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1. Introduction

The Hamming spaces are among the commonest examples of finite metric spaces. Their isometry
groups, the hyperoctahedral groups, characterize one of the several main symmetry types of finite struc-
tures. The normalized Hamming metric naturally extends to the set of all infinite (0, 1)-sequences, but
then it becomes a pseudometric. We obtain a metric space upon passing to the quotient by the equivalence
that identifies all sequences at a vanishing distance from each other. This space, called the Besicovitch
space or the Besicovitch—-Hamming space [1, 2], is used since the 1960s in dynamical systems and ergodic
theory. Here we should first of all mention the work of Vershik, who developed a theory of decreasing
sequences of measurable partitions of measure spaces [2—4] (also see [5,6]). A key moment of this theory
is the development of special combinatorics of partitions; in particular, the construction of a hierarchy of
partitions and groups acting on them. This framework is quite general and also encompasses various limit
constructions of spaces and the related transformation groups: inductive and projective limits; the groups
acting on infinite rooted trees, and so on. Vershik’s hierarchy includes, for instance, the Cameron—Tarzi
construction [7] which deals with the inductive limit of finite normalized Hamming spaces with the con-
necting embeddings determined by doubling the coordinates of (0, 1)-vectors. The limit space is naturally
interpreted as the space of finite unions of half-open subintervals of the interval [0, 1) with binary-rational
endpoints; furthermore, the distance between two unions of this type equals the sum of lengths of the
segments constituting their symmetric difference. This representation has made it possible to study the
isometry groups of both the Cameron—Tarzi space itself and its completion.

The normalized Hamming metric extends to the set of periodic (0, 1)-sequences once we define the
distance between two sequences as the normalized distance between their beginnings whose lengths are
divisible by the periods of these sequences. The arising metric space isometrically embeds into the
Besicovitch-Hamming space, and since the latter is complete, the completion of the space of periodic
(0, 1)-sequences coincides with its closure in this ambient space.

The Hamming space of periodic (0, 1)-sequences includes a continual family of subspaces defined
as direct limits of finite Hamming spaces. These subspaces are naturally parametrized by supernatural
numbers and form a lattice under inclusion which is isomorphic to the lattice of supernatural numbers
under divisibility. The closure of each of these infinite spaces coincides with the closure of the space of
all periodic (0, 1)-sequences. The goal of this article is to study the isometry group of the spaces of the
family. This involves group constructions quite similar to the construction of hyperoctahedral groups,
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but accounting for additional structures on the underlying sets.

Let us describe the structure of this article. In Section 2 we define the Hamming space of all
periodic (0, 1)-sequences, select a family of its subspaces parametrized by supernatural numbers, and
give an independent description of them as inductive limits of finite Hamming spaces.

In Section 3 we describe embeddings of the Hamming spaces of u-periodic sequences (where u runs
over the set of infinite supernatural numbers) into the Besicovitch-Hamming space and their realization
on the boundaries of spherically homogeneous rooted trees (Theorem 1). For the reader’s convenience
we include the detailed proofs of all statements even though some of them are of a folklore character.

In Section 4 we describe an explicit construction of isometry groups of the Hamming space of u-
periodic sequences (Theorem 2), which is quite similar to the construction of hyperoctahedral groups,
but accounts for the fact that the boundary of a spherically homogeneous rooted tree is an mm-space,
that is, a metric space equipped with a Bernoulli measure. Moreover, we show in Theorem 3 how to
construct this isometry group from finite hyperoctahedral groups.

The notation of this article is standard. The authors take this chance to thank A. M. Vershik,
Ya. V. Lavrenyuk, and V. V. Nekrashevich for useful discussions.

2. The Hamming Space of Periodic (0, 1)-Sequences

2.1. Fix a positive integer n. Recall that the Hamming metric space H, is the set of all (0,1)-
sequences of length n endowed with the metric dy, defined as

dHn(.’I?,y) :Z|mz_yz’7 (1)
=1

where Z = (z1,...,2n), y = (Y1,.-.,Yn) € Hy. The normalized Hamming space H,, is the space defined
on the same set endowed with the normalized metric &Hn = %dHn-

An infinite (0, 1)-sequence a = (a1, ag, . .. ) is called periodic whenever there exists a positive integer m
such that a; = a;4., for all ¢ € N. Every number m with this property is called a period of a. Denote the
set of all periodic (0, 1)-sequences by . The normalized metric d u,, defined above for n € N, extends
naturally to 7. Namely, given two sequences x = (z1,2,...) and y = (y1,¥2,...) in S with periods
m and n, denote their common period by [ and put

dyp(x,y) =

~|

l
> s - il (2)
i=1

The right-hand side of (2) is clearly independent of the choice of m, n, and I; therefore, we can
choose [ equal, for instance, to the least common multiple of m and n or to their product mn. Thus, d_»
is well-defined.

DEFINITION 1. The metric space (J,d ) is called the Hamming space of periodic (0,1)-sequences.

2.2. A supernatural number (or Steinitz number) is a formal expression of the form HpE]P’ pFr, where P
stands for the set of all primes, while k, € NU {0, 0o} for every p € P. Denote the set of all supernatural
numbers by SN. This set admits a divisibility relation |: a supernatural number u = Hpe]P p* divides
a supernatural number v = HpEIF’ p"? whenever k, < n, for all p € P. Furthermore, the symbol oo is
greater than all positive integers and zero. The relation | is a partial order on SN, and the poset (SN, |)
is a complete lattice with top (I = [[,cpp™) and bottom (1 = Hpeppo). The lattice (SN, |) is the
completion of (N, |), and the lattice operations V and A in SN are the straightforward generalizations of
the corresponding operations of N. The elements of SN\ N are called infinite supernatural numbers.

In the Hamming space of all periodic sequences we select a family of subspaces parametrized by
supernatural numbers. Given a supernatural number u € SN, refer to a sequence a as u-periodic whenever
its minimal period divides u. Refer to the subspace .7 (u) of all u-periodic sequences in 7 as the
Hamming space of all u-periodic (0,1)-sequences. Observe the following easy properties of these spaces.
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Lemma 1. (1) Ifu is a natural number then # (u) is isometric to the normalized Hamming space H,.

(2) (1) = .

(3) 7 (u) C H(v) if and only if u|v.

(4) For every supernatural number u the set Dist(¢(u), d ) of values of d  on ¢ (u) is determined
as

DiSt(%(u)7 d%) =QuN [Oa 1]7

where Q,, is the set of fractions whose denominator is a divisor of u.

(5) If u # v then ¢ (u) and ¢ (v) are not isometric.

(6) The spaces 7 (u) for uw € SN form a lattice under inclusion which is isomorphic to the lattice of
supernatural numbers under divisibility.

2.3. We can characterize each space #(u) for u € SN independently by using the concept of
inductive limit of metric spaces. Given positive integers k, [, and s with k|l and [ = k - s, define the
embedding fs of Hy, into H; by putting, for an arbitrary vector z = (z1,...,zx) € Hg,

fs(.Tl,...,.’L’k) = ($1,...,xk\x1,...,xkl...]xl,...,xk). (3)

k-s

The embedding f is an isometry which we call the diagonal embedding of multiplicity s.
Take now a strictly increasing divisible sequence 7 = (mi,mg,...) of positive integers, that is,
m;|m;41 for all ¢ € N. The sequence 7 determines the direct system of normalized Hamming spaces

8(7) = (Hum,, fo)ien (4)
with the diagonal embeddings fs, of multiplicities s; = mmil, where ¢ > 2, determined by (3). We can

identify the limit space

e%ﬂ(T) = hQ<Hmm f31> (5)
of the system (4) with the space of periodic sequences whose periods are divisors of the terms of 7. Refer
to the supernatural number arising when we consider the infinite product

mgog M3 1Ty

my-— - — - — ...
mi1 Mgy ms
as the characteristic sequence of T and denote it by char(7). A positive integer is a divisor of the terms
of 7 if and only if it is a divisor of the supernatural number char(7). Observe also that we can naturally
regard 7 (7) as a subspace of 7. This directly implies

Lemma 2. For every strictly increasing divisible sequence 1 the space 7 (1) regarded as a subspace
of A coincides with . (u), where u = char(7).

Refer to (1) as the Hamming space of all u-periodic (0,1)-sequences. Lemmas 1, 2, and formula (5)
directly imply

Lemma 3. The spaces 5¢(7) and ¢ (s) determined by two divisible sequences T and ¢ are isometric
if and only if char(7r) = char(s).

Thus, the family of pairwise nonisometric spaces of the form (1), where 7 is some strictly in-
creasing divisible sequence, is uniquely parametrized by supernatural numbers. In fact, we can define
this parametrization for a larger class of inductive limits of finite Hamming spaces. These limits are
determined by the types of connecting embeddings, which are constructed from partitions of the sets of
indices. More exactly, take two positive integers k and s and consider a partition 7 = (Ry, Ra, ..., Rk)
of the set of indices {1,2,...,ks} into k cardinality s subsets.

DEFINITION 2. Refer as a m-embedding of the Hamming space H . into the space H ks tO the mapping
fr + Hx — Hpg determined for every Z = (21,2, ...,x) by the condition

fe(zr, @2, @) = (Y1, 925 - - Yks)
where for all i € R; the coordinates y; are equal to z; (for 1 < j < k).
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Each m-embedding is an isometric embedding of the normalized Hamming space H  into H ks- Lake
a strictly increasing divisible sequence 7 = (mq,ma,...) of positive integers with m;y; = m;s;+1 and
a partition 7; of the set of indices {1,2,...,m;+1} into s;;i-element subsets. These data uniquely
determine the direct spectrum <ﬁm,, fr;)ien of Hamming spaces, that is, we can consider its limit space.

Lemma 4. For every sequence m;, i € N, of partitions the limit space 1_H>1< mys fm;) 1S isometric

to (7).

PROOF. We can obtain the embedding f; of Hk into Hks which is determined by a partition 7 of
the set {1,2,...,ks} of indices from the diagonal embeddmg fs: Hk — Hks by a fixed permutation of
coordinates of the vectors v. Suppose that iy, ¢ : Hks — Hks is a transformation of Hks determined by
this permutation:

Q/Jk,s(xb L2y e ey xks) - (:EV(I)? Ly(2)y -« wu(ks))'

The transformation 9y, ; is an isometry of H ks; furthermore, the diagram

Hk —> Hks

idl Jf/)k,s

Hk e Hks

™

commutes (here id stands for the identity transformation). Therefore, the infinite diagram

fa ,fs fl fs f fs
H,, s Hp, 2 Hp, 2
ldl J/wml,sl J/wmQ ED)
Hyy — Hp, Hyp

fry fro frg

constructed from the direct spectra < mys [s;)ien and < ma» fm;)ien also commutes. Since all connecting
morphisms ., s, for i € N are isometries, the limit spaces of these direct spectra are isometric.

ExaMPLE 1. Refer as doubling to the mapping oy, : I;Tk — ﬁgk determined as

QOk(QL‘]_,QL'Q,. . 'azk) = (xlvwlaIan2a s 7$k7wk)'

The doubling ¢y, is a mi-embedding for s = 2 and the partition
me = {{1,2},{3,4},..., {2k — 1,2k}}

of the set {1,...,2k} of indices. The direct spectrum ® = (Huyi, poi)jen of normalized Hamming spaces
determines a countable metric space, studied in [7], as an interesting generalization of finite Hamming
spaces to the infinite-dimensional case.

3. Isometric Embeddings of the Hamming
Spaces of Periodic (0,1)-Sequences

3.1. An embedding into the Besicovitch space. Denote by {0, 1} the space of all (right-)infinite
(0,1)-sequences. Endow it with a distance function by putting

ElB(x,y) = lim sup ngn((acl, ces @), (Y1, -+ -5 Yn)) (6)

n—oo

for all sequences x = (z1,22,...) and y = (y1,y2,.-. ).
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The mapping dp thus defined is a pseudometric, that is, there exist distinct sequences x and y with
dg(x,y) = 0. The pseudometric (6) defines the equivalence ~q, on {0, 1Y with x ~g, ¥ if and only
if dp(x,y) = 0. Denote by 25 = {0,1}/ ~4,, the quotient set by this equivalence. The function dp
induces the metric dg on 23, and the metric space (2p,dp) is called the Besicovitch space or the
Besicovitch-Hamming space (see [1,2] for instance). The passage from {0, 1} to 2 amounts to gluing
all sequences the distance between which vanishes. In particular, all almost zero sequences (and not only
those) are glued into a singleton. The Besicovitch space enjoys the following properties.

Lemma 5 [1]. The metric space (2p,dp) is complete, nonseparable, and not locally compact.

Denote by [x] the coset of ~;  which includes x € {0, 13,
It is not difficult to verify

Proposition 1. The mapping h : x — [x] is an isometric embedding of the space  of periodic
(0, 1)-sequences into the Besicovitch space Zp.

Since (Zp,dp) is a complete space, the completion € of the space J# of all periodic (0,1)-
sequences is isometric to the closure # of the image of 7 under h. The space 7 is obviously invariant
under shift, that is, the shift

UZ%B%%B, 0'(561,:62,.733,...)Z(xQ,x3,...).

Therefore, the subspace # C % is also invariant under shift, and since # is compact, # is a natural
range for dynamical systems on (0, 1)-sequences.

Observe that for every infinite supernatural number u the image of the subspace ¢ (u) of . under h
is also invariant under shift, and the closures of all these spaces coincide with #'.

3.2. Representation of periodic Hamming spaces on the boundaries of spherically homo-
geneous rooted trees. Consider a locally finite rooted tree T, that is, a tree with a vertex designated
as the root in which finitely many edges emanate from each vertex.

It is natural to divide the set of vertices of a tree T' with root vy into levels (spheres): level n, denoted
by Ly, consists of the vertices connected to the root by a path of length n > 0.

A rooted tree (T, vg) is called spherically homogeneous whenever the degrees of all vertices on the
same level are equal. Up to an isomorphism of rooted trees, this tree is uniquely determined by its

spherical index (or branching index), which is a sequence of positive integers [s1;s2;...,| such that s; is
the degree of the root vy and s; + 1 for all 7 > 1 is the degree of vertices on level L; ;. If a tree (T, vp)
has spherical index [s1;$2;...,] then the sequence of cardinalities my = |Lg|, for k& > 1, of its levels is
divisible since my = s1 -89+ ... - Sk.

The boundary OT of a tree T is the set of infinite paths without repetitions starting at the root vyg.
(These paths are called the ends of T'.) The boundary 9T carries the structure of a metric space; namely,
the distance between two given paths 71, v, € 9T is defined as

w1 i #e,

7
0 if y1 = 7, ()

p(11,72) = {

where k is the index of the level on which the paths 71 and ~2 diverge. The space (9T, p) is an ultrametric
and totally disconnected compact set of diameter 1.
Given a strictly increasing divisible sequence 7 = (my,ma,...), consider the sequence [s1; s2;...,] of

its ratios, that is,
m;

i> 2. (8)

S1=m1, 8§ = )
mi—1

Denote by T the spherically homogeneous rooted tree with spherical index [s1;s2;...,], and by p;, the
metric (7) on 0T,. The automorphism group of T’ acts on it spherically transitively, which means that
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all levels of T are preserved and the action on each level is transitive. Furthermore, the group Aut T is
isomorphic to the infinitely iterated wreath product of symmetric groups of degrees s1, so,...:

Aut T, ~ 52,8,

(see [8] for instance). Each automorphism « of T acts as an isometry on the boundary (97, p,) and
conversely:

Iso(0T%, pr) = Aut T7.

The action of AutT; on 07 is transitive. For 71 # 79 the spaces 0T, and JT;, are not isometric, and
their isometry groups are not isomorphic.
Given a vertex v of the rooted tree T, refer as the cylindrical set C, corresponding to v to the set
of all ends of T’ passing through v:
Cy={y€0T; |veEn}

The metric p, induces some topology on OT.. The clopen subsets are precisely finite unions of
cylindrical sets.

Introduce a Borel probability measure on the o-algebra of clopen sets of 9T: the Bernoulli measure p
defined as

w(C) = —, (9)

where n,, is the number of vertices of T’ on the level containing v. It is a unique probability measure
on 0T invariant under the action of the isometry group Iso(07T, p;). In addition, (0T, u) is isomorphic
as a measure space to ([0, 1],1), where [ is the Lebesgue measure (see [8] for instance).

Using the measure p on the set 277 of all clopen subsets of 0T, define the metric d,, by putting

4,(A, B) = u(A & B) (10)

for all clopen sets A and B of 9T.. The definition of y implies that only the empty subset can have
measure zero; therefore, the metric d,, is well-defined.

Theorem 1. Given a strictly increasing divisible sequence T = (mj,ma,...) of positive integers
with the sequence [s1;s2;...,| of its ratios (8), consider the spherically homogeneous rooted tree T, of
spherical index [s1;$2;...,| and a supernatural number u with char(7) = u. Then the Hamming space
 (u) of all u-periodic (0, 1)-sequences is isometric to the space QT of all clopen subsets of 0T, equipped
with the metric d,, defined by (10).

PROOF. Denote by % the set of all possible unions of cylindrical sets C, determined by the vertices
of T; on level k > 1, regarded as a metric space with the metric (10). Since C,, # C,, for v # ve, the
sets C, for v € Ly, partition 0T, into my, subsets. Therefore, |¢;| = 2™*. Enumerate the vertices in Ly,
that is, write Ly = {v1,...,vm, }-

IfA=U,.;, Cy and B =J Cy;, where I4,Ip C {1,...,my} then
AnB =] | (€,0,).

i€l 1€l

i€l el

But the symmetric difference on the right-hand side satisfies
%) ifi =7,

Cy, AC,, =
i {cviucvj ifi7g.

Therefore, AAB is the union of cylindrical sets determined by the vertices in Lp. Furthermore, the
definition of u yields
_ FPVANS:)

n(AAB)
my
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Associated to each set Y in %} there is a unique characteristic vector x(Y). This is the (0, 1)-vector of
length m;, whose coordinate [ equals 1 if and only if C,, C Y. The mapping x : ¢, — H,,, is a bijection
and

k

d,(A, B) = f(AAB) = ”/ff‘ — 4, (x(4),x(B))

for all A, B € 6j,. Consequently, (¢%,d,,) is isometric to the normalized Hamming space I/‘:ka-
Every level k cylindrical set is subdivided into sgi; cylindrical level (k + 1) subsets of 7. This
determines an injection wy, of % into 6%.1 so that the diagram

Wi
Cr —— Cr+1

x| |x

Fpy — s B

ME+1
Ok
commutes, where ¢y : Hy, — Hp,,, is a repetition of multiplicity si.1, which means
Ok(T1, .y Tmy) = (1,0, T, o Ty e o Ty, )
Sk+1 Sk+1

This implies that the union of the increasing chain ¢, C % C %3... of spaces, which is the space
of all clopen subsets of 07, equipped with the metric d,, is isometric to the direct limit of the spaces
H,, — Hp, < ---, which, in turn, is isometric by Lemma 4 to the Hamming space ¢ (7) of all
u-periodic (0, 1)-sequences.

The proof of the theorem is complete.

Corollary 1. The completion of 5 (7) is isometric to the space of all measurable subsets (up to
measure zero sets) of (0T, u) equipped with the metric d,, defined in (10).

The space (0T, ) is a standard probability space. Therefore, the completion of 7 (7) is independent
of the choice of a divisible sequence 7 = (m1,ma,...). Thus, we have

Corollary 2. For every infinite strictly increasing divisible sequence T the completion of the space
A (7) Is isometric to the completion € 7 of the space J of all periodic (0, 1)-sequences.

4. The Isometry Group of the Hamming Space H (u)

4.1. The isometry group Iso H,, of the Hamming space H,, is isomorphic (see [9] for instance) to
the wreath product Z5 (S, of the symmetric group of degree n and the cyclic group Z3 acting regularly
on {0,1}. In other words, the elements of this group are the pairs of the form [«,g] with a € S,, and

a mapping g : {1,2,...,n} — Z; furthermore, such a pair acts on a (0, 1)-vector = = (z1,...,2,) € Hy,
as
x[ayg} _ (~T“(1]£xl)7 xg&2)7 . ,wfl(an))-

The group Iso H,, of permutations is the automorphism group of the n-dimensional cube and the
n-dimensional octahedron (cross-polytope); therefore, it is called the (n-dimensional) hyperoctahedral
group. We can consider a similar construction for symmetric groups over arbitrary sets: if S(Y) is the
symmetric group over a set Y then Z3?S(Y) is the group whose elements are the pairs of the form [, g]
with o € S(Y) and g € ZY; furthermore, the action of these pairs on the elements of the set {0,1}Y is
defined as

B9 = ()0, h(t) € {0,1}Y. (11)

This yields the group (Z2 1 S(Y),{0,1}Y) of permutations, which we may regard as a generalization
of the hyperoctahedral groups of finite dimension to the infinite-dimensional case. But the group thus
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defined is too large for our purposes. We are interested in the cases when Y carries the structure of
a topological (in particular, metric) space or a measure space, and the construction is defined while
taking this additional structure into account.

(i) Given a topological space Y, consider the group of homeomorphisms Homeo(Y') of Y and the
group Fun(Y, Z3) of all mappings from Y into Zs with the componentwise addition & modulo 2:

(h1 D h2)(l‘) = h1(33) & hg(df), z €Y, (12)

for all hy, hy € Fun(Y, Z2). Denote by Func(Y, Z2) the subgroup Fun(Y, Z2) consisting of all continuous
mappings from Y into Z;. The group Homeo(Y') acts on Func (Y, Z2) by generalized translations: given
g € Homeo(Y) and h € Func(Y, Z2), put

hi(z) = h(z?), zeY. (13)
This action is an automorphism of Funs(Y, Z3). Consequently, we can consider the semidirect product
Fung(Y, Z3) x Homeo(Y') (14)
and regard it as the topological analog of the wreath product Z3 1! S(Y).

(ii) Given a measure space (Y,.#, 1), consider the group Fun, (Y, Z2) of measurable mappings from Y’
into Zy with the group operation (12). The group Aut(Y, u) acts on Fun, (Y, Z2) by automorphisms in
accordance with (13); therefore, the semidirect product

Fun, (Y, Z3) x Aut(Y, p) (15)

arises naturally, which we may regard as the measurable analog of the wreath product Zs ! S(Y').

(iii) Given a space (Y, p, ) with a metric p and a measure p, define Autc (Y, i) as the intersection of
Homeo(Y') and Aut(Y, u). Since all continuous functions in Fun(Y, Z;) are measurable, Autc(Y, ) acts
by automorphisms on Funs(Y, Z3). This means that we can construct the semidirect product

Fung (Y, Z2) x Auto (Y, p), (16)

which is a continuously measurable analog of the wreath product Z3 ! S(Y).

The semidirect products (14)—(16) act on the sets Func(Y,{0,1}) and Fun, (Y, {0,1}) in accordance
with (11) and (13). This yields a transformation group which we naturally regard as the appropriate
analog (topological, measurable, or continuously measurable) of the hyperoctahedral groups. Below we
need only the semidirect products (15) and (16). In order to emphasize that these constructions are
fully analogous to the wreath product, we will denote them by Z 1, Aut(Y, ) and Zs i, Autce(Y, p)
respectively.

4.2. Let us now study the structure of the isometry groups of the Hamming space ¢ (u), where u
is some supernatural number.

Theorem 2. Let u be a supernatural number and let 7 = (mi,mg,...) be a strictly increasing
divisible sequence of positive integers with char(r) = u. The isometry group of the Hamming space ¢ (u)
is isomorphic as a transformation group to the continuously measurable analog (16) of the hyperoctahedral
group:

Iso A (u) ~ Zs oy Autc (0T, 1), (17)
where T is the spherically homogeneous rooted tree and p is the Bernoulli measure (9) on the o-algebra
of clopen sets of OT.

In order to prove this theorem we need two auxiliary combinatorial statements concerning the Ham-
ming spaces.
Given a pair z,y of points in some metric space (Y, p), the interval with endpoints z and y is the set

[z,y] ={z €Y | p(z,2) + p(2,y) = p(z,y)}.
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Ay Lemma 6. Given u € SN, consider the space 7 (u) of u-periodic
I ! (0,1)-sequences. For all x,y,z with z € [x,y] there exists a unique point
z1 € [x,y]| with (Fig. 1)

T Y
| I d%(zazl) = d%(X7Y)7 dﬁf(yazl) = d%(X,Zl), (18)
T dw(x,21) = dy(y,2).
Fig. 1 PROOF. Since . (u) is the union of an increasing chain of finite Ham-

ming spaces, every property of finite systems of points will hold in % (u) provided that the property
does in the finite spaces H,, defined by (1) beginning with some positive integer m. Therefore, it suffices
to verify the existence and uniqueness of the point z; in the hypotheses of the lemma for finite Ham-
ming spaces. Take three points z, 3, and z in H,,. To start with, suppose that dg, (Z,y) = m. Then
[Z,y] = Hy,, and for z there exists a unique antipodal point z;, which means that dg,, (z,z1) = m. The
point z; satisfies (18). Suppose now that dg,, (Z,y) = k < m. Then the vectors Z, y, and z have m — k
common coordinates. Project these vectors onto the space Hy so that Z and § have no common coordi-
nates. By the argument above, the point ¢ antipodal to the projection of zZ onto H}, satisfies the equalities
of the form (18) and is uniquely determined by these conditions. Appending to ¢ the coordinates which
are common with Z, g, and z with the indices involved in the projection, we obtain a point z; € H,,
satisfying (18). It is the only possible point by the uniqueness of the construction.

REMARK 1. If the hypotheses of the lemma are fulfilled for some points Z, y, z, and 2z of Hy,
(or s (u)) then we say that 21 is determined by the triple [Z,7y,z]. Observe that if z; is determined by
Z, ¥, and z then by the antipodality of the Hamming space H,, the points z, y, and z are determined by
the triples [z, 21, 9], [z, 21, Z], and [z, ¥y, Z1] respectively.

Lemma 7. Given three points x,y,z € J (u) there exist unique points

21

y/?“\| 71,22 € J(u) with z1,22 € [x,2], 21 € [X,y], and x € [y, z2|; furthermore,

the point zg is determined by the triple [x,z,z1] (Fig. 2).
z x PROOF. As in the proof of the previous lemma, it suffices to consider
the case of finite Hamming spaces. Fix a positive integer m. Since the
I\Zc/" Hamming space H,, is homogeneous, it suffices to prove the claim for the
? zero vector T € H,,. Writing ¥ = (y1,...,Ym) and z = (z1,...,2y), take
Fig. 2 the componentwise product z; of § and z. Then, obviously, z; € [z, y] and

z1 € [z, z]; furthermore, z; is uniquely determined by 3 and z. Define z3 to be the point determined by
the triple [z, z, zZ1]. Then by Remark 1 Z is determined by the triple [21, 22, z], and so & € [#1, Z2]. Since
z1 € [y, ], it follows that Z € [y, 23], and all requirements of the lemma are fulfilled.

An isometry g of a metric space (Y, dy) is called an involution whenever g2 = id and the distance
dy (x,x9) is independent of the choice of x.

Each function f € Func (9T, Z2) acts on the set Q7T of all clopen subsets of 0T, as follows. The
function f determines the partition of 97T into the two subsets Oy and Jy:

Op={y€dT: | f(n) =0}, Jp={y€dT:|f(y)=1}

The continuity of f ensures that Oy and Jy are clopen. Given A € QT put Af = ANT [
The mapping wy : A — Af A € QT is well-defined since AAJ ¢ is clopen. Moreover, it is a bijection
onto QT and it preserves the metric d,. Since

(AN = (ANT;) DT, = AN(JpAT,) = AT9
for all A € QT; and f,g € Fung (97T, Z3), we obtain an action of Func (97T, Z2) on Q7. Since
A = AN(JpATf) = A,

132



for all A € QT and f € Func (9T, Z3), it follows that f2 = id. Moreover, since
ANAT = AN(ANTY) = Ty

for all A € QT and f € Func(9T, Z2), the distance d,,(4, AT) = p(AAAT) = u(Jy) is independent of
the choice of A. Consequently, every element f of Fung (97T, Z3) acts on QT as an involution. Refer to
these as the standard involutions of Q1.

PROOF OF THEOREM 2. According to Theorem 1, to characterize the isometry group of 7 (u) is
the same as to do the same with the isometry group of the space QT of clopen subsets of the boundary
0T of the spherically homogeneous tree T equipped with the metric d, of (10), where 7 = (mq,mo,...)
is a strictly increasing divisible sequence of positive integers with char(7) = w.

To start with, verify that every involution of Q7 is standard. Observe that the group of standard
involutions acts on Q7 regularly, which means that given A, B € QT, there exists a unique standard
involution f with Af = B. Therefore, it suffices to prove that given A, B € QT there exists only one
involution carrying A to B. Take some involution g of QT with A9 = B. Consider the images of other
points X of Q7. The following cases are possible:

(i) X € [A, B]. In this case, since g is an involution, we have

dH(A7Xg) = dM(AgvX) = dH(B7X)7
du (B, X9) = d,(B9, X) = du (A, X), (19)
d,(X,X9) = d,(A, A%) = d,,(A, B).

The first two equalities from (19) yield X9 € [A, B]. By Lemma 6 this implies that there exists precisely
one point with these properties, and so X9 in this case is uniquely determined.

(ii) A € [X,B] (or B € [A, X]). Since g is an involution, we have
d,(X9,X)=d,(A,B), d,X9A)=d,(X,B), d, (XY B)=d,(X,A).
By Lemma 6 in this case as well we find X9 uniquely as the point determined by the triple [X, B, A]
(or [X, B, A]).
(iii) None of the points X, A, and B belongs to the interval whose endpoints are the remaining two.
In other words, (i) and (ii) are violated. Apply Lemma 7 to A, B, and X. By Lemma 7 there exist unique
points Z; and Z3 (see Fig. 2) such that Z1, Zs € [A, X], Z; € [A, B], and X € [B, Z5]; furthermore, Z3 is

determined by the triple [A, X, Z;]. Then X is determined by the triple [Z1, Z3, A], and according to (i)
and (ii) the points Z{ and Z§ are uniquely determined. In addition, since g is an isometry, we have

du(2{,X9) =du(Z1,X) = du(A, Z2) = du(B, Z§),
du(Z28,X9) =du(Z2, X) = du(A, Z1) = du(B, ZY),
du(Ban) = d,u(AvX) = du(Z17Z2) = du(Z1ga 25)7

which implies that X is determined by the triple [Z{, Z§, B], and so in this case the image X9 is uniquely
determined by the original points X, A, and B.

Thus, g coincides with a standard involution, and since we chose it arbitrarily, every involution of QT
is standard. Therefore, the involutions of Q7 constitute a normal subgroup of Iso Q7.

Consider an isometry g of QT with g(@) = A. Then there exists a unique standard involution
h € Fung(0T, Z,) with gh~'(@) = @, that is, gh~! is included into the stabilizer G of the point @
of QT;. Since Gy NFung (90T, Z2) = id, the isometry group of QT decomposes as the semidirect product

Iso QT ~ Func (0T, Z3) x Go
of the subgroup Gy and the normal divisor Func (9T, Z3).
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Thus, it suffices to verify that G coincides with Autc (9T, u) = Homeo(9T;) N Aut(0T, ). This
means that a transformation g of 0T, with ¢(@) = @ is an isometry of QT if and only if it is continuous
and measure-preserving.

Suppose that g is an isometry of Q7). with g(&) = @. Since both g and g~! are isometries, they carry
clopen subsets of JT; to clopen subsets, and so they are continuous. Therefore, g € Homeo(97T;). In
addition, g acts on 9T and carries measure zero sets to measure zero sets. This implies that the action of g
on 0T preserves the Bernoulli measure: g € Aut(97, ). Consequently, Go C Homeo(9T;)NAut(9T, p).

Suppose now that g € Homeo(9T;) N Aut(9T, ). Since g € Homeo(0T;), it follows that both g
and g~! are continuous, and they carry clopen subsets of 9T} to clopen subsets, thus determining bijective
transformations of Q7. On the other hand, since g € Aut(97;, i), it follows that g preserves the measure
of clopen subsets of 0T and carries measure zero sets to measure zero sets. Consequently, g preserves the
distance d, in QT, and so it is an isometry of Q1. Thus, Autc (97>, 1) C Go, and the isomorphism (17)
holds.

The proof of the theorem is complete.

Since for every infinite strictly increasing divisible sequence 7 the completion of the Hamming space
of 7-periodic sequences is isometric to the completion ¢ 7 of the space ¢ of all periodic (0, 1)-sequences,
we can further characterize the isometry group of ¥’ .5 as follows.

Corollary 3. The isometry group Iso € ¢ of the completion € 7¢ of the space ¢ of all periodic
(0, 1)-sequences is isomorphic as a transformation group to the measurable analog (15) of the hyperoc-
tahedral group:
Iso €7 ~ Zy, Aut(0T, 1),

where T is some spherically homogeneous rooted tree whose spherical index is a strictly increasing se-
quence, while i is the Bernoulli measure (9) on the o-algebra of clopen sets of OT'.

PROOF. Observe firstly that, since € 5¢ is the completion of 77, Lemmas 6 and 7 carry over to € 7€ .
In addition, by Proposition 1 the completion of 7Z is isometric to the space ©T of all measurable subsets
(up to measure zero sets) of the space (0T, ) equipped with the metric d,, of (10). Arguing as in the
proof of Theorem 2, we infer that the isometry group of ©T decomposes as the semidirect product

Iso ©T ~ Func (0T, Z2) x Gy

of the subgroup Gy (the stabilizer of @) and the normal divisor Func(97T, Z3). Therefore, it suffices to
verify that a transformation g of 0T with g(@) = @ is an isometry of ©T if and only if it is measure-
preserving. This follows directly from the definition of the metric d,.

4.3. We can characterize the group of continuous measure-preserving automorphisms of the measure
space (0T, i), where 7 = (my,ma,...) is a strictly increasing divisible sequence of positive integers, as
follows. Take the sequence Sy, Sm,, - .. of symmetric groups of degrees my, ma,.... Since m; equals the
number of vertices on level L; of T, the group S,,, acts by permutations on L;. Furthermore, the tree
itself determines an embedding of S,, into Sy, ,, which is a strictly diagonal embedding in the sense
of [10]; this means that on L;y; the image of S,, acts naturally on each of its orbits.

Indeed, if ™ € S, induces a permutation

ﬁ':’(}i—)’uﬂ(i), 1=1,2,...,

of the vertices in L; then the corresponding permutation d,,(m) of level i 4+ 1 vertices arises from the
permutation of the rooted subtrees of 7. with the roots in L; using 7. The mapping §,, is an embedding
of Sy, into Sy, This leads to the direct system (Sp,,, dr,)ien of symmetric groups, whose limit group

S(T) = h—n}<Smw (57’1>

it+1°
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naturally acts on the boundary 0T of the tree. The group S(7) belongs to the class of the so-called
homogeneous symmetric groups [10] and is uniquely determined up to an isomorphism by the supernatural
number char(r).

Equip the group of homeomorphisms Homeo(97) with the standard metric

pr(g, f) = max p (a9, /) (20)

xe@Tr

for all g, f € Homeo(9T).

Lemma 8 [11]. Given a strictly increasing divisible sequence T = (my,ma, ... ), the group S(7) is
an everywhere dense subgroup of Autc(0T,) with the topology induced by the metric p;.

On the other hand, acting on level i vertices of T, by permutations, the symmetric group Sy,
permutes subsets of vertices, that is, it acts on the points of the Hamming space H,,,. Therefore, with
this action it is a part of the isometry group of this space, which is the wreath product Z3?S,,, acting
on the cylindrical subsets of level i of 0T. Passing to level i + 1, we obtain an embedding of Z3 ! Sy,
into Z3 ! Sy, which embeds Sy, into Sy,,;,, as we described above, while the subgroup of involutions,
isomorphic to Zs X - -+ X Z3, embeds into the subgroup Zs x --- X Zy as

—— ——

m; Mi41

(1,22, s Tmy) = (T2, L1, X2, o X2, ey Ty e ey Ty )-
—— —

Ti T4 T

We can characterize the elements of the union of the increasing chain of subgroups Zs x --- X Zs as
—_—
m;
mappings from 0T into Zs, for each of which there exists a partition of 9T into finitely many balls such
that the mapping takes a constant value on each ball. Since 97T, is a compact space, these mappings
are continuous functions from 07T into Za, that is, they lie in Fung (97, Z2). Thus, the union of the
increasing chain of subgroups Z3 ! Sy,, is isomorphic to the semidirect product Func(97T, Z2) x S(7).
Similar to (20) equip Func (97, Z2) with the metric

— g f
o-(9, f) wrggg(x + '),

which induces the discrete topology on Func (97, Z2). These arguments and Lemma 8 imply

Theorem 3. Given a strictly increasing divisible sequence T = (my,ma, . ..) of positive integers, the
isometry group Iso (1) of the Hamming space of T-periodic sequences is the closure of the inductive
limit of isometry groups Iso .7, of finite Hamming spaces regarded as a subgroup of Func (07, Z2) x
Homeo(9T) in the Tychonoff product of topologies induced by the metrics o, and p..

PRrOOF. It suffices to show that for every isometry f € Iso s (7) there exists a sequence { f,,n > 1}
of elements of the inductive limit of isometry groups of finite Hamming spaces such that lim,, o fr, = f
in the space Func (07, Z2) x Homeo(97T). Since the group Func (97T, Z2) x Homeo(9T5 ) is a semidirect
product, we can express every element of the isometry group Iso 7 (7) of the Hamming space of 7-periodic
sequences as a pair of elements of Fung (97, Z2) and Homeo (97T ), and, moreover, considering Theorem 2,
of Func (07T, Z2) and Homeo(9T,) N Aut(9T,, n). Consequently, each isometry uniquely decomposes as
f = (g,h) with g € Func(97T, Z2) and h € Homeo(9T;) N Aut(9T, 1r). Then the existence of a sequence
{fn,n > 1} is equivalent to the existence of two sequences {g,,n > 1} and {h,,n > 1} in Func(97;, Z2)
and Homeo(9T;) N Aut(9T, 1) respectively with lim, o0 g = g and lim,,_, hy, = h. The arguments
made prior to the theorem imply that we can characterize the inductive limit of isometry groups of
finite Hamming spaces as the semidirect product of the groups Func (97, Z2) and S(7). Therefore, the
existence of {gn,n > 1} is obvious, while the existence of {h,,n > 1} follows from Lemma 8.
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