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CONTROL OF SYMMETRY BY LYAPUNOV EXPONENTS 

In this paper we describe control systems with local and global symmetry. Recent results in control theory 
have demonstrated that control can lead to symmetry breaking in chaotic systems with a simple type of symmetry. 
In our work we analyze controllability of Lyapunov exponents using continuous control functions. We show 
that, by controlling Lyapunov exponents, a chaotic attractor lying in some invariant subspace can be made 
unstable with respect to perturbations transverse to the invariant subspace. Furthermore, a symmetry-increasing 
bifurcation can occur, after which the attractor possesses the system symmetry. We demonstrate control of local 
Lyapunov exponents for the control of symmetry in nonlinear dynamical systems. We also study the effect of 
noise in the system. It is shown that the small-amplitude noise can restore the symmetry in the attractor after 
the bifurcation and that the average time for trajectories to switch between the symmetry-broken components 
of the attractor scales algebraically with the noise amplitude. We demonstrate the relation between Lyapunov 
exponents, order parameters (Haken, 1983, 1988) and symmetry using a simple physical system and discuss 
the applicability of our approach to the study of state transitions in the epileptic brain. 
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1. Introduction 

Recent investigations of the epileptic human brain 
have shown that an effective correction of brain func­
tions needs new control, prediction and optimization 
methods (Refs. 1-4). These methods are connected 
with reconstruction, optimization and control prob­
lems. The solution of the first problem is mainly 
based on the representation of electroencephalogram 
(EEG) time series in a state space using delay embed­
ding methods (Refs. 5-6). The obtained quantitative 

information can be computed by estimating param­
eters which are invariants of the embedding process. 
The particular set of invariants we shall concentrate on 
in this paper is the spectrum of Lyapunov exponents 
(Refs. 7-10). The second problem can be reduced to 
the solution of a detection problem using Lyapunov 
exponents (Refs. 1, 3, 11-12). The third problem con­
nects with controllability of Lyapunov exponents. The 
analysis of controllability of the Lyapunov exponents 
is an important new problem in control theory and 
different applications (Ref. 13). There are only few 
attempts of attacking this problem (Refs. 3, 14-18). A 
relatively new approach is to consider a control system 
of Lyapunov exponents as a dynamical system, where 



the set of control functions is part of the state space 
of this dynamical system (Ref. 18). For solving the 
above three problems, it is necessary to have effective 
algorithms for the control of symmetry by Lyapunov 
exponents. 

The Lyapunov exponents of control systems are in­
teresting because they encapsulate in an intuitive form 
the dynamical information contained in the EEG data. 
In addition, the Lyapunov spectrum can be related to 
other quantities derived from the experimental data. 
For example, the T-index is based on the largest Lya­
punov exponent (Refs. 1, 11). A number of algorithms 
have been -proposed for estimating Lyapunov expo­
nents from a scalar time series. Some, for example the 
method developed by Wolf et al. (Ref. 7) or the more 
recent work of Rosenstein et al. (Refs. 19-20), find 
the largest exponent and use this to classify a system 
according to whether or not it is chaotic. Algorithms 
which are designed to calculate the full spectrum of 
Lyapunov exponents have also been suggested. Most 
of these are derived from the Jacobian method pro­
posed by Eckmann and Ruelle (Ref. 8) which was fur­
ther developed by Eckmann et al. (Ref. 8) and Sano 
and Sawada (Ref. 9). These algorithms are more gen­
eral than the basic 'Largest exponent' methods, since 
they are required to extract more information from 
the experimental data; and as a consequence are more 
inclined to difficulties in implementation. 

We reformulate the problem of calculation of Lya­
punov exponents as an optimization problem. Then, 
we present an algorithm for its solution. The algo­
rithm is globally and quadratically convergent. This 
algorithm is based on earlier suggestions by the authors 
(Ref. 22). Here we use well-established techniques 
from numerical methods for dealing with the optimiza­
tion problem which inevitably arise when estimating 
Lyapunov exponents from time series. 

The paper is organized as follows. In Section 2, 
we propose a numerical algorithm for calculation of 
the Lyapunov exponents by solving the corresponding 
optimization problem. In Section 3, we demonstrate 
a number of applications to demonstrate the control­
lability of Lyapunov exponents using the proposed al­
gorithm. The advantages of the algorithm are demon­
strated by application to a range of data sets. In Section 
4, we shown that control can lead to symmetry break­
ing in chaotic systems with a simple type of symmetry. 

2. Calculation of the Lyapunov exponents for 
control systems 

Let us consider control dynamical systems (Ref. 
18) described by the differentiable dynamical model 









the spectrum of Lyapunov exponents have been pro­
posed. In this paper we have focused on control of 
symmetry and Lyapunov exponents using optimiza­
tion techniques. 

By using the new method we have obtained good 
estimates of the Lyapunov spectrum from the observed 
time series in a very systematic way. We also inves­
tigate the possibility of modifying the symmetry of 
a dynamical system by changing its Lyapunov expo­
nents. It is hoped that the new method will have wide 
applicability to systems whose dynamic equations are 
not available. 

Preliminary results suggest that it may be possi-
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ble to use our algorithm for controlling the Lyapunov 
exponents and symmetry in a nonlinear dynamical sys­
tem. This research has been motivated by the practical 
necessity to change Lyapunov exponents in biologi­
cal systems, where the maintenance of chaos provides 
the key to the avoidance of undesirable paralogical 
behaviour. We have therefore suggested algorithms 
which can maintain a desired level of chaoticity by 
achieving a prescribed value of the largest Lyapunov 
exponent. 
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КЕРУВАННЯ СИМЕТРІЄЮ ЗА ДОПОМОГОЮ ПОКАЗНИКІВ ЛЯПУНОВА 

Дослідження останніх років у галузі систем керування показують, що зовнішні збурення можуть 
призводити до порушення симетрії в системах з хаотичною динамікою з певним типом симетрії. 
В роботі проаналізовано можливість керування показниками Ліяпунова за допомогою неперервного 
зовнішнього впливу. Показано, що хаотичний атрактор може стати нестабільним по відношенню 
до трансверсальних до інваріантного підпростору збурень. При цьому можуть виникати біфуркації, 
після яких утворюється нова симетрія атрактора. Ми також: показуємо існування співвідношення між: 
показниками Ляпунова, параметрами порядку (Хакен, 1983, 1988) та симетрією на прикладі простої 
фізичної системи. Обговорюється можливість використання нашого підходу до вивчення перехідних 
режимів в епілептичному головному мозку. 


