variables that define the unknown physical parameters:

9inv - {07 m, 772}7 i = SOftplUS(ﬁi); 1= 17 2.

Thus, the optimizer updates both the trajectory approximation and the unknown
attraction strengths. In some inverse experiments, separate learning rates are
used for 6 and for my,ny, which allows the neural-network weights and physical

parameters to be updated at different speeds.
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Evaluation metrics. The trained models are evaluated by comparing the pre-
dicted trajectory with the reference numerical trajectory. The main trajectory

error is measured by the mean squared error

N
MSEtmg — i Z { tk - xk) + (gﬂ(tk) — yk)2:| .
k:l

For the forward problem, this error is also computed separately on the observed
part of the trajectory and on the prediction interval, which makes it possible to
distinguish interpolation quality from extrapolation behaviour.

For the inverse problem, the accuracy of the recovered physical parameters is
evaluated using absolute and relative errors:

b ~ l | — i) :
EZZS_ |/J/Z_/’[/Z|7 E'Zf - leL[/Z| ) 22172.
In addition, the final values of the data, physics, and initial-condition losses are
recorded to analyze how well the trained model fits the observations and satisfies

the governing equations.
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4 Numerical Experiments and Results

4.1 Forward Problem

The forward experiment considers the case where the physical parameters are
known:

a =9, w1 = 2.0, po = 1.5.

The initial state is
(.%’(), Yo, Uz.0, ’Uy70) = (60, 20, 05, —08)

Training data are taken only from the first half of the trajectory, ¢ € [0, 15], giving
34 sparse observation points.

To evaluate the role of the physics-informed term, a plain neural network
is compared with a forward PINN under the same architecture and observation
setup. The plain neural network is trained using only the data loss, while the
PINN also includes the physics and initial-condition losses.

The future-interval MSE during training is shown in Fig. 5. The plain neural
network reduces the error only at the beginning, after which it remains large. In
contrast, the PINN error decreases significantly during staged training, showing

the benefit of including the equations of motion in the loss function.

e PINN
25 = Plain NN

T T T T T T T T T
0 25000 50000 75000 100000 125000 150000 175000 200000
Epoch

Figure 5: Future-interval MSE during training for the plain neural network and
the forward PINN.
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Figure 6: Forward prediction of the plain neural network during training.

Figure 7: Forward prediction of the PINN during training.
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The trajectory plots in Figures 6-7 illustrate the model predictions at selected
training stages. They show how the plain neural network and the PINN converge
differently toward the reference trajectory. The plain neural network mainly fits
the observed part of the trajectory and does not recover the correct motion outside
the training interval. In contrast, the PINN gradually approaches the reference
trajectory also beyond the observed interval, where no observation points are
provided.

The results in Table 1 shows that the plain neural network fits the observed
interval well but performs poorly on the future interval. In contrast, the PINN

greatly reduces both the full-trajectory and future-interval errors.

Model MSEtmm MSEfuture MSEfu”
Plain NN 2.779 x 1073 1.7005 x 10! 8.5041
PINN 1.4 x107° 5.581 x 107% 2.797 x 1073

Table 1: Forward problem results for the plain neural network and the PINN.

Staged learning was used for PINN training. The detailed training schedule
is summarized in Table 2. For this experiment, the time variable is used in its
original scale. The PINN initial-condition loss is computed using both the initial

position and the initial velocity.

Model Stage Epochs Learning rate Ay A, AP A%
Plain NN Data only 200000 1073 1.0 0.0 0.0,0.0
PINN 1 10000 1073 1.0 0.0 10.0, 1.0
PINN 2 10000 103 1.0 1073 10.0, 1.0
PINN 3 20000 1073 1.0 1072 10.0, 1.0
PINN 4 20000 1073 1.0 10~' 10.0, 1.0
PINN 5} 140000 1073 1.0 1.0 10.0, 1.0

Table 2: Staged training setup for the forward experiment.
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4.2 Inverse Problem

In the inverse experiment, the parameter a is assumed to be known, while the
attraction strengths pq and po are treated as unknown and are learned together

with the neural network parameters. The true values are
a = 1.0, p1 = 2.0, po = 0.6.
The initial state is
(20, Yo, Va0, vy0) = (0.1,2.0,0.5,0.2),

and the experiment is performed on the time interval ¢ € [0, 12]. Sparse observa-
tions are used, with a total of 67 observation points.

In this and all subsequent inverse experiments, the time variable is normalized
before being passed to the neural network, and the initial-condition loss is com-
puted only for the initial position. The physical interval t € [to, T| is mapped to
T € [-1,1] by

2(t —t
T = —; — t(())) — 1.

The inverse PINN is trained using a two-stage procedure. The first stage
focuses on fitting the available data and the initial condition, while the second
stage introduces the physics loss to refine both the trajectory and the unknown

parameters.

Stage Epochs Learning rate A\g A, Ar¢
1 5000 1073 1.0 0.0 10.0
2 55000 10~4 1.0 10* 10.0

Table 3: Staged training setup for the inverse experiment.

Figure 8 shows the learned trajectory together with sparse observations. The
reconstructed trajectory follows the observed data and preserves the overall shape

of the reference motion.
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Figure 8: Learned trajectory of the inverse PINN with observations data.
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Figure 9: Recovered parameters pq and py during inverse PINN training.
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The evolution of the recovered parameters during training is shown in Fig. 9.
After the physics loss is introduced, both parameters move toward their true
values and stabilize near the correct solution.

Also, final recovered values are placed in Table 4. The learned parameters are

close to the true ones, with relative errors below 2%.

Parameter True value Learned value Absolute error Relative error
1 2.0 1.9650 0.0350 1.7478%
142 0.6 0.6039 0.0039 0.6438%

Table 4: Recovered physical parameters in the inverse experiment.

Effect of time normalization. The same inverse setup was also tested without
time normalization. The final errors remained relatively small in both cases, but
the normalized-time version produced slightly better parameter recovery and a

lower trajectory error.

Setup Learned 1 Learned pus Absolute error Relative error
Without time norm. 1.9485 0.6025 0.0270 1.4964%
With time norm. 1.9650 0.6039 0.0194 1.1958%

Table 5: Comparison of PINN results with and without time normalization.

Generalization across configurations. To check whether the inverse PINN
setup works beyond a single configuration, several additional runs were performed
with different initial states and physical parameters. The same staged training
strategy was used in all runs, with fewer optimization steps than in the main
inverse experiment: first, a data-only stage with Ay = 1.0, A, = 0, A;¢ = 10.0,
learning rate 1073, and 5000 epochs; second, a physics-informed stage with \g =
1.0, A\, = 107%, A\;¢ = 10.0, learning rate 1074, and 35000 epochs. The input
configurations are listed in Table 6, and the corresponding parameter recovery
results are reported in Table 7.

The additional runs show that the learned parameters move toward the refer-
ence values in all considered configurations, while the final accuracy varies between

rumns.
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Run a (41 49 X Yo Vg0 Vy.0 Time span N

1 30 35 26 -02 -20 01 1.0 [0,12] 63
2 30 30 20 =30 -25 —1.0 1.0 [0, 14] 63
3 20 06 16 -05 1.0 05 05 [0, 10] 56
4 15 25 12 02 05 00 —15 [0, 8] 56
5 1.0 15 15 15 —10 -13 —0.2 [0, 6] 84
6 1.0 08 04 -05 03 03 —08 [0, 4] 84

Table 6: Input configurations for additional inverse PINN runs.

Run True gy  True puo Learned gy Learned pus  Abs. error  Rel. error

1 3.9 2.6 3.5001 2.7152 0.0577 2.2178%
2 3.0 2.0 3.0098 1.9963 0.0068 0.2558%
3 0.6 1.6 0.5533 1.5984 0.0241 3.9385%
4 2.5 1.2 2.5107 1.2455 0.0281 2.1081%
o 1.5 1.5 1.5043 1.5039 0.0041 0.2726%
6 0.8 0.4 0.8008 0.4469 0.0238 5.9079%

Table 7: Additional inverse PINN runs for different parameter and trajectory

configurations.

4.3 Inverse Problem with Noisy Observations

The inverse problem was also tested with sparse noisy observations. The same
Gaussian noise model as defined earlier was used, and several values of the noise
level o were considered.

All noisy experiments used the same physical setup:
a=10.8, p1 = 0.8, o = 1.5,
with initial state
(20, Yo, V0, Vy0) = (—1.5,—1.0,—0.225,0.785),

on the time interval ¢ € [0, 5]. Only the noise level was changed between runs.
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For this setting, a modified staged training strategy was used. First, the model
was trained only on the data and initial-condition terms while the physical pa-
rameters were kept fixed. Then the physics loss was introduced, with a smaller
learning rate for the trainable physical parameters. In the final stage, the pa-
rameter learning rate and physics weight were increased to improve parameter
recovery.

Figure 10 shows the learned trajectory for the case ¢ = 0.1. Although the
observations are visibly noisy, the PINN reconstructs a smooth trajectory instead
of following the noise point by point. This reflects the regularizing effect of the

physics-informed formulation.

2.0 1 —— Exact trajectory
=== PINN prediction
Observations
@® Centerl
151 @ Center2
1.0 A
0.5 1
=
0.0 1
_05 -
—1.0 1 Hl=
p2=1.5334
T T T T T T
-=1.5 -1.0 —-0.5 0.0 0.5 1.0

x

Figure 10: Inverse PINN prediction for noisy observations with o = 0.1.

The results for different noise levels are summarized in Table 9. The same

architecture, inverse formulation, and training strategy were used in all runs.
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Stage Epochs NN Ir Param. Ir )y Ap AIc

Data only 5000 1073 0 1.0 0 10.0
Slow parameter update 20000 10~* 107° 1.0 1074 10.0
Parameter recovery 25000 10~* 107* 0.5 5x107* 10.0

Table 8: Staged training strategy used for noisy inverse experiments.

Noise level ¢ Learned g1 Learned uos Mean abs. error Mean rel. error

0.01 0.7848 1.5026 0.0089 1.0361%
0.03 0.7594 1.5152 0.0279 3.0433%
0.05 0.7326 1.5334 0.0504 5.3251%
0.1 0.6655 1.5594 0.0970 10.39%

Table 9: Inverse PINN results for sparse noisy observations.

4.4 Comparison of Data Loss Functions

The influence of the data loss term was also tested for the noisy inverse prob-
lem. Since MSE can be sensitive to large observation errors, the experiment
was repeated with alternative data losses. The model architecture, physics loss,
initial-condition loss, and training strategy were kept the same, while only the
data mismatch term was changed.

The tested losses were mean squared error, mean absolute error, and Huber
loss. The comparison was performed for the same noisy observation setting, with

noise level o = 0.1.

Data loss Learned gy Learned uo Mean abs. error Mean rel. error

MSE 0.6655 1.5594 0.0970 10.39%
MAE 0.3180 1.4861 0.2479 30.59%
Huber 0.7640 1.5171 0.0266 2.82%

Table 10: Comparison of data loss functions for noisy data with ¢ = 0.1.

In this experiment, the Huber loss gives the best parameter recovery. The
weaker MAE result shows that robust losses are not automatically better in this

setting.
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4.5 Discussion of Results

Forward problem. In the forward problem, the main result is that the PINN
provides a reliable continuation of the trajectory beyond the observed interval.
The plain neural network approximates the observed part of the trajectory well,
but it does not have information about the physical law that determines the
particle motion. As a result, its prediction becomes inaccurate outside the interval
where training points are available. In contrast, the PINN is constrained by the
equations of motion and is therefore able to recover the general continuation of the
trajectory on the unobserved interval. This shows that the physics loss improves

the extrapolation ability of the model in the considered forward setting.

Inverse problem. In the inverse setting, the PINN is able to recover the un-
known attraction parameters p; and py with small relative errors in the main
experiment. The parameter histories show that the introduction of the physics
loss plays an important role in moving the learned parameters toward the refer-
ence values. As expected, the comparison with and without time normalization
revealed that normalization can slightly improve parameter recovery and trajec-
tory accuracy. Additional inverse runs show that the same training strategy works
for several configurations, although the final accuracy depends on the chosen tra-

jectory and physical parameters.

Noisy observations and data losses. For noisy observations, the results show
that parameter recovery becomes more difficult as the noise level increases. Nev-
ertheless, the PINN still reconstructs a decent trajectory and does not simply
interpolate the noisy data points. This suggests that the physics-informed for-
mulation has a regularizing effect. The comparison of data loss functions shows
that the Huber loss gives the best recovery for the tested noisy case with o = 0.1,
while MAE performs worse than MSE in this experiment. Therefore, robust data
losses can be useful, but their effectiveness depends on the optimization process

and on their balance with the physics loss.
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Conclusions

Main conclusions

In this thesis, a computational pipeline was developed for applying Physics-
Informed Neural Networks for both forward and inverse formulations of Eu-
ler’s planar two-fixed-centers problem. Several experimental settings were in-
vestigated, including sparse observations, noisy observations, time normalization,
staged training, and different data loss functions. In the forward problem, the
PINN was able to continue the trajectory beyond the observed interval more
accurately than a plain neural network. The inclusion of the physics loss and
initial-condition loss helped the model converge toward a physically consistent
prediction. In the inverse formulation, the PINN recovered the unknown at-
traction parameters p; and pe with good accuracy in the main experiment and
produced reasonable results for different configurations, including noisy data. The
experiments also showed that staged training is an important part of the method,
since it helps the network first approximate the trajectory and then refine the
solution using the physics loss. Among the tested data losses, the Huber loss gave
the best parameter recovery in the considered noisy case, which suggests that it

can be useful when the observations contain larger noise deviations.

Future work

Future work may include the following directions:

e improving the training strategy, neural network architecture, and robustness

of the method in the presence of noisy observations;

e comparing the obtained results with other approaches, including optimization-
based methods, other machine learning models, and classical numerical meth-

ods for inverse problems;

e increasing the complexity of the benchmark problem, for example by con-
sidering three-dimensional motion, a larger number of attracting centers, or

systems with moving bodies.
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AT disclosure. In accordance with the methodological guidelines “Writing and
Defence of the Qualification Thesis” of the Department of Mathematics, Faculty of
Informatics, National University of Kyiv-Mohyla Academy, the use of Al-assisted
tools in this thesis is disclosed below.

During the preparation of this thesis, Al-assisted tools were used in a lim-
ited and controlled way. OpenAl GPT-5.5 Thinking model was used for lan-
guage editing, improving clarity and flow of thesis sections, checking consistency
of terminology, assisting with LaTeX formatting, and refining LaTeX plots and
figure-related code. The same AI model was used for code-related tasks, including
debugging, implementation refinement, and improving the structure of selected
code fragments.

All Al-assisted outputs were reviewed, edited, and critically evaluated by the
author. The experimental design, implementation decisions, numerical experi-
ments, interpretation of the results, and final conclusions were carried out by the
author. Al tools were not used to fabricate data, modify experimental results, or

replace the author’s analysis.
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