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A SOLUTION OF A FINITELY DIMENSIONAL 
HARRINGTON PROBLEM FOR CANTOR SET

In this paper we are exploring application o f fusion lemma - a result about perfect trees, having its 
origin in forcing theory - to some special cases o f a problem proposed by Leo Harrington in a book 
Analytic Sets. In all generality the problem ask whether given a sequence of functions from to 
[0; 1] one can find a subsequence of it that is pointwise convergent on a product of perfect subsets of R. 
We restrict our attention mainly to binary functions on the Cantor set as well as outline the possible 
direction of generalization of result to other topological spaces and different notions of measurablity.
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Preliminary notions

By 2 we mean a set {0 , 1} with discrete topol­
ogy. By C C R we mean a standard Cantor set. 
It is well known that C  is homeomorphic to the 
space 2“ with product topology where w denotes 
the set of all natural numbers.

In fl] in the problems section L Harrington pub­
lished a following problem (as a possible weakening 
of a problem of Halpern).
Problem 1. Given continuous functions 
f n : R “ ^  [0; 1], do there exist a set N  =  {n * : i G 
G w} G [w]“  and nonempty perfect sets Pj  C C  
for j  G w such that the subsequence (f ni )iG “  is 
pointwise convergent on the product Pj

j G “
We have acquired information that the one di­

mensional version of such problem has been solved 
in 1920s by S Mazurkiewicz, but unfortunately we 
were not able to trace it back to the original paper. 
In (2] Laver showed amongst others that we get an 
equivalent problem if we substitute continuous for 
measurable functions or functions with the Baire 
property. This prompted to consider variants of 
the problem with different notions of measurabil­
ity and different topologies (most notably with El­
lentuck topology [3]).

We will focus on the finitely dimensional ver-
C

explore applying to it the fusion lemma - a result 
about perfect trees, that originated in forcing the­
ory.
Definition 1. L e tT  C 2<“ =  U 2n.

nG“
We will say that T  is a tree if for any s G T  

and t G 2<“  if t C s then t G T, ie it is closed 
under taking the initial segment.

T
for any s G T  there exist t i , t 2 G T  with t i =  t2 
such that s c  ti and s c  t2.
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T
s G T let there be a perfect set Us C R. Then 
(Us)sG T is called a fusion sequence if

• US1 D Us2 for s i , s2 G T  and s i C s2,
• Us_ o n Us_ i =  0 for s G T.
We have a following fundamental property of 

fusion sequences.
T

tree and let T  =  { f  G 2“ : VnG “ f  |n G T } . Let 
(Us)sG T be a fusion sequence. I f the diameter of 
Us tends to 0 with increasing length o f s then the 
set

p  =  n  u  Us = u  n  f
nG“  sGT f gT nG“

is a perfect set. [6][7]
P C C

P C

Main result

We will apply fusion lemma to our problem. 
Theorem 3. Let f n : C  ^  2 be continuous func­
tions. Then there exists N  =  { n*: i G w} G [w]“

P  C C
subsequence ( fni)iG “  is pointwise convergent on P . 

P
C

Outline o f proof: Let U”  =  f - i ( i) . Observe that 
those are perfect sets. If there exists a perfect set 
P  such that P  n Uq =  0 or P  n Un =  0 for infinitely

n
quired result. Thus we can assume - taking a sub­
sequence if needed - that all Uin are non-empty and 
for any non-empty perfect set P  we have P  n Uq =  
=  0 Mid P  n U”  =  0. Now for any finite sequence 
( io ,. . . ,  in- i) G n2 let

U(io,...,i„) =  U0 n . . .  n Ul .

s , s2
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• if si C s2 then US1 D Us2,
• Us^ 0 n Usi_ 1 =  0.

It is thus a fusion sequence and the diameter of 
Us tends to 0 with increasing length of s. We will 
define two perfect subtrees of <w 2 in a following 
way.

Let
T00 =  T1 =  {0 }

and
Tn +1 =  { s _ s e  Tn, j  e  2}.

Clearly the trees T* =  |J T^ are isomorphic to
nGw

<w2 and in consequence perfect. From fusion 
lemma we obtain that the sets

Q* =  n u  Us
new seTn

are non-empty and perfect. What is more the sub­
sequence ( f 2n)new is pointwise convergent on P  =  
=  Q 0 U Q 1. Indeed it is converg ent to 0 on Q 0 and 
to 1 on Q 1.

Q E D
We can generalize the above result in a follow­

ing way.
T h e o re m  4. Let f n : C 2 ^  2 be continuous func­
tions. Then there exists N  =  { n*: i e  w} e  [w]w 
and, non-empty perfect sets P 1,P 2 C C  such that 
the subsequence ( f n. )iew is pointwise convergent 
on P 1 x P2.
Outline o f proof: Let D  =  {cn : n e  w} b e a  dense 
subset of C. Let gm,n(x) =  fn (x ,c m). By the

N0
set P0 =  Q0 U Q0 such that (g0,n)neNo is point- 
wise convergent on P0. With Nm and Pm defined 
there exists Nm+ 1 C Nm and a perfect set Pm+ 1 =
=  Qm+1 U Qm+1 C Pm such that (gm+ 1,n)neNra+i 
is pointwise convergent on Pm+ 1. We will define 
the set N  =  {n m : m e  w} in a following way.

Let
n0 =  min(N0)

and

nm+1 =  min(Nm+1 \ {n 07 . . .  7 nm} ) .

Observe that (gm,n)neN is convergent от Pk for 
k >  m. It remains to show that PTO =  p| Pm has

mGw
a non-empty perfect subset and the result will fol­
low from the fact that D  is dense and continuity 
of the functions / n.

Of course PTO is closed and from the fact that 
Pm+i С Pm and compactness of C  it is also non­
empty. Similarly to the proof of the previous the-

D
necessary - assume that

Q(i0,...,i„) =  Qi0 n . . . nQnn =  0.

Once again for finite sequences s1, s2 we have:
• if si С s2 then Qs1 2  Qs2,
• Qs ^ 0 n Q s ^  1 =  0-

and the diameter of Us tends tо 0 with increasing 
length of s. This time we can apply fusion lemma 
directly and we get that the set

p  =  n  U  Qs Q p ~
nGwsE2n

is perfect.
Q E D

C 2
C, in fact even C ш is homeomorphic to C . Using 
that fact we can easily extend the result above to 
any finite dimension, ie for functions /n : C k ^  2. 

C
theorems we in fact obtain sequences of functions 
that are not only pointwise but also uniformly con­
vergent.

Further developm en ts

Our next objective will be generalizing the re­
sult above to the infinitely dimensional variant. 
After that we will proceed with proving the anal­
ogous results for [w]<w with the Ellentuck topol­
ogy [3] (which could be thought of as a topological 
representation of Mathias forcing) and completely 
ramsey measurable functions [4]. The analogs for 
silver forcing are worth exploring. [5]
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РОЗВ’ЯЗОК СКІНЧЕННОВИМІРНОЇ ЗАДАЧІ 
ХАРРІНГТОНА ДЛЯ МНОЖ ИНИ КАНТОРА

У цій статті ми досліджуємо застосування леми про злиття, результат про ідеальні дере­
ва, що походить від теорії примусу до деяких особливих випадків проблеми, запропонованої Лео 
Харіпгтопом у книзі «Аналітичні множини». У  загальному випадку проблема полягає в тому, 
чи можна знайти для послідовності функцій від Жш до [0; 1] її підпослідовність, яка поточково 
збіжна до добутку ідеальних підмножин Ж. Ми розглядатимем,о головним чином бінарні фун­
кції на множині Кантора, а також' окреслимо можливий напрямок узагальнення результату 
на інші топологічні простори та різні поняття. вимірності.

К л ю ч о в і сл ова : ідеальні дерева, послідовності злиття.
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