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REGULARIZATION BY DENOISING FOR INVERSE
PROBLEMS IN IMAGING

In this work, a generalized scheme of reqularization of inverse problems is considered, where a priori
knowledge about the smoothness of the solution is given by means of some self-adjoint operator in the
solution space. The formulation of the problem is considered, namely, in addition to the main inverse
problem, an additional problem is defined, in which the solution is the right-hand side of the equation.
Thus, for the reqularization of the main inverse problem, an additional inverse problem is used, which
brings information about the smoothness of the solution to the initial problem. This formulation of the
problem makes it possible to use operators of high complexity for reqularization of inverse problems, which
18 on urgent need in modern machine learning problems, in particular, in image processing problems.
The paper examines the approximation error of the solution of the initial problem using an additional

problem.
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Introduction

Solving modern machine learning tasks requires
development of new methods of solving corre-
sponding inverse problems. Majority of real-world
inverse problems are ill-posed and therefore require
regularization. For some digital signal processing
tasks, such as image de-noising, image restoration,
super-resolution, image improvement, the choice
of regularization technique is non-trivial, whereas
significantly influences the corresponding solution.

In our work we study generalized regularization
scheme for inversion of image transforms. For in-
verse problem

Ar =y

we consider Bayesian approach, or maximum a
posteriori probability (MAP) estimate, which finds
such an z, that maximises the conditional proba-
bility p(z|y). According to Bayes rule

plylz)p(z)
[ p(yla)p(z)dz

therefore maximisation of p(z|y) corresponds to
the following problem:

plaly) = P28 _

(o) o p(y|z)p(z),

argmin(—log p(y|z) — log p(x)).

Obviously, real probability distribution func-
tions are unknown. Therefore instead of it we solve
the following heuristics

&~ argmin{l(e,g) +op@)}, (1)

where [(z,y) is a loss function and p(z) is a regu-
larization term.
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Let’s slightly modify (1):

2 =argmin{l(z,y) + ap(v)},z = v.

It allows us to apply Alternating Direction Method

of Multipliers (ADMM) from the paper [2], using
Lagrangian:

A A
La(e,0,0) = Uz, y)+ap(o)+ 5 le—otal =Sl

It leads to iterative solving following minimiza-
tion tasks till convergence:
2 +— argmin L(z, 0, u)
x

0 «—argmin L(Z, v, u)
x

w<—u+ (& — D)
or after redefining variables in terms of (1)

& =minl(z.y) + Bllz — o],

€T

o =minap(v) + fllz — o>

In such a way, instead of one inverse problem
with regularization scheme we’ve got two intercon-
nected minimization problems, iterative solving of
which allows us to find solution for the initial prob-
lem. Having some initial zg and vy we iterate

w1 =minl(z, y) + Bz — vg]|?,
vip1 =minap(v) + Sz — v]|?.

Let’s consider some operator D : X — X, that
preserves x as a solution, i.e.

AD(z,0) =y,
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for example, for super-resolution task instead of D
a de-noising operator may be used.

This allows to see all the setting from another
perspective: we have inverse problem Az = y and
its corresponding loss-function [(z,y), and some
other problem with loss-function p(x).

In such a way, instead of one inverse problem
we get two interconnected problems, where second
one brings prior information to the first one. As
an additional problem, any prior information may
be used. For example, some external classifier for
image generation improvement problem or denois-
ing problem as a regularization for super-resolution
problem, etc.

The idea to use image denoisers as a mecha-
nism behind the regularization term underlies the
Regularization by Denoising (RED) framework [5]
f(@)),

prED(2) £ Sl —
where f(-) is the denoiser of choice.

This idea has been broadened to the follow-
ing setting, called Regularization by Denoising via
Fixed-Point Projection (RED-PRO) [1].

Trpp—pro — argminl(z,y),
T
st. |z —f@)*=0.

It can be seen as a solving of inverse problem with
additional inverse problem z = f(z) as a regular-
ization.

The same framework may be seen as a regu-
larization by means of regularization term p(x) is
ap(z) = azl[z — D(x,0)]. Under mild conditions
(differentiability, local homogeneity, and symmet-
ric Jacobian for D) gradient descent may be ap-
plied to get the solution:

zp 1 =z — plAT (Azy, — ) — afzy — D(xy, 0)]).

In [1} it has been shown, that Plug-and-Play
Prior (PuP) proximal gradient method considered
in {4} is a special case of Regularization by Denois-
ing via Fixed-Point Projection (RED-PRO), the
convergence of both frameworks to globally opti-
mal solutions has been proven as a result of the
convergence analysis and the study of the solutions
of both PuP and RED frameworks [1].

Another classical approach to solving inverse
problem Az = b is the method of Tikhonov-
Phillips regularization in Hilbert scales, where a
regularized approximation z?, is defined as the so-
lution of the minimization problem

min Az —y’|* + of| B*z|”?,
zeD(B))
where a > 0 is the regularization parameter,
B :D(B) C X — X is an unbounded densely

defined self-adjoint strictly positive definite opera-
tor and s is some non-negative real number to be
chosen properly to influence the properties of the
regularized approximation 2.

In 7] it was shown that under the assumptions
1Bz < E

and
m|| B~ “z|| < [|Az|| < M||B™ %z

with some constants F, m and M, the Tikhonov-
Phillips regularized approximation z° of problem
Az = y provides order optimal error bounds

a8, = &l = O(67/ (@)

for s > (p — a)/2, in the case that « is chosen a
priori by a = cd*(@t5)/(e+P) with some constant
c> 0.

In the paper we study the approach to solving
inverse problem with regularization by means of
additional inverse problem with fixed-point prob-
jection, that may be seen as a smoothing condi-
tion {6].

General Regularization Scheme

In this paper we consider ill-posed problem
Az =y, (2)

where A : X — Y is a bounded linear operator be-
tween real Hilbert spaces X and Y with non-closed
range R(A). Let’s denote the inner producy by
{-,-y and the corresponding norm on the Hilbert
spaces by || - ||

We assume, that the operator A is injective and
that y belongs to R(A). It implies that (2) has a
unique solution # € X. Suppose that instead of
exact data y we have an available data ¢° € Y
such that

ly — 4’| <6 (3)

for some known noise level §. Since R(A) is as-
sumed to be non-closed, the solution # does not
depend continuously on the exact y and available
data y°. Hence, the problem (2) is ill-posed and
therefore requires the regularization. Regulariza-
tion is reconstruction of the solution of problem
with inexact data using additional information, for
example, (A1) subjective information concerning
the smoothness of 2 and (A2) objective informa-
tion concerning the smoothing property of the op-
erator A.

To formulate the smoothing properties we use
densely defined unbounded self-adjoint strictly
positive operator B : X — X and some index
function .
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Definition 1. Function ¢ : RT — RT is called
index function if it is continuous and strictly in-
creasing with p(0+) = 0.
Assumption A1l: For some p > 0 and F < oo,
the solution # of the problem (2) satisfies
1B ()] < B.
Assumption A2: There exists some index func-
tion ¢ with properties:
(i) there exists a constant m > 0 with
m||\/ (B~ 2)z| < ||Az| for all z € X
(ii) for p asin Assumption Al, the function
Ap(AY/PY 2 (0,||B~??] = RT is convex
Definition 2. General regularization scheme in
Hilbert space is defined as

zo = B g, (T )Ty,
2 = B g, (T"T)T*y°

with 7' = AB~* for some s > 0 and piece-wise
continuous g, : (0,]|T|?*] — R with the property

lim ga(\) = 1/

For further analysis we make additional as-
sumption about the function g,.
Assumption A3: There exist positive constants
~v and S such that

sup  VAlga(N)] < vV,
A>0

sup  Alga(A)] < 1
A>0

sup VAL =MV < BV,
A>0

sup Al = Aga(A)] < 1
A>0

Different regularization methods are character-
ized by corresponding functions g,.

For example, ordinary Tikhonov-Phillips reg-
ularization in Hilbert space is defined by ¢, =
= 1/(Ac). Inthis case Assumption A3 is satisfied
with v = 1/2 and 8 = 1/2. For Tikhonov-Phillips
regularization of order m in Hilbert space the func-
tion g, is defined as following;:

9&%(“ (Aia>m>

with v =+/m and g =1.

Spectral method of regularization in Hilbert
space is defined by go(A\) = m with v = 1
and 8 = 2/v/27. Asymptotical regularization in
Hilbert space is defined by ga(A) = +(1 —e=/9),
v = 1, B = 1/V/2e. Finally, iterative regulariza-
tion in Hilbert space, also known as Landweber
iteration, are defined by

g0 =5 (1-0 -2,

for v =1 and 8 = 1//2e.

In [6] it was shown that under Assumption A2
the regularized approximation 29, with s = p is
order optimal if « is chosen a priori.

Theorem 1 ([6]). Let x5, be reqularized approz-
imation defined by general regularization scheme
(see Definition 2) with s chosen by s = p and let
assumptions Al and A3 be satisfied. Then, for

2
o=,
5 N
[z — 2| <
(v + 1) sup{|lz| : |B"=| < E, |Az|| < cd}
zeX
with ¢ = 25X If in addition, assumption A2 is

: +1
satisfied, tyLen

a2 — 2| < Ny
xa_x||—('7+ ) ¢P m2E2 |’

where () is defined as 1,(\) = Ap(A/P).

It implies Mair’s convergence rate result for
the method of Tikhonov-Phillips regularization. In
fact, the second error bound of Theorem 1 shows
the order optimality of the regularized approxima-
tion ¢, (see [6]).

Another inverse problem as a
regularisation

Let’s come back to the initial inverse problem
Ar =y.
And let’s consider another inverse problem
Dg =z

Then general regularization scheme defines the fol-
lowing solution:

qi =go(D"D)D"z.

In [3] within the proof of Proposition 2.8 it was
shown that for the whole class of regularization
families the estimate of regularization error has the
form

g — 2l < RAp(e) + 71/2%.
The first term here depends on the smoothness of
the solution, and in the statistical spirit we agreed
to call it the bias. Then the second term is the
variance, and its order &/+/a is the same for all
regularization families under consideration.
Then we have

D¢’ = Dgo(D*D)D*z =~ z,
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thus let’s denote the following operator:
B=Dg,(D*D)D"z: X — X.

Easy to see, that B is self-adjoint strictly pos-
itive definite operator. Then all the theoretical
results from the previous section are applicable to
this problem setting.

Conclusions

Regularization of ill-posed operator equations
in Hilbert scales is usually studied under the as-
sumption that the operator A involved in the equa-~
tion and the operator B generating the Hilbert
scale are related by some operator-valued index
function ¢. In the classical paper [7] of Natterer,
such a relation that characterizes the smooth-

ing properties of A relative to the operator B~*
has been expressed in terms of power functions
(see [6]). Extensions to general index functions
have been considered in Mair’s paper [8] for the
case of high-order regularization in Tikhonov-
Phillips regularization method. In our paper we
compare classical results for a general regulariza-
tion scheme to the case of regularization by means
of denoiser operator. Another accomplishment of
this paper is the justification of error bounds in the
light of general index functions ¢. It is important
to note that the general regularization scheme re-
quires neither any knowledge of the index function
¢ nor any knowledge of the solution smoothness
measured against the Hilbert scale. Nevertheless,
it automatically provides an order optimal solution
for the considered ill-posed problem.

References

1. C. Regev, E. Michael and M. Peyman, “Regulariza-
tion by Denoising via Fixed-Point Projection (RED-
PRO)”, SIAM Journal on Imaging Sciences. Society
for Industrial and Applied Mathematics. 14 (3) (2021),
https://doi.org/10.1137/20M1337168

2. S. Boyd, N. Parikh, E. Chu, B. Peleato and J. Eckstein,
“Distributed optimization and statistical learning via
the alternating direction method of multipliers”, Found.
Trends Mach. Learn. 3 (1), 1-122 (2011).

3. S. Pereverzyev, Selected Topics of the Regularization
Theory (Springer International Publishing. Cham.,
2014).

4. V. Singanallur Venkatakrishnan, Charles A. Bouman
and Brendt Wohlberg, “Plug-and-play priors for model
based reconstruction”, in: 2013 IEEE Global Confer-

Kpasuyr O. M., Kpwrosa I. B.

ence on Signal and Information Processing (2013), pp.
945-948.

5. Yaniv Romano, Michael Elad and Peyman Milanfar,
“The little engine that could: Regularization by denois-
ing (RED)”, SIAM Journal on Imaging Sciences. 10 (4),
1804-1844 (2017).

6. M. T. Nair, S. V. Pereverzyev and U. Tautenhahn,
“Regularization in Hilbert scales under general smooth-
ing conditions”, Inverse Problems. IOP Publishing Ltd.
21 (6), 1851 (2005).

7. F. Natterer, “Error bounds for Tikhonov regularization
in Hilbert scales”, Appl. Anal. 18, 29-37 (1984).

8. B. A. Mair, “T'ikhonov regularization for finitely and
infinitely smoothing operators”, SIAM J. Math. Anal.
25, 135-147 (1994).

PETVJIAPN3AINIIA 3A JOIIOMOTI'OKO BUJAJIEHH
IMyMy B OBEPHEHUX 3AJAYAX OBPOBKU
30BbPAZKEHD

Y it pobomi posessanymo ysaeaavneny cremy pe2yrapusouii obepnenux 3adau, de anpiopne 3ua-
HHA NPO 2400KICMb PO36°A3KY JaHO 3G JONOMO2010 JEAK020 CAMOCTPANCEHOR20 ONEPATNOPE 6 NPOCTOPi
po3se’askie. Poseasnymo nocmanosky 3adayi, Koau 0Kpim 0cno6not obepuenot 3adayi eusnareno doda-
mxo6y 300a4y, 6 AKX WYKeHull PO36° A30K € NPABOI0 Yacmuno0 pieninns. Taxum wunom, 0l pe2yiapu-
3autt ocnoenot obeprenot 3adani euxopucmosyemosea dodamxoea obepuena 3adaua, AKG NPUBHOCUMSL JO
nowamx060i 3adani ingopmanizo npo 2acdxicms pose’asky. Taxa nocmanoeka 3adayi dae momcausicms
BUKOPUCTNOBYBATU ONEPAMOPY BUCOKOT CKAGOHOCTNE JAA PeYAAPUSQULT 0BepHenuT 30004, U0 € HG2aAb-
HOIW0 NOMPEdOI 6 CYHACHUT 300M0T MAWUNNO20 HOGHGNHA, 30KPEMG, 6 30004ax 06POOKY 306pasicens.
B poomi docaidmceno noxubry enpoxcumauii po3e’asky nowemxosol sadayi 3a donomozor dodamxoeoi
3a0daMi.

Kurrouosi cioBa: obepHeni 3agauil.
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