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1. OcHOBHI MOHATTS

1. TypHip— Le NOBHWUN OpieETOBaHNM rpad.

2. k-koponb (aHrn. k-king) y TypHipi T - ue Taka BepwnHa v € T, WO MAa€E eneMeHTapPHUN WNAX AOBXUHU k abo
MeHLwe y byab-aKy iHWY BepLlwunHy 3 TypHipa T.

3. CunbHuit Koponb (aHrn. strong king) y TypHipi T - ue Taka BepwmnHa v € T, W0 ANA KOXKHOI iHLWOT BepWUHU U €
T b(v,u) > b(u,v), ae b(v,u) - KiNbKiCTb eneMeHTapHUX LWAAXIB JOBXKUHO 2 3 BEPLUMHU U Y BEPLUMHY U.

4. TeH30pHUM obyToK G X H rpadis G i H - ue rpad, y AKOro MHOXKMHA BEPLUNH € AEKAPTOBMM A0OYyTKOM
V(G) X V(H)ipisninapu (u,u’)i(v,v") € cymikiumm 8 G X H TOAj i TiNbKM TOAj, KON U CyMiXKHa3 v iu'
CYMiXKHa3 V.



2. Koponi B TypHIpax



2.1. Koponi B TypHIpax T

Teopema 2.1 [1, p.66]

Ona koxkHoron € N iCHYE TYpPHip Ha 11 BEPLUMHAX, Y AKOMY KOXKHa BEPLUMHA € KOPOJIEM, TOAj W TiNbKWU TOAi, KON
n + {2;4}.

Teopema 2.2 [1, p.66]

KoxHuii TypHip T mae koponsa. Hexait, T - TYPHIp, y AKOTO ANA KOXHOI BeplwmnHn v € V BuKoHyeTbea deg ™ (v) =
0.

A) Akwo x € koponemB T, Toai T mae iHworo koponas N~ (x).

B) Bukopucrosytoumn, 4actuHy A), TypHip T Ma€e npuHaAMMHI TPU KOPOA.

B) Ona kKoxkHoin = 3, nobyaynte TypHip T 36~ (T) > 0 i mae Tinbkn 3 Koponi.

(KomeHTap: Ha n BepLlIMHax iCHYE TYPHIp, WO Ma€ piBHO k KoponiB,Konnn = k = 1, 3a BUHATKOM BUNAAKIB,
Konmk = 2ikonmn =k = 4)



2.2 CUNbHI KOPOI B TYPHIpax T

Teopema 2.3 [3]
KoKHa BeplnHa B TYPHipi 3 HaNBiNbWMM PaxXyHKOM € CUIbHUM KOPONEM.



2.3 Koponi B TEH30pHOMY A0DYTKY
OpieEHTOBaHUX rpadis G; X G,

Teopema 2.4 [4, p.600]
AKWo opieHTOBaHI rpadu G, G, ..., G- - cMNbHO3B’A3HI oprpadun, To TeH30pHUN JObYTOK G X G, X..X G,
MaTUMe PIBHO

d(Gy) * d(Gy) *..x d(Gy)

lem(d(Gy),d(Gy), ..., d(G,))

CUNBbHUX KOMIMOHEHT.

Teopema 2.5 [5, p.17]

Awo D; i D, € cMNbHO3B A3HUMM oprpadamm, To D; X D, mae gcd(d(Dl), d(Dz)) CUNbHUX KOMMOHEHT.
3oKkpema, Dy X D, € cnnbHO3B ’A3HNUM oprpadom ToAj 1 TiIbKK ToAi, KOn gcd(d(Dl),d(Dz)) = 1.

Teopema 2.6 [5, p.23]

BepwuHa (v, w) € Koponems Gy X G, ToAi M Ti/IbKM TOAj, KOIM BEPLUMHA U € KOPoaem B Dy, BEpLUMHA W €
koponem B D, i gcd(d(D,),d(D;)) = 1.



3. Aaroputmm



3.1. OCHOBHI QYHKLL]

1. CnoyaTKy Tpeba imnopTtyBaTh HeoOXiaHiI 6ibnioTekn Python

numpy as np
networkx as nx

matplotlib.pyplot as plt
random

2. [NepeBipKaum € 3agaHa MaTPULA CYMIXKHOCTI TYPHIpOM

det is basic tournament(adj matrix):
n = len({adj_matrix)
for 1 in range(n):
for j in range(n):

if i !'= j and adj _matrix[i][j] + adj_matrix[j][i] != 1:
return False

return True



[NepeBipKa i € 3agaHa MaTPULA CYMIXKHOCTI ABOYAaCTKOBUM TYPHIpOM

def is bipirtite tournament(adj_matrix):
n = len(adj_matrix)
identity matrix = [[int(i ==
res = True
for i in range(n):

for j in range(i+l, n):
if identity matrix[i][j] != © and identity_matrix[j][i] != @:

j) for j in range(n)] for i in range(n)]

res = False
break
if not res:
break
return res

4. NigHeceHHA maTpuui cymirkHocTi Dt no 3apaHoro cteneHs

def count D plus in degree{adj matrix, degree):
n = len(adj_matrix)
D plus degree = adj matrix

for p in range(degree-1):
D plus degree = D _plus degree @ adj matrix

return D _plus degree




5. O6uncneHHamatpuui M = [ + DT +.. +(D)"

def count M{adj matrix, t as dict, max_degree):
D_plus = adj_matrix
n = len(D plus}
I = np.identity(n)
M = [[I[i][3] + D_plus[i][j] for j in range(n)] for i in range(n}]

degres = 2

while degree <= max_dsgree:
D _plus_deg = count D plus_in_degree(D_plus, degree)
for 1 in range(n):
for j in range(n):
M[1i]1[§] += D _plus deg[i][]]
degree += 1
return M

6. MantoBaHHA TYpHipa 3a4aHOro CYMi*KHOK MaTpULELD | TYPHIp 3agaHoto knacom networkx.DiGraph()

def draw_adj matrix(graph, kings):
i = nx.DiGraph(graph)
pos = nx.spring_layout(G)
nx.draw_networkx nodes(G, pos, nodelist=kings, node color="violet')
nx.draw_networkx_nodes(G, pos, nodelist=set({graph.keys())-set(kings), node_color='aguamarine")
nx.draw_networkx_edges(G, pos)
nx.draw_networkx labels{G, pos)
plt.title("Tournament T")
plt.axis( 'off")

plt.show()

draw DiGraph(T, K}:

pos = nx.circular layout(T)

nx.draw_networkx_nodes(T, pos, nodelist=T.nodes() - K, node_color="aquamarine', node_size=588
nx.draw_networkx_nodes(T, pos, nodelist=K, node_color="violet', node_size=588)
nx.draw_networkx edges(T, pos)

nx.draw_networkx labels({T, pos)

plt.axis( 'off")

plt.show()




3.2. AMTOPUTMU Ha TYpHIpax T

1. ArropuTm nowyky Kopona x B TypHipi T [1, p.65]

# Gets indegrees for all vertexes
def get indegrees(graph):
indegrees = {v: @ for v in graph.keys{)}
for neighbors in graph.values():
for neighbor in neighbors:
indegrees[neighbor] += 1
return indegrees

# Finds g kRing in g Tournamet
def find king(G, T):
indegrees = get_indegrees(T)
for x in T:
if indegrees[x] == @:
return x
next(iter(T))
N = {y for y in T if x in G[y]}
T prime = T - {x} - N
find_king{G, T_prime)

# Define a directed graph as an adjacency matrix
graph = np.array([[®, 1, 1, 1, 1], [®, &, 1, 1, 1], [@, &, @, 1, @], [@, &, &, @, 8]
is_bipartite = False
if is_tournament(graph, is bipartite):
king = []
T = adj_matrix_to_dict(graph)
G = nx.DiGraph(T)
king.append(find_king(G, T)) # Find the kings
print("The king is:", king)
draw_graph_with_kings(T, king, False)
else:

print("A matrix given is not a tournament!")



Pe3ynbraT:

The king is: [1]

Tournament T




2. ANropuUTMm NMOLWYKY BCiX KOpoAaiBy TypHipi T [3]

# Finds kings
def find kings(graph, T):
max_degree = 2
M = count_M(graph, T, max_degres)
kings = []
for v in T.keys():
counter = @
for i in range(len(M[8])):
if M[v-1][i] == @:
counter += 1
if counter == 8:
kings.appendiv)
return kings

# Define a directed graph as an adjacency matrix
graph = np.array([[®, 1, 1, &, ], [e, &, &, 1, @], [e&, 1, &, &, 1], [1, &, 1, @&,
is bipartite = False
if is _tournament(graph, is bipartite):
T = adj_matrix_ to dict{graph)
kings = find kings(graph, T) # Find the kings

print({"The kings are:", kings)
draw_graph _with kings(T, kings, False)

else:
print{"A matrix given is not a tournament!"}




Pe3ynbraT:

The kings are: [1, 2, 3, 4, 5

Tournament T




3. AITOPUTM NMOLIYKY CUAbHUX KOpoAiBY TYpHipi T [3]

# Finds strong kings
def find_strong_kings{graph, T):
max_degree = 2
M = count M{graph, T, max_degree)
strong_kings = []
for v in T.keys():
counter = 8
for u in T.keys():
if M[wv-1][u-1] < M[u-1][v-1]:
counter += 1
if counter < 1:
strong_kings.append(v)
return strong_kings

# Define a directed graph as an adjacency matrix
graph = np.array([[&, 1, 1, &, &], [@&, &, @&, 1, @], [&, 1, &, &, 1], [1, @

is_bipartite = False

if is tournament{graph, is bipartite):
T = adj_matrix to dict(graph)
strong_kings = find_strong_kings{graph, T) # Find the kings
print("The strong kings are:", strong kings)

draw_graph with kings(T, strong kings, False)
else:

print("A matrix given is not a tournament!")



Pe3ynbraT:

The strong_kings are: [4]
Tournament T

3

1\-2



4. Anroputm nobyaoBUM TYPHIpiB Ha n BepLwKMHax 3 k KopoJisimu [3]

# Generates a Tournament with n vetexes and k strong kings
def generate_tournamentin, k):
if check_n_k(n,k) == True:

K= L)

# 0dd k
generate_regular tournament{k)
for 1 in range(k):
K.add(i + 1)
if n != k:
for v in range(k + 1, n + 1):
T.add_node(wv)
for u in range(l, n):
if u != v

if not T.has_edge(v, u):

T.add_edge(u, v)

else: # Fven k
T = generate_regular tournament{k - 1)
X, ¥y Z =k, k+1, k+2
for i in range(k - 1):

K.add(i + 1)
(. add{x)
.add_node(x)
.add_node(y)
.add_node(z)
add_edge(x,
.add edge(y
.add edge(y, z)
= random.choice{list(T.nodes(})}]
while u == ¥ or U == y or u == z:
u = random.choice(list(T.nodes()))

e S

find first_predecessor(T, u, %, ¥y, Z)
find_first_successor(T, u, %, ¥y, Z)
.add_edge(x,
.add_edge(x,
.add_edge(v2, x)
.add_edge(vl, y)
.add_edgefu, y)
.add_edge(vz, y]
.add edge(vl,
.add edge(u, =)
.add edge(z, v2)
if n !'= k + 2:
for v in range(k + 1, n + 1):
T.add_node(wv)
for u in range(l, n):
if u != v
if not T.has_edge(v, u):
T.add_edges(u, v)
print("strong kings are: ", K)
draw_graph_with kings({T, K, True)
return T, K




MepeBipKa3HayeHb kin

# checks if n >= k >=1 and k !'=n - 1, when n is odd or k& != n, when n is even
def check_n_k{n, k):
conditions_satisfied = True
if n < k:
conditions satisfi False
print{"n is less than k!")
elif n <« 1 and k 1:

<
conditions satisfied = False

print{"n and k are less than 1!")
elif n >= 1 and k < 1:

conditions_satisfied = False

print("k is less than 1!™)
else:

if n % 2

if
conditions_satisfied = False

print("It is impossible to build a tournament with", n, "vertexes a ¢, "kings, because k =
if n % 2 == 1:
if k ==n - 1:

conditions satisfied = False

oo

print("It is impossible to build a tournament with", nm, "vertexes and ¢, kings, because k

return conditions satisfied




CTBOpPEHHA perynapHoro TypHipax Ha k BepLumnmHax

# Cregtes g regular tournamnt on k vertexes using nx
def generate regular tournament(k):

T = nx.DiGraph()

score = int (k/2)

vertices = list(range(1l, k+1))

for i in vertices:

for v in range(l, score + 1):
j=(i+v) ¥k
if j != @:
T.add edge(i, j)
else:
T.add edge(i, k)

return T

3Haxo4KeHHA neplumx cyciais ana sepwmHn u s N~ (u) i N+(u)

# Find first predecessor for vertex u in g tournament T
def find_first_predecessor(T, u, %, ¥y, Z):

predecessors = list(T.predecessors{u))

if not predec 1 # no predecessors

return None

else:
for i in predecessors:
if i '=xand 1 !=
return i

successors = list(T.successors{u))
if not successors: # no successors
return None
else:
for i in successors:

ifil=xand i!=yand i !l=

return i

# Find first successor for vertex u in a tournament T
def find first_successor(T, u, %, y, z):

-
=




=7k = 4:

7,k=3in

anan =

YyNbTaTh

Pes




5. Anroputm NoLwyKy KOpPOoiBY ABOYACTKOBOMY TYpPHipi T [3]

# Finds kings
def find_kings in_bipartite(graph, T):
max_degres = 4
M = count_M{graph, T, max_degree)
kings = []
for v in T.keys():
counter = @
for i in range(len({M[@]}):
if M[v-1][1] -H
counter +=
if counter == @:
kings.append(v)
return kings

# Define g directed graph as an adjocency matrix
graph = np.array([[e, 1, &, &, @], [@, &, 1, @, 1], [@, &, @, 1,
is bipartite = True
if is_tournament(graph, is_bipartite):
T = adj_matrix_to dict(graph)
kings = find_kings_in_bipartite(graph, T) # Find the kings

print("The kings are:", kings)
draw_graph_with_kings(T, kings, False)

else:
print("A matrix given is not a bipartite tournament!")




Pe3ynbrar:

The kings are: [1, 2, 3, 4]

Tournament T
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