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Decenxo A. B.

3BEJEHHS 3AJIAYI OBGEPHEHHSA KYCKOBO-JIHIMHOT O
BIJOBPA’KEHHA 10 3A1AUI ITPO TIPUXOBAHY AIIO
HA TOPCOP HAJI ABEJIEBOIO I'PYIIOIO

YV yiti pobomi, suxopucmogyouu 3a2aibHi Memoou aHanizy CKiaoHocmi 3a0aui 0OepHeHHS TOKATbHO
KOMYMAmMuHUux 8i000pasicensb, 00CIIONCEHO KYCKOBO-TIHIlIHe 8I000pajicenHs. Ak pesyiomam, 3a0ayy obep-
HEHHsL KYCKOBO-TIHINIHO20 8I006PANCEHHS, SKe GUKOPUCTNOBYEMbCSL 05t NOOYOOBU ACUMEMPUYHUX KDUNMO-
cucmem, 36e0eHO 00 YACKOB020 GUNAOKY 3a0adi NPo NPUXosawny Oil0 Ha MOpcop HAO abenesor epynoio,
wo mae eghexmusHe piueHHs 8 KBAHMOBIU MOOeni 0OYUCTEHD.

KurouoBi cjioBa: oqHOCTOpOHHS (PYHKITis, IOKAIbHO KOMYTAaTHBHE BiOOpakeHHsI, KBAHTOBa MOJIEITh

004HCIIEHE.

[ToHATTA OMHOCTOPOHHBLOI (PYHKIIT € OAHHUM 3
KIIOYOBUX Y CydacHid kpumnrorpadii. Xoua icHy-
BaHHS TaKWX (PYHKII TEOPETHYHO HE JIOBEICHO,
mpoTe chopMOBaHO UMK HaOIp MPETSHICHTIB, IO
BUTPHUMAIH TiepeBipky yacom. Came 1 QyHKIIT €
HEOOXiJTHOI0 YMOBOKO CTIMKOCTI 0ararboX KpHIITO-
rpa¢iuHIX cHUcTeM. 3HAYHUH MOIITOBX y PO3BUTKY
KBaHTOBO1 Mozielli oOuuciieHs BiOyBcs 1994 poky
micist BiAKpUTTS edekTuBHOTrOo anroputmy lllopa
[7] nns bakTopu3alii MiIIMX YKCEN HAa KBAHTOBOMY
KOMIT FOTepi 3aBSKM HOTO MOXKIIMBOMY 3aCTOCYBaH-
HIO JIISl aTaK Ha Cy4acHi aCUMETPUYHI KPUITOCHUC-
TEMH, OCKUIBKU Ha CKJIaHOCTI 3a7a4 aKTopu3awii
Ta IUCKPETHOro Jiorapupmy 0a3yeTbcs abCoMOTHA
OUTBIIICTh ICHYIOUMX ACHUMETPUUYHUX KPHUIITOrpa-
¢GiuHuX cucTeM. Y 3B’SI3KY 3 IIHM, a TAKOX 3 OIVISIITY
Ha OCTaHHI TEXHOJIOTIUHI JOCATHEHHS MPH MO0YI0-
Bi JOCHTH TOTY)KHOTO KBaHTOBOTO KOMII'IOTEpa,
CTae akTyaJIbHHM IIOIIYK HOBHX OJHOCTOPOHHIX
(YHKIIIH 1 TPUMITHBIB, SIKi OyITyTh CTIHKUMH HaBITh
JI0 aTak i3 BAKOPHCTAHHSAM KBaHTOBOTO KOMII I0Tepa.

VY npani [3] Brepie nmpencTaBiIeHO HOBY BIac-
THBICTh JIOKAJIbHOT KOMYTAaTUBHOCTI JIJISi CHMETPHY-
HUX MHUQPiB, BiTOOPaKCHb CIEMIaIFHOTO BHIY Ta
MiArpyn TEpPecTaHOBOK. BUKOPHCTOBYIOUH  IIO
BJIACTHBICTh, MOKA3aHO, SK MO)XXHA OyTyBaTH HOBI
OJTHOCTOPOHHI (PyHKIIIT HA OCHOBI CHMETPHUYHHX
mupiB, M0 MAIOTH MAHC OyTH CTINKUMU B KBAHTO-
Biii MoJIesi OOYHUCIIEHb.

Y KBaHTOBIH Moz OOYUCIICHb PO3TIIAIAIOTHCS
B MepIIly Yepry came ajredpaiuHi 3aj1adi, TOMY Ui
aHaJTi3y TOCTKBAaHTOBOT CTIMKOCTI TakuX (DYHKIIIH €
HEOOXiTHUMHU METOIU 3BelIeHHs ajareopaidyHuX Mo-
neneit mu@piB 10 KOHCTPYKIIIH, sIKi BUKOPHCTOBY-
I0THCS Y KBAaHTOBIM Mozeni o0unciens (aaredpaiuni
3aJ1a4i po NMPUXOBaHy MiATrPyIy, 3cyB Tomo). Huni
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Taki METOJY JIMIIE MOYMHAIOTH 3 SIBJISATHCS, 1 HaM-
OUTBIN 3araJlbHUHN MMiIXiJl 3aIpPOIIOHOBAHO Yy TIpalli
[4], B siKiii mOMIMPEHO BIACTHBICTD JIOKAJILHOI KOMY-
TaTUBHOCTI Ha JIif0 TPYII, & TAKOXK PO3POOICHO Me-
TOJIU 3BEJIEHHS JOBUILHOTO BiJIOOpaKESHHSI.

ITocTaHoBKa 3aga4i JOCTiAKEeHHSA

HaBenemo oCHOBHI 03HaYEHHS Ta TBEPDKCHHS 3
[3; 4], mo OymyTh BUKOPHCTOBYBATHCS IIPH aHAIi3i
Ta IOOYJ0B1 3BEJICHHS.

Osuavennst 1. Bidoopaocenns E:KxX —> X
Hazeemo KomymamueHum, skuwo oas Vk,k, e K,
Vx e X euxonyemocscnisgionowenns E; (E, (x))=
=E (E, (x)).

Osnauenns 2. Bioobpasicenns E:KxX > X
HA36eMO JIOKANbHO KOMYMAMUBHUM, SKWO ICHYE
maxa niomnoocuna X, <X, X, #0, wo ona
Vk,k,e K, VxeX, euxonyemvcs cniggionouien-
na E, (E, (x))=E (E, (x)). Muoxcuny X, 6yoemo
HA3UBAMU MHONCUHOIO KOMYMAMUBHOCHL GION0GIO-
Ho2o eioobpasicenns. Tosnauumo uepes C; xaac
JIOKAIbHO ~ KOMYMAamMueHux 8i0obpasicensb — Guoy
E:KxX > X, ona sixux icnye egpexmusna npoye-
0ypa 06uuUCHeHHs pe3YTbmamy.

3ayBaxkenns. Muoxuuu K i X wmarore Gytn
CKIHYCHHHUMH, OCKIJIBKH, TIO-TIepIIie, 11 BiAMOBiAae
OLIBIIOCTI MPAaKTUYHUX pealizalid, a Mmo-apyre —
€ HeOoOX1THUM JUTS aHaJli3y OIIHOK CKJIaJJHOCTI ajro-
putMiB. Bigpasy BigzHaunmo, 110 B po6oTi [4] po3ris-
JAaEThCsl JMIIe Kiac Bimobpaxens F:KxX — X,
UL SKUX 32 Oyab-sKoro (piKCOBaHOTO 3HAYCHHS
ke K Bino6paxenns E(k,:):X > X e Giexiiero
(abo aBromopdizmom muOKHHH X ). Came 70 Tako-
ro Kjacy BiJoOpakeHb HPU3BOIAUTH Yy3arajibHEHE
MOHATTSL cCUMeTpUYHOTO mHdpy. A ckopodeHoro
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MO3HAUCHHSI JIOKAaJbHO KOMYTAaTHBHOTO BimoOpa-
xeHuss E:KxX —> X i3 MHOXHHOIO KOMYTAaTHB-
Hocti X, X, X, #0, GyneMo BUKOPHUCTOBYBATH
no3HaYeHHS Ly y.y 1, @ AKIIO HeMa€e HEOOXiAHOCTI
TOYHO BKa3yBaTd MHOXHUHY KOMYTaTHBHOCTi, abo
BOHA BifOMa 3 KOHTEKCTY, TO TaKO)K BUKOPHCTAEMO
nosHauenus Ey o).

VY mpani [4] DOCTHiIKy€eThCS CKIAMHICTD 3a7adi
00epHEeHHS JIOKaIbHO KOMYTaTUBHOTO BiI0OpaXKeH-
Ha By, TOOTO s 3a/1aHOTO  BioOpaKeHHs
E[ x.x) € C, Ta 3a7aHMX 3HaYeHb X,,X, € X 3HaiTH
sHaueHHs Kk € K Take, mo E,(x,) =X, .

VY pesynbTari npoBeeHOTo aHamizy Oyno cdop-
MOBaHO Ha0lp MPUIYIIEHb, MPUCYTHIX y O1IbIIOCTI
BHIIAJKIB, 1 SKi € HEOOXITHUMHU I TPOBEICHHS
e(eKTUBHOTO 3BEJICHHA 33/1a4i 0OEPHEHHS TaKUX Bi-
J00paxeHb J0 anreOpaiyHux 3a1ad.

Hpunywenns 1. 3 onucy 6idobpascenns
E[ x.x] € C, mooicna ompumamu 1020 xapakmepic-

MUYHy epyny GC"“’(E[ X, X]) (nanpukiad, meipHi ene-
Menmu 2pynu), pesyibmam Oii sakoi na muodcuny X
30ieacmv sl 3 pe3yIbmamamil 8i000paicenHs E[ K]
ma 1020 KomoOiHayii.

Hpunywenns 2. 3 onucy 6idobpasxcenHs
Exx €CL ma Oositenozo snauenns XX,
MOICHA OMPUMAMU 1020 XAPAKMEPUCUYHY 2PYHY
(axa 6yoe abenesoro) 8iOHOCHO enemenma X AK Qax-

mopepyny der(E[K,X;X(,]’x):GFIW(E[K,X])/G;/W(E[K,X])

(nanpuknad, meipni enemenmu epynu), oe G —

nioepyna cmabinizamop eiemenma X.
Hpunywenns 3. Kimvxicms pisnux opoim

w(E[ K1) ) 0ii’ xapaxmepucmuunoi spynu G (E[ x1] )

dopisnioe 1, abo 3a sadanum snavennam X € X, icnye
eexmusHUll  aneopumm BUOKPEMIECHHS eleMeHmis
opbimu GXx.

[epeBipka BUKOHAHHS HABEICHUX MPUITYIICHb
BITHOCHO KOHKPETHOTO BiJOOpa)KCHHS pO3TIIsia-
€THCA SIK aTITOPUTM aHaJIi3y BiJIIOBITHOTO JOKAJIbHO
KOMYTaTUBHOTO BioOpakeHHs [4]. YV BUnaaky no-
ro e(eKTUBHOTO 3aCTOCYBAaHHS 3a7ady OOCpHEHHS
BiJIMOBITHOTO BiTOOpa)KeHHS MO>KHA 3BECTH JIO OfI-
Hiel 3 anreOpaiuHUX 3a/1au.

3anaua 1. 3adaua npo npuxosany 0iio na mop-
cop Hao adenesoio zpynoio.

Ilocmanoeka 3adaui. Hexail 3a1aHO MHOXHHY
TBIpHUX enleMeHTiB abeneroi rpymu G i mesxwii
topcop X manrpymoro G . 3a 3amaHuMu 3HAYCHHSI-
MH X,,X; € X HeoOXigHO 3HANTH TaKUi elIeMEHT
geG mo gx,=x,.

AmnanoriuHo jo0 mpoonemu [iddi-Xemmmana,
1HOJII IOCTaTHLO MAaTH PE3yJIbTaT Jlii ITYKaHOTO eJie-
Mmenta g rpynu G Ha MOBUThHHIA eneMeHT X € X,
HE 3HAIOYU £ B SIBHOMY BUIIISIL.

3anaua 2. Ilpo npuxoeanuii enemenm mopcopa
Hao abeneeoro zpynoio.

Ilocmanoska 3a0aui. Hexait 3a1laH0 MHOXHUHY
TBipHUX eJieMeHTIB abeneBoi rpymu G 1 nesxuit
topcop X Hax rpynoro G. 3a 3a1aHUMU 3HAYCHHSI-
MH X,,X;,X, € X HEOOXiJHO 3HAUTH TAKUi eIEMEHT
x,€X , mo konu gx, =X, musa gesxoro £€G | 10
8%, =X;5.

Y BUINIaIKy HOPYIICHHS NPUITYIIeHHS 3 OyIo Ta-
KO 3aIpOITIOHOBAHO OIIBIN y3araibHeHi 3a1a4i [4]:
PO TPUXOBaHy Jit0 abeneBoi rpynu Ta MPUXOBa-
HUH pe3ynbTar il abeneBoi rpynu BiAmoBiTHO.

3ayBazkenHst. [[py BUKOHAHHI OLIIHKH CKJIaTHOCTI
o0uMCcIeHb ISl TIOUIYKY e(eKTHMBHUX alrOpUTMiB
PO3B’SI3KY IS 33/1a4 BBAYKAEMO, III0 AJITOPHTM O0UHC-
JIEHHS pe3yJIbTara Jii JoBiIbHOro eneMenTa g € G Ha
JOBUILHMI €JIEMEHT X € X Mae CKIagHICTh, OOMEXKe-

HY JISIKUM TIOJIIHOMOM BiJT 3HAYCHHS log|X , TOOTO €
e(heKTHBHHUM BiTHOCHO pO3MIpIB 3a/1a4i.

Y npaui [4] mpeAcTaBIeHO 3aCTOCYBaHHS TAKOTO
aHaJIi3y 10 KOMYTaTHBHOTO CUMETPHUYHOTO MHdpyY
[onira-Xemnmana. A B po6oti [6] moka3aHo 3Be-
JeHHst 3a1a9 1 1 2 10 BiioMHX 3a7a4 y KBaHTOBIiH
MOJIeNli OOYMCIIeHb, IO JIA0 3MOTY IMPEICTaBHTH
iXH1 4aCTKOB1 €(peKTHBHI PillIEHHS.

3 oAy Ha 1€, OCHTh aKTyaJIbHUM € MOIIH-
PEHHSL 3aCTOCYBaHHS TAaKMX METOMIB [0 1HIIHX
mu¢piB Ta BitoOpakeHb 3 METOI0 BIOCKOHAJICHHS
METOJIIB Ta IOIIYKY HOBUX CTIHKHX E€K3eMIUIAPIB
OITHOCTOPOHHIX (QYHKIH. Y 1iii poboTi 00’€kTOM
JIOCITI/PKEHHSI € KPUITOCHCTEMA, 1110 BUKOPHCTOBYE
KYCKOBO-JTIHI{HE BiJJOOpaXCHHs, IKE BUKOPHUCTOBY-
€ThCS B CHCTEMaXx JieTepMiHoBaHoro Xxaocy [1]. Ilro
CHCTEMY HEIIOAABHO 3alPOIIOHOBAHO, i OCHOBHOIO
YACTHHOIO € KYCKOBO-JIIHIHE BiTOOpakeHHS, SIKE €
YaCTKOBO KOMYTaTHBHUM, 110 TIOBHICTIO BiATOBiAa€e
HamuM BuMoraMm. OTke, cripoOyeMO BUKOPHUCTATH
3allpONOHOBaHI B [4] MeToIM aHaNi3y 1 3BeCTH 3a1a-
4y 0OCpHEHHS BiAMOBIAHOTO BiJOOpa)XeHHS JI0 aJ-
reOpaiunux 3aga4 1-2.

Kpunrocucrema Ha 0CHOBi KyCKOBO-JIiHIlTHOTO
Bifo0pakeHHH 3 BiICIKAHHIM MOJOIIINX
po3psais

Hogi pe3ynsratu B 611bIIOCTI BUMAAKIB OTPH-
MYIOTh Ha CTHUKY KiJIbKOX HayKOBHX oOmacTei, Ko-
JU TEOPETUYHA MOJIENb, SIKa BUBYAETHCS B ONHIHN
IpeaMeTHIN o0nacTi, MEPEeHOCUThCS B IHIIY Ta
MPOSIBIISIE HOBI BIACTHUBOCTI, KOTPI MOXKHa e(ek-
TUBHO BHKOPUCTOBYBaTH. 30KpeMa, MOCTiliHO po-
OnATHCS CIIPOOM 3HAWTH MOXKIIMBE 3aCTOCYBaHHS
HOBUX PE3YJIBTATIB 13 PI3HUX HAYKOBHUX HAIPIMIB Y
Kpunrorpadii.
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OfHHUM i3 TakWUX HamNpsSMiB OCTAHHIM YacoM €
TEeOpisl IEeTePMIHOBAHOTO Xaocy. SKOICh MipoIo
Xa0TH4YHI Ta KpunrorpadidyHi CHCTEeMH HiHCHO
B3a€EMOIIOB’13aHI HAaBITh Ha KOHIICITYaJIbHOMY
piBHi. Sk y kpunrorpadii, Tak 1 B HeMiHIHHIN qU-
HaMilli 3MICHIOEThCS HEIliHIHE TTePeTBOPIOBAHHS
iH(popMmaii. 3BHyaiiHo, TAKUIl B3aEMO3B’ 130K MiXkK
00’€KTaMU BUBYEHHS HE 3MIT 3aJIUIIUTHCA HETIOMi-
yeHuM. Tak, modanu CTBOPIOBATHCS Ta BUBYATHUCS
Kpuntorpadiyai MpUMITHBH, IO BHKOPHCTOBYIOTh
00’ €KTH XaOTHUYHOI TUHAMIKH.

Ha xanp, y Hammiif kpaini neit HampsiM e He
OTPYMAB HAJIG)KHOI YBaru KpUITOTpadiqHOro CIIiB-
TOBAapUCTBA, TOMY Oy/b-siKi myOsikamii B uiii odnac-
Ti BUKITUKAIOTh HEAOHMSIKHUI 1HTEpec.

Onuc jgochifpkyBaHoi B IIbOMY  IAPO3JLII
KPHUIITOCUCTEMH, Ha AKYy OyZAeMO MOCHUIIATHCS K Ha
KPUITOCUCTEMY, IO BHUKOPUCTOBYE BiJCiKaHHSI
MOJIOJIIITNX PO3PSIiB, TOBHICTIO B34TO 3 [ 1], BKIIO-
Yae€ Taki eTarnH.

Kpunrtocucrema 1 (3 BiICiKaHHSAM MOJOAIIUX
pO3pAIIB).

T'enepysanns kaouig: Hexail BiioMe JOCTaTHbO
BeNUKe 3HaueHHs [, € N, 1110 Omucye piBeHb CTiii-
KocTi cucremu. DOpMyBaHHS KITIOYiB KOPUCTYBa-
yem A BKJIOYAE Taki eTanu:

1) renepyBarHs mpocroro urcia 2°7 2 < N <2
2) 3HaXO/UKCHHS HECTIHKOI HEepyXOMOi TOUKH

X, KYCKOBO-JTIHIHHOTO  BiJOOpaXKeHHSA

1
T, (x) =—arccos(cos(N7x)) nopsiaky N Ha
Vs

inrepsani 277,27, 10610 X, =T\ (X,).

Ipuyomy 3uauenns X, samaerscs 4(/, +1)

OiTaMu TicIs KOMH;

3) rerepyBaHHst HaTypaibHOTO uncna O , 3HaYeH-
1t SIKOTO € Gy3bKIM 110 NN , 10010 Q ~ 2"

4) obuncnenns sHauenus P=N/Q;

5) oOuucieHHs Ta Oy OIiKyBaHHS BIIKPUTOTO
karoua ¥ =T,(X,) . [Ipuuomy 3uadenus Y
samaerncs 3(/, +1) Gitamu micias Komu Ta
MOBUHHO HaJeXaTu IHTepBaly
(2/3-0.25,2/3+0.25) . Skmo yMOBa
Y €(2/3-0.25,2/3+0.25) me BuKOHyeThCH,
reHepyIoThes HOBI 3Hauenus O i P Tta mporte-
JIypa MOBTOPIOETHCS 3HOBY, MOYMHAIOYH 3 11. 3.

3navennst X,, P, Q i N e cekperaumu. [Tapa
snayenb (X,,0) ckiamae CEKPETHUH KIH0Y KOPHC-
tyBaya A .3uauenns P i N B momanpiimx o04mc-
JIIOBAHHSX HE BUKOPUCTOBYIOTHCSL.

Hlugppyeanna: nus mmdpyBaHHS MOBITOMIICHHS
M,ne MeN i M <2" xopucrysaus B nie Takum
YHHOM:

1) orpumye BigkpurHii krod ¥ xopuctyBada A.

2) O0uHCIIOE Ta BIANPABIISAE KOPUCTYBaueBi A
umdp-reker C =T, (Y). 3HaueHHs mm@p-TeKcTy
3afaeTbes 2/, +2 GiraMu Micis KOMH.

Iudp-texer C € neskuM AIHCHUM YUCIOM, IO
Hanexuts inrepsany (0,1) BusHayeHHs BimoOpa-
KCHHsI, Ta BU3HAUEHO HAOJIMKESHUM paIliOHATbHUM
3HAYCHHSIM.

Pozwugpysanna: npouenypa posumdpyBaHHS
MOBiJOMJIEHHS KOpHCTyBadeM A CKIIamaeThes 3 00-

> T,(C)
YUCIICHHS 3HaueHHs Bupasy M =round| ———|,
0

AKe € orinkoro nosigomienus M, a (X,,0) e iioro
cekpeTHuM KimodeM. Dympkiis round() oxpymise
3HAYCHHSI apryMEHTy 0 HaHOMMKIOro HAaTypaIbHO-
ro 3HaueHHsA. 3HaueHHs BinoOpaxenns 71,(C) o6-
YHCITIOETHCS 3 TOUHICTIO /, +1 6t micist komu. Y Bu-
NaJKy KOPEKTHOI poOOTH KPUIITOCUCTEMH Ta BUOpa-
HUX IMapaMeTPiB MPUCYTHS TOTOXKHICTb M=M.

Tpeba 3a3HaunTH, MO KpUnTocucrema 1 € Moau-
(bikari€ero iHIIOT KPUIITOCUCTEMH Ha OCHOBI KyCKOBO-
THIHHOTO BiJOOpakeHHS THX CaMHUX aBTOpiB [2].
ITonepenns cucreMa BiApi3HANACS TIABKH IIPOCTi-
IIAM TIPEICTABICHHIM AHUX Y BUIISI pallioHaNb-
HUX YKCce, 10 MPHU3BEJIO 10 MoOy10BY e(heKTHBHOTO
aNrOpUTMy OE3KITFOYOBOI aTaKkh Ha MOBIJTOMIICHHS B
po6ori [5]. [Ticist ibOr0, 3 METOIO MOKPAIIEHHS CTiM-
KOCTI aBTOpaMH 3arporOHOBAHO MOAM(DIKAIIIO ITi€l
cuctemu B [1], sika MpeacCTaBIIse BCi MapaMeTpH Ta
JIaHi y BV TIACHAX YKCEN 3 IIaBaIOuOl0 KOMOKO
y JBiikoBii cucteMi uncienns (cranmapt IEEE 754)
Ta (IKCOBAHOIO KiJBKICTIO 3HAKIB ITiCIISt KOMH.

3acTocyBaHHsI po3po0JIeHHX MeTOiB aHATi3y
JIOKAJIbHO KOMYTATHBHHUX Bi100pa:keHb

VYV mpoMy miapo3aini Oyne po3mITHYTO MOXKITH-
BiCTh BUKOPUCTAHHS PO3pOOJIeHUX y [4] 3araibHuX
METO/IIB aHaJTi3y KOMYTaTHBHUX Ta JIOKAJILHO KOMY-
TaTWBHUX BiOOpakeHb y KIACHYHIN Ta KBAaHTOBIH
MOJIEIISIX OOYHCIICHB JI0 KPUNITOCUCTEMH | Ha OCHO-
Bi KyCKOBO-JIIHII{HOTO BiOOpa)KEeHHS.

Sk 3a3Havanocs BWile, KpunTocucrema | mae
TIOTICPETHUKA, IO BiPI3HIETHCS JIUIE MPEACTaB-
JICHHSIM YMCell Y MPaKTU4HIN peanizaiii. Came 1eit
nepexia BiJi poOOTH 3 JINCHUMH YUCIIaMH 10 TpaK-
THYHHUX peallizaiii, sKi MpamroTh 3 MUIMMH abo
palioHATEHUMHU YHCIIAMH, € XapaKTepHUM 1 Haii-
KPUTHYHIIIAM JIJISL BCIX KPHIITOCHCTEM, MOOYIOBa-
HUX Ha 00’eKTax JeTepMmiHoBaHOro xaocy. 11106
YHUKHYTH MOAATBIINX cIpo0 Momudikariii kpum-
TOCHUCTEMH 1, BUKOPHCTAEMO TOBLIbHE OHO3HAYHE
MPE/ICTABICHHS BCIX JaHUX KPUITOCUCTEMH Y BH-
TS palioHATBHUX YHCEN (2 He TUTBKYU BiJICIKaHHS
MOJIOIIINX PE3YJIBTATIB).
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['0710BHIM €1eMEHTOM TaKOTO Y3aralbHEeHHS KPUTI-
TOCHCTEMH | 3aJHIIaeThCs KyCKOBO-TiHilHE BioOpa-
JKEHHSI, TOMY MOXKHA TIEpEUTH JI0 aHAITi3y CaMoro Biflo-
OpaxeHHs Ta 3a/1a4i iioro o6epHeHHs!, abCTparyro4nch
BiJl IOCHIZPKYBAHOI KPUIITOCUCTEMH Ta BUKOPUCTORBY-
FOUH JIMIIIE HEOOXimHI OOMEXEHHS Ha 3HAYEHHS, III0
TIPOIMKTOBAHI OITCOM KPHUIITOCHUCTEMIL

Teepaxenuss 1. Kyckoeo-iiniline 6i0obpa-
acennss T:NxR—->R ¢ xomymamuenum i
Ty i) =T, (T, (x)) ona VxeR i Vk,k,eN.

Hoeeoenns.

HeBaxxko mepeBiputn, mo mis VxeR, i
Vk,k,e N, i KyCcKOBO-JIIHIHHOTO BiJOOPAKEHHS

1 ..
T, (x) =—arccos(cos(k7X)) BHKOHYETHCS CIIiBBiJ-
T

womenns 1, (x)=T, (T, (x)), ynacnigok uoro
TaKe BiIOOPaKCHHS € KOMyTaTHBHUM BiJIHOCHO Ta-
pamerpa k€N, tooro T, (T, (x))=T (T, (x))=
=T} +,)(X) ns noBinbHUX 3HaueHb Kk, € N.
Teepooicennsi 008edeHo.
Hexait M — nesike uine 3uauenns, 1< M <2 j

Cc=T,Y)= larccos(cos(YM 7)), ne Y — Bigkpu-
T

THii KJTI04 JIEKOTO KOpUCTyBaya. s ABOX Pi3HMX
3HaueHb K.k, € N cnisignomenns 7, (Y)=T, (¥)

BUKOHYETbCA TOAlI 1 TINBKH  TOHi, KOJIH
[ kY =kY +2t

Y = kY + 21 s gesikoro € N . OcraHHIO Cy-
KyIHICTP ~ MO)XKHA  TEpelucaTd Yy  BHDIAOL
[k =k, +2r't ‘

k =k, + 27t ockinpku Y #0 (y upomy Bumaz-

Ky He Oyaie OMHO3HAYHOTO po3muppyBaHHs). SIKmIo
Y OGyne ippallioHaJbHUM 3HAYECHHSIM, TO OYIb-sKi
pisHi 3HaueHHs K ,k, € N mpusBenyTh 10 pi3HHX
3HAYEHD Tk1 ) i Tkz ).

AJie B TICHOCTI, 71 MPaKTUYHOI peatizarii, K
B)K€ 3a3HAYANOCS BHUIIIE, BC1 3HAYECHHS MYCATH OyTH
MIPEACTAaBICHI Y BUIISAI palliOHATBHUX YHCEN. Y
TaKOMY BHITQJKy ITOBHHHI iICHYBaTH TaKi 3HAYCHHS
te N, qs sxkux 2Y 't e N . MinivanbHe Take Ha-
TypajbHe 3HauyeHHs Mo3Haunmmo uepes W(Y),
WX)eN, W)= min{t |t,2Y 't e N} , a TaKoX
nozgaunmo uepes Z(Y), Z(Y)e N, senuuuny
2Y "W (Y). Maroun B PO3MOPSKEHHI  TOBLIBHE
NPEICTABICHHS PAIliOHaJIbLHOro 3HadeHHs Y, 00-
yucnenus 3Hauenp W(Y) ta Z(Y) € mocutsb ner-
Koo cripaBoio. Takok Tpeba 3a3HAYUTH, 10 IS Of-
HO3HAYHOTO pO3MIH(PYBAHHS BCi TapaMeTPH KPHII-
TocucTeMH 1 MycsTh OyTH B3a€MHO NPOCTHMH i3
snadenusm Z(Y), GibIn TOro, Ma€ BUKOHYBATHCS

. I+
Hepisricte 277 Y <1,

Po3missHeMO MyJBTUILTIKATHBHY TPYMY KiJbIIs
MMImKiB Z, IS IeSKOro 3HadeHHs n>2, ne N .
LIst rpyna MicTuTh ¢(71) eneMeHTiB, 1e ¢ — QyHKIisA
Eiinepa. Sxmo nns VreZ; I0JaTKOBO BBakaTH
KJIACH JIMIIKIB /' Ta N —F €KBIBAJICHTHUMH, TO YHi-
KaIbHUMHU 3aJIMINATHCS JIMIIE KIIACH JIMIIKIB, SKi
IPH JIJIEHH] Ha 7 TafOTh JIUIIOK 7 € Z, n , TAKHH, 110

n .
O<r< 5 OCKUTbKM 1151 OyJb-SIKOTO 3HAYCHHS

reZ, cepen 4oTHphOX uucen r, (—rmodn)e Z,
—1 * -1 o

r-modneZ, i (-r" modn)e Z, piBHO aBa uncia

MaTUMYTh JIUIIOK IPH JUICHHI HA X TaKWi, 0 BiH

. n . .
IOTpaIig€ B 1IHTECPpBaAJI O’|:E:| , TO KUIBKICThb €JIC-

MEHTIB Y HOBOYTBOPEHI MHOXHHI JIOPIBHIOBATHME

@ . [To3HaunMo TaKky MHOXHHY uepe3 Z 2 Sk
[0 y3arajJbHUTH MHOXCHHS 32 MOIyJIeM X Ha
BUNAJ0K €KBIBAJIEHTHOCTI KJIaciB JUIIKIB 7 Ta
n—r gns VreZ,, To OTPEMAEMO TaKy OIllepa-
i Z/*:. NrgqeZ””

Hanqg CICMCHTaAMH

]
r-q=(=1)"""'rgmodn . 3 Takolo omeparicio MHO-
xnHa Z,'> 1epeTBOPIOEThCS HA KOMYTaTHBHY IpY-
ny 3 HelTpambHUM enemeHToM 1. 3 iHImoro 60Ky,
rpyny Z,> MOXHA NMPEICTABHTH K (GAKTOPIPyIy
z /(n—l) , 1 ockineku rpyna Z, € KOMyTaTHB-
HO10, T0 Z,/” Takox Oyje KOMyTaTHBHOIO TPYTIOIO.

Osnavennst 3. Jua VneN, n>2, uepes
Z,* nosmauumo komymamueny Gaxmopzpyny
zZ /(n—l), de Z, — MYNbmuniikamusna 2pyna
Kinbys numkie Z, .

Jlema 1. Marouu 6 poznopsioscenti payionanvhe
npeocmasnenns snavenns Y ma snavenna C, oe
C=T,(Y) orn nesioomozco snauenns M, icuye
ehexmusHull  ancopumm  OOYUCTEHHA 3HAYEHHS.
T,.X)=T,(T,.T,(Y)) ons dosinenoco me N .

n pasie
Josedenns.
[Mpunyctumo, mo parioHaqbHE TPEICTaBICHHS

Y
3HaueHHs Y Mae Bunmig —, 1e Y.V, € N . Buxo-
2

PHCTOBYIOYH BJIACTHBOCTI BimoOpaskeHHs ', MaeMo

C=T,Y)= larccos(cos(YM;r)) = larccos cos Mﬂ'&
T T yz

1 1
=m7‘—-=q7h—-.meAQ=n-—

V, ) i)

l

=

i mexait G =T, (C). Ockinbku M <y, (inakuie

He Oyae OXHO3HAUYHOTO pO3MHUGpPYBaHHSA B
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. n 1 M
kpurrocuctemi 1), To (€)' = —arccos| cos| — | |=

7 ¥,
1 1 )
:TM/: n :T;n—l TM” - . TOGTO, Ty"" (Cl ):
b2 ’ Y, 2
1 :
=T, o) 0 MOXHA [EPerucarTd y BHIISAL
2
T, (7. (Ch))=T,| T, Ller (7| L=
» yé’”( ‘))_ wl S T T e T |
8% Vs
=T, % =T, (Y). 1 ocratouno: T,,(Y)
2

=T, [Ty; ((Tyl, (C ))nD . Onepauii 3 napameTpamu

BimobOpaxkeHHs: I BHUKOHYIOTHCS B KOMYTATHBHii
rpyni Z."*, ne z=Z(Y), a oTxke, MOKYTh GyTH BH-
KOHaHi e(heKTUBHO.

Jlemy 0oseoero.

Hacaigok: paimioHaJibHE TPEACTaBICHHS BiJl-
KpUTOTO Kifoya Y Moke GyTH JOBITBHHM, a OT
3HayeHHs IudprekcTy C  HaNEKHTH MHOMXKHHI
BCIX MOXIHUBUX pPE3YyNbTaTiB  BigoOpakeHHs

{larccos(cos(kﬂY N]keN1<k<2n } , abo TOuY-
T

HIIlIe — MHOXKHHI ITPEJICTaBIICHHSI TAKUX YHCEN Y BU-
JISIA1 pallioHANbHUX 3HA4YeHb 32151 MOXKIIMBOCTI
MPAKTHYHOTO BHWKOPUCTAHHS TMOMIOHOT CHCTEMH.
VY3arajpHIOIOUH 0 MHOXHHY Ha BHIAIOK MOCITi-
JOBHOTO BHKOPUCTAHHS BiOOpakeHHS, MOYKHA TI0-
KaszaTH, IO BCi Pe3yJbTaTH HaJekKaTh MHOXHHI

{larccos(cos(le)) |k e Z:/Z} ,me 2=2Z(Y). Ta-
T

Ky MHOXHHY mo3Haunmo udepe3 X . Uepes K mo-
3HAYMMO MHOKHHY BCIX HATYpaJbHHX YHCEI 3 Bif-
pisky [I; 2"]. 3 nemu 1 BUXOIUTB, 10 3 TOBUIBHHE-
mu 3nadennsmu ¥ ta C=T,(Y), CeX moxuHa
epexktuBuo oOuuciautu 3Hauenns D=T,,,(Y),
De X 6e3 3nannsa HeBimomoro 3HaueHHs M € K .
TakuM 4YHHOM, KYCKOBO-JIiHiiiHE BiZ0oOpaXKeHHA
MOXHA PO3IIISAATH K KOMYTaTHBHE BiOOpaKeHHs
Bugy I': KxX — X (abo Ty x,) i3 3agaueto obep-
HEHHS TaKoTO BiJOOpakeHHS: 3a BiJIOMUMH 3HAYCH-
HamMu C,De X BiHOBUTH HEBilOME 3HAUYECHHS
MeK mo D=T,(C). e uinkom Bixnosinae pos-
pobnennM y [4] MeTonaM, a TaKoXK PilIeHHs 3aadvi
Takoro 0OEpHEHHS JI03BOJIUTH MOOYIyBaTH OE3KIIIO-
YOBY aTaKy Ha MOBIJIOMJICHHSI KpUTITOCHCTEMU 1.
Jlema 2. /{ns ¢hixcosanoeo payionanbnozo 3Ha-

uennsn Y xapaxmepucmuuna zpyna Gd""(T[K~ X]) 6i-

oobpascenns Ty y, izomopgpna Z:/z, oe z=2(Y).

Josedenns.

Hexait 3adikcoBaHo jiesike pallioHaabHE 3HauCH-
Hst ¥ (110 € BIAKPUTHM KJIFOUEM OIHOTO 3 aDOHEH-
TiB kpunrocuctemu 1). Sk Oymo Big3HAYE€HO, MHO-
JKUHA BCIX MOXIIMBUX PE3yNIbTaTiB BiOOPaKCHHS

Mae BUDIAL X ={larccos(cos(k7rY))|keZ:/ 2t
T

ne 2=Z(Y).3 omsny Ha 1€, a TAKOX Ha Te, 5K 3a-
3HA4YEeHO B JOBEAEHHI JieMH 1, mo aii Haj mapame-
Tpamu BinoOpaxkeHHs 1y y; BUKOHYIOTBCS B TPYIIi
*/2
Z ", MOCHUTb 3BUYHUM BUIVISA€E BBECHHS il Ipy-
N P
m Z."> wavuoxuny X sxana VgeZ?iVxeX

1 . .
gx =—arccos(cos(gzx)), mo € MOBHICTIO €KBiBa-
T

JICHTHHUM pe3yJIbTaTy BinoOpaxkeHHs 1|y v, JUIs Bil-
IIOBIIHUX €JIEMEHTIB.

Jlemy dogedeno.

Hacutifnok: nerxo nepeBipuTy, o J1s T0BUTEHOTO

.. h .
enemenra x € X cra6inmizarop G; (T[ X X]) € TpHUBI-
ILHAM, TOOTO MICTHUTB JIUIIIE HEUTPaTbHUN SIeMEHT

. h
XapakrepucTiaHoi rpynu G* “’(YE %, X]), a oTKe, Xa-
PaKTEepPUCTHYHA TPYIIa BiTHOCHO OyIb-SKOTO elIeMEH-

Ta GC"“’(T[ X X],x) 30iraeThesl 3 XapaKTEPHCTUIHOO
rpymoro. Kpim Ttoro, npu ¢dikcoBaHoMmy 3HaueHHi Y
KUTBKICTB Pi3HHX OpOIT a)(YE X, x]) =1.

TakuM YHUHOM, JJIs1 KYCKOBO-JIIHIHHOTO BimoOpa-
JKEHHSI BC1 IPHUITYIIIEHHS 1—3 BUKOHYIOTBCS, 1[0 MOX-
Ha BBaYKATH BIAJIMM 3aCTOCYBaHHSIM aJITOPUTMY aHa-
mi3y (3BeneHHs). B pesynmerari 3amada oOepHEHHS
KyCKOBO-JIIHIHHOTO BiOOpaXkeHHsI €(eKTUBHO 3BO-
JIITBHCS 710 EK3eMILIAPIB 3a1a4 1 Ta 2, 1e abenesa rpy-
na G — e BBenenarrpyna Z ;/ ? amHOokuHa X — pa-
[IOHAJTBH1 MIPEICTABICHHS Habopy  umcen

{larccos(cos(k;zY)) |k e Z:/z} , ne z=2ZY), i

T

mig VgeG i VxeX gx= larccos(cos(g;rx)) .
b4

3BiJICH BUILIIUBAE, 1110, K 1 y BUnaaKy mudpy Ilomi-
ra-XesMana [4], IpUCYTHS JesiKa 3aJIeXKHICTh ITPH
noOynoBi Topcopa. B naHoMy BUMangky — Bif BULY
paIliOHABHOTO TMPEICTABICHHS 3HAYCHHS BiIKpH-
Toro Kimo4a Y.

Takum ymHOM, 32 JeMOl0 1 MOXKHA TBEPIUTH,
o 3 (DIKCOBaHMM paIliOHAJTLHUM 3HAUEHHSIM Bil-
KpUTOrO Kitoya ! Ta JOBUTEHUM HEBIJIOMHM 3Ha-
yeHHsAM g € G, MafouM B PO3MOPSIHKEHHI pe3yibTar
BijoOpaxennss C =gY | 3aBisaKku BUABIEHUM BJac-
THBOCTAM BimoOpaxenus I MoOHA e(eKTHBHO B
KIIacu4Hii Mopeni oOuuciautn 3HadeHHs D =gC
opuuomy C,DeX | a  Takoxk  3HAYEHHA
D, =g(g..gC) mns noinbHOTO 3HaueHHs ke N |

AL/

k paz’e

*/2
BHUKOPHUCTOBYIOUH OII€pallll B MEXax I'pymnu Zz/ .
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Leit akT BiAMOBiTAE YACTKOBOMY €(DEKTUBHOMY
pitreHHro [6] s 3amad 1 Ta 2 B KBaHTOBIH Mojeni
obumcinens. Lle o3Havae, M0 y KBAHTOBIH Mozei 00-
YHCJICHb ICHYE €(EKTHBHUM aJITOPUTM OOCpHEHHS
KYCKOBO-JIIHIHHOTO BiIOOpakeHHS 3a Oyab-sIKOTO
MPEACTABICHHS TaHUX Y BUIVISII PalliOHATBHUX YH-
ceJl, 1[0 BiIOBijac Oe3KJIIOUOBIH aralll Ha IOBiI0-
MUIICHHS J1s1 Kpuntocuctemu 1. Ha skanb, eekriBHa
0e3KJII040Ba araka Ha IOBIJIOMJICHHS IPHUCYTHSA 1 B
KIIACHYHIA MOJeNi OOYMCIIeHb Uil KPUITOCHCTE-
MU 1, 110 MmoKa3aHo B [6], ajie ist 1[bOT0 3HAI00UII0-
cs1 OUTBIIE 3yCHITb, 1 PE3YNBTAT OYJI0 OTPUMAHO JIUIIE
JUIsS. KOHKPETHOI KpunTocuctemu 1 6e3 y3araiabHeH-
HS OO MPECTABICHHS aHUX.

BucHoBkn

VY i mpami BHKOPUCTAHO METOAW aHali3y
JIOKaJbHO KOMYTAaTHBHUX  BimoOpakeHb Ta

3BEJICHHS X OOCpHEHHS N0 anreOpaiyHuX 3a1aq
JI0 KyCKOBO-JIIHIHHOTO BijjoOpaxeHHs. Ha ocHOBI
IBOTO BiOOpakeHHsS 3 Teopii JeTepMiHOBAHOTO
XaoCy HEIIOJAaBHO 3alpONOHOBAHO KPHUIITOCHC-
TeMy 3 BIAKPUTHUM KJroueM. B pesynbrari 3acto-
CYBaHHS 3a3HAUYCHHMX BHINEC METOMAIB MOOYI0BAHO
edexTuBHE 3BeJEHHS 3a/adi 0OEpHEHHS KYCKO-
BO-JIIHiITHOTO BifoOpa)XeHHs A0 3a7adi Ipo MpH-
XOBaHy Jil0 Ha TOpCOp HaJ abeleBO TPYIOI0
z"’=Z /(n—l) ans ne N. Kpim Toro, ocobmu-
BOCTI KYCKOBO-JiHIHHOTO BigOOpaX€HHS aaiu
3MOTy 3aCTOCYBaTH 4acCTKOBE ¢(DEKTHBHE pillleH-
Hs 3ajia4i MPO MPHUXOBAHY JiI0 HA TOPCOP HaX
abeJeBo0 TPYNO0 B KBAaHTOBIA Mojeni oOuwc-
neHb. It AOCHiIKyBaHOI KPUOTOCHCTEMH II€
03Ha4ya€ HasBHICTh €(PEKTUBHOTO aITOPUTMY O€3-
KJIFOYOBOI aTakyd Ha NOBIZOMIJIEHHS B KBAaHTOBIN
Mozeni 00YncCiIeHb.
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A REDUCTION OF THE PIECEWISE LINEAR MAPPING INVERSION
PROBLEM TO THE HIDDEN ACTION ON TORSOR
OVER THE ABELIAN GROUP PROBLEM

In this paper, using the general methods of analyzing the inversion problem complexity for locally
commutative mappings, investigated the piecewise linear mapping. As a result, the piecewise linear mapping
inversion problem, that was used for constructing asymmetric cryptosystems, reduced to the particular case
of the hidden action on torsor over the abelian group problem which has effective solution in quantum
computing model.

Keywords: one-way function, locally commutative mapping, quantum computation model.
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