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Kawmniposcoxuii O. L.

PO 3ACTOCYBAHHS KOMILIEKCHO3HAYHOI
HCEBAOMETPHUKU UJIA JOCILI’KEHHA PO3BUHEHD B PAIN
JIIPIXJIE AHAJITUYHUX ®YHKIIA BCEPEJTUHI KBAJIPATA

Psaou Jipixne ona ananimuunux yyHKyiu 6cepeouri kK6aopama po3erisidaromspCsa K po3KIA0 3d 61ACHUMU QYHK-
YisIMU Onepamopa OupepeHyitoBarHs. 3a OONOMo20r NCeOOMEMPUKU 6CMAHO8IEHO ananoe opmynu I pina. Bra-
3aHO CnOCi6 86e0eHHs MempUK, 8 AKILL psd [ipixie 6y0e po3KIa0oM 3a OPIMOLOHATILHOI CUCEMOTO (DYHKYIIL.

KurouoBi cioBa: possunenns, pao @yp’e, pao Hipixne, ckansaprutl 000Ymox, nces0omempuxa, auai-

Muuna QyHKYIs, ONYKIUN MHO2OKYMHUK.

VY xommutekcHif mromuHi C' po3MIAAAETHCSA
kBajpar 3i croponoto O(/):

O()={=x+iyxeR yeR |x<L|y<i}.

Hexaii 4, Horo BepuMHu

A =—1(1+i), 4,=I1-10),
A =1(1+10), A, =-I(1-i)

a, =—i'l,k =1,4 — cepenunu #oro cTOpiH.

V naHiit po6oti 11 QyHKUiN f{z) aHATITUIHUX Y
cepenuni kBaapara Q(/) 10CIiKyOThCS PO3BUHEH-
Hs B psaau dipixie [1]

@)=Y ae M)

13 3aCTOCYBaHHSIM OIIEPATHBHOIO MiIXOMY 0 TEOpii
HaOMMXeHb [2] Ta KOMITJIEKCHO3HAYHOT ITCEBIOMET-
puku [3].

Taki psiau JOCUTB YacTO 3yCTPiYaroThCs B po0O-
Tax Oararbox MareMarwkiB. Psmu lipixiie € y3a-
ragbHEeHHSIM psaiB Dyp’e, sKi € 3HaUHO Kpalle J0-
crikeHnMU. Posknan 27 — mepionnvHol GyHKIIT B

psan Oyp’e i
f (x) = z ane[”x 2)

n=-o
€ PO3BUHCHHAM 3a BJIACHUM OPTOTrOHAaJIbHUM Oasu-

s +00
coM {e”” }n_% CaMOCIIPSKEHOTO B L,(—T; ) omepa-

TOpa A, IOPOHKEHOTO MU(EepeHIlialbHUM BUPa30M

d .
I— 3 NEepIOANYHUMU TPaHUYHUMHU YMOBaMU
S = (.

Curtyarist 3 mocnipkeHHSIM psfiB Jlipixie BUT-
nsiAae 3HaYHO ckiaaHimoro. [ panis [dipixie B3a-
raj BIJACYTHS €IHICTh TPEACTaBICHHA. Tak
O. ®. JIeOHTHEBUM HABEJICHO MTPUKJIA] HETPUBiaJlb-
Horo psny Jlipixie, sSkW{ BCepelWHI KBajapara
O(/) 36iraeTbca 10 Hyas PIBHOMIPHO Ha KOMIIaK-
Tax [26].

© Kawniposcokuii O. 1., 2009

JocmimkeHHIo po3BUHEHB B psiin lipixiie aHai-
TUYHUX (QYHKLIN B OMyKJIIH KOMIUIEKCHIN obnacti Q
npucBsiaeHa cepist pooit O. @. Jleonteesa [1,4-11],
AKi 3’ABJsuIMCS, ounHatoun 3 1951 poky, Oinblie
copoka pokiB. Kpim Toro, momiOHi MATaHHS JOCTII-
KyBamucst 'y poborax B. K. dzamuka [12-14],
E. K. Kputuronosu [13], FO. 1. Menbnika [15-17],
A. M. Cennemnproro [18-20], A. I1. Xpomosa [22—
23], B. B. HamanxoBa [24], I. @. KpaciukoBa-Tep-
HOBCBHKOro [21] Ta iHIIUX.

Sxmo Q € onyknuii MHOTOKYTHHK, TO, IK I1OKa-
3aB y 1974 poui B. K. I3samux [14], ¢pyakuis f(z)
aHAJITUYHA BCEpPEIWHI MHOTOKYTHHKA JOITyCKa€e
PO3LICIUICHHS] HA CYMY /7 TEPIOIMYHHUX aHATITHY-
HUX (QYHKIIN (7 — KUTBKICTB CTOPiH Q)

f@=2 4.

KosxHa QyHKILis f, (z) NEPIOANYHO IPOIOBKYETh-
Csl 3 BIANOBIIHOI 1 cTOpoHu I (k = m) Ha npsAMy

Y, WO MpPOXOaUTh 4epe3 cropony I',. 3 mpsamoi vy,
(yHKUis f, (z) aHATITUIHO TPOIOBXKYETHCS Y HaIliB-
wiomudy IL. Ils HamiBriomuHa BU3HAYAETHCS
TIPSAMOIO Y, 1 MICTUTB y €001 MHOTOKYTHHK (), TIpH-
qoMy:

m

O=nlII,
k=1

V possunenHi (1) koxna Qynkuis f (z) npex-
cTaBJieHa CBOIM pO3BHHEHHSM B psin Pyp’e Ha cTo-
powni I',.

VYV Bumaaky kBazapara Q(/) psan Hipixae (1)
s GyHKIil aHamiTHuHOI Beepenuni O(/), mo mae
BUTIISAT .\ A

f@=2 /()= a,0,(2),
k=1 k=1 n=1
i*nn
[
3okpema (QyHKILA £, (), MO BiANOBiTae CTOPOHI
I', =[4,, 4,] xBanpara Q(/) nonyckae pO3BUHEHHS B
psn dyp’e Takoro BUILY

(z +i')).

ne ¢, (z) =exp(
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@)=Y, exp( T i),

st Bu3HaueHHs1 KoedimieHTiB paxy [ipixie
O. @. JleoHTHEBUM OYII0 BBEJICHO CUCTEMY (DYHKIIIH
{y,(2)}, sAKa € OIOPTOrOHAIBLHOK [0 CHCTEMH

{e“z }, ska Qirypye B po3BuHeHHi (1).

BusBuiocs, mo 1g cucremMa Mae JIMIIE Teope-
THYHE 3Ha4eHHs. HaBiTh y KIaCHYHOMY BWITAJKY
paxiB @yp’e (Q = [-m; «]) wis y (z) DOCTaTHBO
CKJIaJTHO ONICp KaTH SBHI BUPA3H.

Hexaii L,(I') € npocTip yciX KOMIUIEKCHO 3HaY-
HUX (QYHKIIH f(z), BU3HAUEeHUX Ha rpaHuii [ kBaj-
para O(/), siki MalOTh iHTETPOBAHMIT KBAIPAT MOIYIS

17 @Y el

Cransipauii 106yToK B L,(I') BU3HauaeThes dop-
MYJIOIO:

{ 1 (2)g(2)|dz|. (3)

KpiM cKamspHOro 106yTKy (3) pO3IISHEMO Ta-
koK B L,(I') mceBnockanspuuii 100y Tok

(f.8)=[f(2)g(2)z, 4)

SIKUM BIZPI3HAETHCS BiJ CKasipHOTO MOOYTKY (3)
TITBKH THM, 110 Judepentian dz B (4) Gepetscst 6e3
Mozayis. BpaxoByroun BIACTUBOCTI KPUBONIHIHHHX
iHTEerpaliB A1 QYHKIIH KOMIUIEKCHOT 3MIHHOT [26]
U1t 100yTKy (4) micTaHeMo MpeACTaBICHHS MiCis
BIMOBIAHUX 3aMiH 3MiHHUX

(fi8)=1 flr=igGr=ild+i] (1 +iv)gU+ivdy+
7 7 )

+i2J.f(x+il)g(x+il)d)c+i3 ;f[f(—l+iy)g(—l +iy)dy

Posmenusum L,(T') Ha npsmy cymy

L, (F) = ké_‘?Lz (l"k ) ) (6)

ne L,(T',) cknanaerbes 3 GyHKILHM, sKi BiaMiHHI Bijx 0
Tibky Ha I',. BBenemo oneparop J, sxuii pyHkuii 3
L(T) MHOHTb Ha 1, dynxuii 3 L (') MHOXHTH Ha
i, ynxkuii 3 L,(I',) MHOKUTE Ha i = —1, QyHKuii 3
L(I",) muoxuts Ha J° = —i. TakuM YMHOM MaeMo
npoctopu L(I'), sKi € BIaCHUMHU MiANPOCTOPaMH
omeparopa J. OueBunHO, oneparop J 3aI0BOJBHIE
YMOBY
Jt=1,

ne [ — onuunynmii oneparop L,(I'). 3aysaxumo, 1o
y BUTIAJIKaX iHAePiHITHOT MeTpukH [3] BiAMOBIAHUN
orrepatop J 3aJ0BOJBHSIE YMOBY

J =1

3a jonomororo orneparopa J nceBaono0yTok (4)
MOJKHa BUPa3uTH depes J00yToK (3)

(f:8)=(Jf2)-

YV L,(I') Bugimumo mignpocrip H,(Q(/)) tumy
lapni, mo ckinagaerses 3 GYHKIIH aHATITHIHAX Y
cepenuni kBagpara (J(/), siki MalOTh IHTETPOBAHUN
KBaJpaT Moy Ha ctopoHax O(/). BimHocHO cka-
nsiprHOTO 100YTKY (3) H,(Q(])) € TinbOepTOBUM NpO-
cropom [25]. Y H(Q(])) po3risHEMO TaKOX IICEB-
JocKasipHuid 100yToK (4). Skmo g(z) = C = const,

10 (f.g)= EI f(z)dz . Bracninok ananoriusocri
T

flz) Bcepemuni (/) 3a Tteopemoro Komri [26]
If(z)dz =0,a omxe (f;C)=0. Ananoriuny cu-
!

Tyallito OyJieMo MaTH i y BUNajky f(z) = const. ko
1.g e H(O() 061/11133i Bi)IMi'HHi BiJl KOHCTAHT, TO 710-
Oytok (4) B3arami He pIBHUN HYNIIO, OCKIUIBKH

£ (2)g(z) He € ananitnuHoOO PyHKLUiEK.
. Y npoctopi H,(Q(/)) po3risiHeMO HEOOMEKEHUH
JiHIAHUH onepatop A, o TOPOKYEThCS T epeH-

. .d
O1aJIbHUM BHPA30M ld—. 3a IMOYaTKOBY 00J1aCTh
y4

BusHaueHHs D (4) Bi3bMeMO MHOXUHY QyHKILIH £(2)
3 H,(Q(])), A1 € aHAITHYHAMK Ha CTOPOHAX KBaI-
para. MaeTbcs Ha yBasi, 0 f{z) JoIMycKae aHaii-
THUYHO TIPONOBXXEHHS B JICSKY BIIKPUTY MHOXHUHY,
o MicTuTh y co0i 3aMkHeHuil kBaapar Q(/). Mae
MICIIe TaKe TBEPIKCHHS.

Teopema 1. BiTHOCHO TICEBIOCKAIAPHOTO JI0-

Oytky (4) na D (A4) oneparop 4 :idi € J-cumert-
Z

PpUYHHAM, TOOTO

(4f.g)=(S.4g).

Jlosedens.

Maemo (/. ) j{% f(z)j sE=3 [ (s G
(BBakaemo 4 = A,). 3actocyBasiuu (popmyiy iHTe-
rpyBaHHS YaCTHHAMH JUIs1 KOJKHOI CTOPOHU KBaJpa-
Ta, HicTaHeMo aHajor Gopmynu [pina

(47:2) =zglj g () (=)= 7

DY enTemEe e N el

k=1 g,

B anreOpaiuniii cymi 1103a iHTErpalbHAX JTOIAHKIB

xoxen 100y1ok [ (A, )g (4, ) npucyraiit asiui. Oy
pas3 31 3HAKOM «+» 1 IpyTrit pa3 i3 3HaKoM «—». OTKe,
TO3AIHTErPaNIbHI WICHH B (6) B3a€EMO3HUILYIOTHCS.
Bpaxysasuiy, o i =—i, 0CTaTOYHO AiCTaHEMO

(i) =13 | TG ) -

A

-3 [ ()= [/ (Vg G = (r:42).

Teopemy 1 moBeneHo.
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3ayBa)KUMO, 110 BITHOCHO CKaJISIPHOTO JOOYTKY
(3) oneparop A HE € CAMETPUYHUM, OCKIJIBKH ITiCIIs
3aCTOCYBaHHS IHTErpyBaHHS YaCTUHAMM MO3aiHTeT-
pasbHI YWICHH HE 3HUIITYIOTHCSL.

Teopema 2. Cucrema ¢yHkuit @,(z)=1 Ta
¢, (z2),ne N,k=1,4, yrBopioe BiacHui ©Oa3uc
omneparopa A.

JloseoenHs.

Besnocepemapoio epeBipkoi0 MEPEKOHYEMOCH,

110 Alzii(l)zo,
dz

.d . .
Ao, (z):zgexp(zk 1%(2—% )J:lk%%k (2).

Omxe, 1, ¢, (z) € Bracui pyHkuii oneparopa 4, a

A,=0rtad, =

—mH € BJIaCHUMH 4YHUCJIaMH OIlcpa-
e

topa A. Teopemy 2 10Be€HO.

Teopema 3. Y MeTpuri mopomKeHiii CKaIIpHIM
no6ytkom (3) mpoctip H,(Q,) € IpAMOIO HEOPTOTO-
HAJIBHOIO CYMOIO 3aMKHEHUX TiAnpoctopiB H(k)

4
H, (Qo): @H(k)
k=4
Jloseoenns. JloBenemMo 3aMKHEHICTh ITiIIPO-
cropis H(k) 8B H,(Q,). 1ns HpOro ouinumo Kytu 0,
Mix mignpoctopamu H(j) ta H(k), j,k=0,4,j#k.

Ili KyTM BHM3HAYalOThCS 3 TaKMX  YMOB:
cos, = sup {.8) 0<0,
renp 71 Tl

geH (k)
Bu3HAaYHTH BETMYMHU CKAIIPHHUX TOOYTKIB

((ijﬂ(pnk ):I(m,j,i’l,k),

ne mneN;jk=14.
Li BeTMYMHN 3aUIIEMO Y BUIVISIIL CYM:

4
I(m’j’n’k)zzls (m7j5n’k)’ e
s=1

I (m, j:nek): J.(pmj (Z)(Pnk (Z)|dZ| :
rS

3 ypaxyBaHHSIM BIANOBIJHUX 3aMiH 3MIHHUX Ta
piBHOCTI €*™ =1,m € N, omiepkuMo

mn 2

2n o
I (m,1,n,1)= I e™e™ dx =2md
0

0,m +#n,
(Smn = {

, cuMBos Kponekepa),
I,m=n

21
B N _(man)y _ 1 _ —2n(m+n)
Iz(m,l,n,l)—h(m,l,n,l)—_([e }dy—m(l e )

mn >

2n o
I3 (m,l,}’l,l) — e—Zn(m+n) I eimxeinxdx _ 2Tce—2n(m+n)8
0

m
I e "™ dx=0.

0

I, (m,l,n,3)= e

Hns m #n maemo:

1 ( o2

m-—n

_o2m )

2
L (m,1,n,3)=1,(m,1,n3)=e"" I e "y =

0

Jns m = n Mmaemo:

2n
I, (m,l,n,3): I, (m,l,n,4): e J dy =2me” ™,
0

2n _
I, (m,1,n,3)=e"™ I e —e™dx =0,

0

R L )

2n
I, (m,1,n,4)= J.eim”e'”"dx =
o m+in

2n

Iz (m,l,n,4): e—ZTm J e—mye—inydy =- (e—ZTm(me) _ e—ZTm ):
0 m—m
_ 1 . (e—Znn _e—2n71(ln+n))
m-—in
2n
=) imx—
L,(m,1,n,4)=e"" I e dx =
0
1 _ _ —i ~ _
=- (e 2mn(m+n) —e 27n )= . (e 2n(m+n) —e Znn)
m-—n m+in ’

I, (m,l,n,4)=2fe "2“”’)
0

Bracnigok cumeTpii pemty 3Ha4eHb IS (m,j,n, k)
MOXYTh OyTH BU3HAUCHI 3a JJOIOMOTOIO 3HANICHUX.
Toni:

[@o] = (@0 00) = [|d2] = 87, (00:0,1) = (@0, 9,) = (@4, 9,) =
J ) 2
=(00:0,0) = [edz=2[ eV dy ==(1-¢7"),
4 0

—41m)+l(1_e41m) >2n’n GN,k:ls
n

@i+ 1)(’” + ")( g 2R | (i— l)(m ")( —2mm
Tin? m* +n*

_ eonn)

(@,1-9,4) =

)

—4mm —47m

2
(@,1,0,5)=——(e ) (m # 1), (¢,,,9,,) =€
m-—n

Ouinnmo Benuuunu (0, 1, k) ta c(m, j, n, k),
SIKI € KOCHHYCaMH KYTiB MiX OJHOBHUMIPpHHUMH
IPOCTOPaMH, MOPO/DKEHUMHU (QYHKIIAMHU @ (2) Ta
9. (2) neN,j=14, 9,[(2) Ta
¢, (2),m,ne N;j,k=1,4 (xoua 6 ogHa mapa iH-

BIIOBIAHO

JeKciB m 1 n abo j Ta k pi3Ha).

|((‘p0’(pnk 1 —4nm
clo,n k) =7—"""= ,
"‘Po " : | Ol 27
1
c(m,l,n,4) = (@0, 1 (m2 +n’ )7 ,
||(ij || : | (pnk n
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c(m,l, n,3) = M < le—4nm ,
[ouill-los]
|((pml ’(pnl) 1
1 - .
ommh |(Pml ‘|(Pn1 n(m + n) (m )

Kocunycn xyrie 6,,/,k=14,j#k MoxHa

BHU3HAYUTH K HOPMH JiHIHHUX omeparopiB C(k, ),
IIIoUYUX B 12, SIKI BU3HAYaIOThCS MATPHUISIMU

{C(m’ j’ n, k)}m,neN :

OuinnMo HOpMY oOrepaTopa B /,, SKOMy BilNOBi-
nae matpuns C(1,4). Insg 1poro moxaxemo, IIo
1

marpunst D=1{d, } d, =(m*+n®)? BusHa-

m,neN
4ae B |, KOMIAKTHHUI Oeparop, 10 HaJIEKHUTh i/1ea-
ny lllerrena op npu p = 4. [27,28].

+o0 4

S, =S

'm
m=1

+00
m=1

'y Z[Zd] _

+0 400 +oo TP dx +o0 T
_ m2+n2_12S —ZS e
Z(Z( )™ ;(lmzﬂz) §<4m>
Pel
165 m* 96
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. T T
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[ fOe+2m) gt 2miyde —i [ £ (iv)(@v)dy,

f.geH,(Q)-
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Kashpirovskyi O.1.

ABOUT THE USAGE OF COMPLEX-VALUED
PSEUDOMETRIC FOR EXPOSITION RESEARCH IN DIRICHLET’S FUNCTIONS
ANALYTICAL INSIDE THE SQUARE

Dirichlet s series for functions analytical inside the square are considered as exposition of eigen functions
of differentiated operator. The analogue of Green's formula is ascertained with the help of pseudometric.
The method of metrics introduction is showed, where Dirichlet’s series are an exposition of orthogonal
system of functions.

Key words: expansion, Fourier series, Dirichlet s series, scalar product, pseudometric, analytical func-
tion, convex polygon.



