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Let’s consider a convergent positive series
∑︀∞
𝑛=1 𝑎𝑛. By 𝐸(𝑎𝑛) we denote

the set of all subsums for the series
∑︀
𝑎𝑛, i.e.

𝐸(𝑎𝑛) =

{︃ ∞∑︁

𝑛=1

𝜀𝑛𝑎𝑛 : (𝜀𝑛) ∈ {0, 1}𝑁
}︃
.

We study metric and fractal properties of the set

𝑋(𝑚) =

{︃ ∞∑︁

𝑛=1

𝜀𝑛
2𝑚+ 2

: (𝜀𝑛) ∈ {0, 2, 3, . . . , 2𝑚+ 1, 2𝑚+ 3}𝑁
}︃
,

which is the set of subsums for the series

3𝑞 + 2𝑞 + · · ·+ 2𝑞⏟  ⏞  
𝑚

+3𝑞2 + 2𝑞2 + · · ·+ 2𝑞2⏟  ⏞  
𝑚

+ · · ·+ 3𝑞𝑛 + 2𝑞𝑛 + · · ·+ 2𝑞𝑛⏟  ⏞  
𝑚

+ . . .

where 𝑞 = 1/(2𝑚+ 2),𝑚 ∈ 𝑁 .
Connectivity components of the closed bounded set 𝑋(𝑚) ⊂ 𝑅 are either

closed intervals or singletons. From now on, we denote the interior of the
above set by𝑋𝐼(𝑚), while𝑋𝐶(𝑚) = 𝑋(𝑚)∖𝑋𝐼(𝑚) will be called the boundary
of 𝑋(𝑚). The following theorem demonstrates the structure of 𝑋(𝑚).

Theorem. The set 𝑋(𝑚) can be obtained as the union 𝑋 = 𝑋𝐼(𝑚)
⋃︀
𝑋𝐶(𝑚),

where 𝑋𝐼(𝑚) is an infinity union of open intervals having the Lebesgue mea-
sure equal to 1, 𝑋𝐶(𝑚) is a Cantor set with zero Lebesgue measure and frac-
tional Hausdorff dimension dim𝐻 𝑋𝐶 = log2𝑚+2 3.

We say that a Cantorval𝑋 is achievable if there exists a convergent positive
series

∑︀
𝑢𝑛 such that 𝑋 = 𝐸(𝑢𝑛). Taking into account the above theorem,

there naturally arises the question: Is the boundary 𝑋𝐶 for an arbitrary
Cantorval 𝑋 a fractal set?
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