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A SOLUTION OF A FINITELY DIMENSIONAL
HARRINGTON PROBLEM FOR CANTOR SET

In this paper we are exploring application of fusion lemma - a result about perfect trees, having its
origin in forcing theory - to some special cases of a problem proposed by Leo Harrington in o book

Analytic Sets.

In oll generality the problem ask whether given a sequence of functions from R to

[0; 1] one can find a subsequence of it that is pointwise convergent on o product of perfect subsets of R.
We restrict our attention mainly to binary functions on the Cantor set as well as outline the possible
direction of generalization of result to other topological spaces and different notions of measurablity.
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Preliminary notions

By 2 we mean a set {0, 1} with discrete topol-
ogy. By C C R we mean a standard Cantor set.
It is well known that C is homeomorphic to the
space 2¢ with product topology where w denotes
the set of all natural numbers.

In {1] in the problems section L Harrington pub-
lished a following problem (as a possible weakening
of a problem of Halpern).

Problem 1. Given continuous functions
fr: RY = [0;1], do there exist a set N = {n;: i €
€ w} € [w]“ and nonempty perfect sets P; C C
for 3 € w such that the subsequence (f,,)ic. 1
pointwise convergent on the product [[ P;?
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We have acquired information that the one di-
mensional version of such problem has been solved
in 19208 by S Mazurkiewicz, but unfortunately we
were not able to trace it back to the original paper.
In [2] Laver showed amongst others that we get an
equivalent problem if we substitute continuous for
measurable functions or functions with the Baire
property. This prompted to consider variants of
the problem with different notions of measurabil-
ity and different topologies (most notably with El-
lentuck topology [3]).

We will focus on the finitely dimensional ver-
sion of the problem for binary functions on C and
explore applying to it the fusion lemma - a result
about perfect trees, that originated in forcing the-
ory.

Definition 1. Let T C 2<% = |J 2™.
new

We will say that T is a tree if for any s € T
andt € 2<% ift C s thent € T, ie it is closed
under taking the initial segment.

We will further say that T is a perfect tree if
for any s € T there exist t1,10 € T with t| # t9
such that s Ctq and s C ts.
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Definition 2. Let T be a perfect tree and for each
s € T let there be a perfect set Uy, C R. Then
(Ug)ser is called a fusion sequence if

o Us, DU, for s1,82 €T and s1 C 39,

o U, oNU; 1=0forseT.

We have a following fundamental property of
fusion sequences.
Theorem 1. (Fusion Lemma) Let T be a perfect
tree and let T = {f € 2“:Vyewfln € T}. Let
(Us)ser be a fusion sequence. If the diameter of
Us tends to O with increasing length of s then the
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is o perfect set. [6][7]
Theorem 2. Let P C C be perfect and non-empty.
Then P is homeomorphic to C.

Main result

We will apply fusion lemma to our problem.
Theorem 3. Let f,: C — 2 be continuous func-
tions. Then there exists N = {n;: i € w} € [w]
and a non-empty perfect set P C C such that the
subsequence ([, )icw 18 pointwise convergent on P.
Moreover the set P can chosen in such a way that
it 18 homeomorphic to C.

Outline of proof: Let UM = f,1(i). Observe that
those are perfect sets. If there exists a perfect set
P such that PNUY = @ or PNUT = § for infinitely
many n then it easy to find a subsequence with re-
quired result. Thus we can assume - taking a sub-
sequence if needed - that all U are non-empty and
for any non-empty perfect set P we have PNUJ #
=0 and PN U} #£ 0. Now for any finite sequence
(i, ... in_1) € "2 let

Uty iy =Up 0.0 UL

K

Observe that for finite sequences sq, sy we have:
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o if 51 C sy then Uy, 2 Us,,,

. U51 OmUsl 1:®-
It is thus a fusion sequence and the diameter of
Us tends to 0 with increasing length of s. We will
define two perfect subtrees of <“2 in a following
way.

Let

T =Ty = {0}

and 4 4
Ty ={s_0j,1): s €Ty, 5 €2}

Clearly the trees T = |J T! are isomorphic to
new
<“2 and in consequence perfect.

lemma, we obtain that the sets

o=y

nEw seT?

From fusion

are non-empty and perfect. What is more the sub-
sequence (fon )new 18 pointwise convergent on P =
= Q"UQ". Indeed it is convergent to 0 on Q° and
to 1 on Q.
QED

We can generalize the above result in a follow-
ing way.
Theorem 4. Let f,: C? = 2 be continuous func-
tions. Then there exists N = {n;: i € w} € [w]*
and non-empty perfect sets Py, Py C C such that
the subsequence (fy,)icw 18 pointwise convergent
on Py x Ps.
Outline of proof: Let D = {¢,,: n € w} be a dense
subset of C. Let gmn(x) = folz,cn). By the
previous theorem there exists Ny and a perfect
set Py = Q5 U Q} such that (90,n)nen, is point-
wise convergent on Py. With N, and P,, defined
there exists Ny+1 C Ny, and a perfect set P11 =
- Q?n+1 U Q}n+1 C P, such that (gm+1,n)nENm+1
is pointwise convergent on P,4+1. We will define
the set N = {n,,: m € w} in a following way.

Let

ng — min(No)

and

S T })-

Nm+1 = min(NmH \ {TLO7 ..

Observe that (gm,n )nen is convergent on Py for
k > m. It remains to show that P = [ Py has

mew
a non-empty perfect subset and the result will fol-
low from the fact that D is dense and continuity
of the functions f,.

Of course P, is closed and from the fact that
Pot1 C P, and compactness of C it is also non-
empty. Similarly to the proof of the previous the-
orem we can - taking an infinite subset of D if
necessary - assume that

Qio,in) = ?0 Nn...nQ7 #10.

Once again for finite sequences s1, so we have:

o if 51 C 39 then Qg, 2 Qs,,

4 Qsl_O N Qsl_l = 0.
and the diameter of Us tends to 0 with increasing
length of s. This time we can apply fusion lemma
directly and we get that the set

ncw sc2™

is perfect.

QED
Corrolary 1. The space C? is homeomorphic to
C, in fact even C¥ is homeomorphic to C. Using
that fact we can easily extend the result above to
any finite dimension, ie for functions f,: C* — 2.
Remark 1. As C is a compact space in the above
theorems we in fact obtain sequences of functions
that are not only pointwise but also uniformly con-
vergent.

Further developments

Our next objective will be generalizing the re-
sult above to the infinitely dimensional variant.
After that we will proceed with proving the anal-
ogous results for [w]<“ with the Ellentuck topol-
ogy [3] (which could be thought of as a topological
representation of Mathias forcing) and completely
ramsey measurable functions [4]. The analogs for
silver forcing are worth exploring. [5]
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PO3B'A30K CKIHUEHHOBUMIPHOT 3A4AUI
XAPPIHITOHA ANA MHOXNVMHN KAHTOPA

Y Uil cTaTTi MM LOCAIAXKYEMO 3aCTOCYBaHHA IeMU Npo 3AMTTSH, pe3ynbTaT Mpo ijeancHi gepe-
Ba, L0 MOXOAMTb Bif Teopiinpumycy [0 AesAKUX 0co6/1MBUX BUNaAKiB npobnemMun, 3anponoHoBaHoT J1eo
XapinrrmonomMm y KHU3I «AHaniTUYHI MHOXXWHW». Y 3arasibHoMy BuNagkKy npob6siema nonsrae B TOMY,
UM MO>KHa 3HaWTK Ansa nocnifgoBHocTi YHKUIW Big XKW go [0; 1] 17 nignocnigoBHicTb, SiKa MOTOYKOBO
36i>kHa [0 o6y TKYy ifgeanbHUX MNIAMHOXKUH XX Mwu po3rnagaTumMem,0 FO/IOBHUM YMHOM GiHapHi (yH-
KLiT HA MHOXKUMHI KaHTopa, a TakoK' 0Kpecnmmo MOXXJ/IMBU HaNPAMOK y3arasjibHEHHS pe3ynbTaTy
Ha iHWIi TOoMnoNoriyHi NPocTopn Ta Pi3Hi NMOHAT TH. BUMIPHOCTI.

KnwyoBi cnosa: igeanbHi gepesa, NMocnifoBHOCTI 3INTTA.
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