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La cmamma npucsavena sacmocysannio memody Monwme-Kapao do ouiriosanhs onuionis 1a we-
AEBIOHUT punKkaxr. Anomasvrae cyboudysia - ue dobpe 6i0oMma MOOEAL OAA ONUCY MAKUL PUHKIG, KO
CNOCMEPI2AI0MbCA BIOHOCHO MPUBAAL nepiodu bed 6ydv-akol mopeaieai. aa nobydosu cyboudysitinus
mooeneti nam nompiono saminumu kasendaphuti wac t na deaxutd cmoxacmuvnuts npouec S(t), axut
Ha3usaemovea obeprerum cybopounamopom. Obepnenuti cybopdunamop S(t) inmepnpemyemves ax wac
neputozo docaznenta 0eaxol Uinu, AKG NOMIM NPOMAZOM MPUBLAOLY HACY MOAHCE HE SMIHIOBAMUCH 1
basyYEMbeA Ha BUKOPUCTIAHHT OEAK020 THUL020 BUNGOK0B020 NPOUECY, U0 HA3UBAEMBCA CYOOPIUHAMO-
pom. V uith pobomi Mmu NPONOHYEMO BUKOPUCTIAMY 20.MMA-NPOUECC AKX cybopdunamop das cybdudysit-
1ot modeai Baweave. Buxopucmosiyiowu dobpe 6100MI 6AGCTIUGBOCE OAA 2aMMO-NPOUECCIS Ta obepHe-
HUT 20MMO-TPOUECIS, MU 3HATOOUMO KOSAPIaUItHY cmpykmypy dpaxmarvhoi modeai bawenve 3 FBM
(Ppaxmanvrum GPOYHIGCORUM DYLOM) Y AKOMY 3AMIHIOEMO “aAC NG 2AMMA-NPOUEC, G NOMIM COCALONCY-
emo ¥ acumnmomuuny nosedinky. Homim mu sacmocosyemo memod Monwme-Kapao 0an ouinio6aHHa
onutonis Yy uith cyboudysitinot modeai Baweave. JIas 14020 MU SUKOPUCTIOBYEMO TMEPAUITIHT CTEMU
oaa modearosanna N cuenapiie uih o axuyii oas nowux modeseti. Toxooc Mu 0eMOHCTIPYEMO YUCAOBT
PESYALMATIU.

Kmowosi caosa: cybdudysia, camma-npouec, memod Monme-Kaparo, ouiniosanms onuionis.

This paper focuses on applying Monte Carlo approach to option pricing in markets with illiquid
assets. Anomalous sub-diffusion is a well-known model for describing such markets, when relatively
long periods without any trading are observed. For constructing sub-diffusive models we need to replace
a calendar time t with the some stochastic processes S(t), which is called inverse subordinator. The
inverse subordinator S(t) means first hitting time and based on subordinator processes. In this paper
we propose to use gamma gamma process as subordinator for Bashelie sub-diffusion model. Using well-
known properties for gamma and inverse gamma processes we find the covariance structure of fractional
Bachelier model with FBM time-changed by gamma process and then explore the asymptotic behavior
of it. Then we apply Monte-Carlo method and propose procedure of option pricing for Bashelie sub-
diffuston model. For this aim we use the iterative schemes for simulating N scenarios of stock prices
for our models. Finally we demonstrate numerical results.

Key Words: sub-diffusion, gamma process, Monte-Carlo approach, option pricing.

1 Introduction nance in fractal activity time (FAT) models to
provide long memory (dependence) for log returns.
In the papers [1], [2], [6]- [8] were presented option
pricing for such models, which belong of the larger

class of diffusion process with "market” time.

In recent decades time-changed stochastic
processes are getting increasing attention.These
stochastic processes are used for example in fi-
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Time-changed stochastic processes are also
used in statistical physics to model anomalous di-
ffusion phenomena. In markets with illiquid assets,
we often see the similar anomalous sub-diffusion,
when relatively long periods without any tradi-
ng are observed. This feature is most common for
emerging markets in which the number of parti-
cipants, and thus the number of transactions, is
rather low.

Sub-diffusion is a well known and established
phenomenon in statistical physics. It occurs if we
replace the calendar time ¢ with S(t), where S(t)
is called the inverse subordinator. The inverse
subordinator means first hitting time and it is gi-
ven by the following formula:

S(t) =inf{r > 0:U(r) > t}. (1)

There are several methods for finding price
values of Cy(Xo, K, T, o) for subdiffusion models.
One of them is to find call or put option price as
solution of the forward partial integro-differential
equation (PIDE) with some initial conditions [5].
The another method is by approximating integral
in opting pricing formula [3]. And finally the
method we use is Monte-Carlo approach.

The Monte-Carlo method is based on modeli-
ng the trajectories of the inverse subordinator
Sy(t) in the interval [0,7"] and calculate the
fair price as the mathematical expectation. This
method already was applied for two kinds of
subordinators [3]: « stable and tempered « stable.

In this paper we propose to use gamma
processes as subordinators.

The paper is organized as follows. In Secti-
on 2 we recall what is non-fractional Bachelier
model, how to find fair price for this model and
how to estimate difference between Bachelier pri-
ce OB = C(Xy,K,T,0) and Black-Scholes price
CBs,

In Section 3 we we remain what is sub-
diffusion and consider gamma processes as
subordinators for Bashelie sub-diffusion model.
Some basic well-known properties of the gamma,
process as a subordinator and some very useful
properties of inverse gamma, process as a inverse
subordinator were considered. Then using these
properties we find the covariance structure of
fractional Bachelier model with FBM time-
changed by gamma process and then explore the
asymptotic behavior of it.
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In Section 4 we apply Monte-Carlo method
and propose procedure of option pricing for
Bashelie sub-diffusion model. For this aim we use
the iterative schemes for simulating N scenarios of
stock prices for our models as in [9)].

In Section 5 we present numerical results for
evaluating fair prices for Bashelie sub-diffusion
model with gamma process as a subordinator.

Last section contains conclusions.

2 Non-fractional Bachelier model

This section reviews some well-known results
about option pricing in a arithmetic diffusion
framework. We will consider later a time-changed
version of this model.

It is worth to mention that recently in the
day 2020-04-20, oil futures reached for first time
in history negative values, where Bachelier model
took an important role in option pricing and ri-
sk management. It demonstrates that sometimes
using of Bachelier model is more reasonable than
Black-Scholes.

Now we consider a financial market in which
is traded a risk-free bond and a stock. The rigk-
free bond, noted A;, earns a constant interest rate
r and satisfies the differential equation:

dA;

dt Ag =1, t>=0.
At r 0 )

(2)
We assume that the stock price, X, is ruled
by a following diffusion:

dXy = pdt + odBy, (3)
where 1 € R is the drift parameter, ¢ € R is the
volatility.

It means that the stock price dynamic follows
arithmetic Brownian motion:

X(t)=Xo+pt+oB(t), t > 0. (4)
Here, B(t) is the standard Wiener process or
Brownian motion (BM) on the probability space
(Q, F,P).

The model (2)-(3) with solution (4) is arbi-
trage free and complete (see [3]). The option prices
can be obtained by standard martingale method.
The fair values of call and put on a stock X; with
expiry date 1" and strike price K are expressed as
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- K Xo— K

C(Xo,K,T,0) = ov/T ( ) X—KN<7>, 5

(X0, K T,0) = oD ( 2 ) 4 (Ko = KON (20 5
K—-Xy K- Xy

P(Xo,K,T,0) = oV/T ( >+ K- X N<7> 6

(X0, K.1,0) = VT (=22 ) 4 (K = Xo)N (=2 ®

Here, ¢ and N are respectively the probabili-
ty distribution function (PDF) and cumulative di-
stribution functions (CDF) of the standard normal
distribution.

The link between fair prices (5) and (6) for
call and put options is given by the put-call parity
formula:

P(Xo, K: Tv 0)

Notice, the values of fair prices computed
by Bachelier and Black-Scholes approaches are
very close. The difference between Bachelier pri-
ce CP = C(Xo,K,T,0) and Black-Scholes price
CP% was estimated in [3] as follows

:C(Xo,K,T,O') + K — Xj.

X
BS o _A0

T 12v2

is the implied volatility in the Bachelier

Y

where o8
model.
In the remaining of this paper, we explore the
option pricing of a time-changed version of this
model. We would like to extend Bachelier model
for emerging market with periods, where assets
price does not change. The next section introduces
sub-diffusion and the stochastic clocks that we use
as time-changes.
3 Sub-diffusion Bachelier with
Gamma subordinator

model

The usual model of sub-diffusion in physics is
the celebrated Fractional Fokker-Planck equation.
This equation was derived from the continuous-
time random walk scheme with heavy-tailed wai-
ting times. Equivalent description of sub-diffusion
is in terms of subordination, where the standard
diffusion process is time-changed by the so-called
inverse subordinator.

A subordinator is a stochastic process of
the evolution of time within another stochastic
process, the subordinated stochastic process. In
other words, a subordinator will determine the
random number of "time steps"that occur wi-
thin the subordinated process for a given unit of
chronological time.
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Thus, subordinator U, is a stochastic process
with positive, non-decreasing sample paths and
taking value in R+.

We consider Levy subordinators for which
increments are independent and homogeneously
distributed. It is known that from the
Levy—Khintchine formula the Laplace transform
of Lévy subordinators has the following form:

E <e—wUt> _ e—tf(w)7

where f(w) bw + fOJrOO
beRt.

The inverse subordinator means first hitting
time and it is defined by the formula (1).

This inverted Lévy subordinator is in general
no more a Levy process. However S, { = 0,
is positive and non-decreasing and has a [5] all
requisite properties to be used as stochastic clock.
By construction, the inverted process may be
constant. Therefore, any process subordinated by
S exhibits motionless periods. These random di-
stributed motionless periods are characteristic for
the subdiffusive dynamics and they represent the
waiting times in which the test particle gets
immobilized in the trap. In analogy with the physi-
cal description of sub-diffusion, we can consider
the sub-diffusive arithmetic BM [3]:

X(S(1)) = Xo +pS(t) + 0 Bu(S(1)), t 20, (7)

where S(t) is subordinating process and B(t¢) and
S(t) are independent.

In recent years number of papers devoted
to using the processes time-changed by inverse
subordinators as models adequate for anomalous
diffusion phenomena have grown rapidly. We only
mention, for instance an inverse « - stable subordi-
nator, the inverse tempered stable subordinator
and the inverse gamma process as a time-change
was examined in papers of M. Magdziarz, , A.
Wryltomarnska. The general case inverse subordi-
nators based on infinite divisible processes were
explored for example by T. R. Hurd and A.
Kuznetsov, J..

In this paper we would like to use gamma
process as a subordinator for description time peri-
ods in which price does not change. It is reasonable

e~“*)7(dz) and
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because gamma process is a pure-jump increasing where I'(z) is the Gamma function.

Lévy process and thus it is a good candidate for 5) The Laplace exponent for gamma process
construction waiting time. U(t) is given by
Suppose Uy, t > 0, is gamma process

I(t,a, B), thus it is a positive nondecreasing Wiy = 1 log(1 + u).
process such that Uy = 0, and its increments v
Uiys — Ut, t > 0, are stationary independent and 6) The moments for gamma process U (1):
have gamma distribution.

1 N B(UY)) = M ~ t

e . (8) L'(t/v) 4

where « = s/v, § = 1 and v is a positive
parameter. Some basic properties of the gamma

if t — cc.
7) The correlation function is

process are well-known: 3
1) Multiplication of a gamma process by a Corr(U(s),U(t)) = \/;7
scalar constant A is again a gamma process with
different mean increase rate. s < t, for any gamma process U(t).
The inverse subordinator S(t) defined by (1),
AL(t; o, B) = Tt o, B/A). with gamma process U(t) has follows properties
(see [4]):

3) The sum of two independent gamma

1)The inverse subordinator S(t) for gamma
processes is again a gamma process.

process U(t) is inverse gamma process, and its tail

behavior satisfies:
U(t; o, B) + Tt 02, B) = Tt 001 + 0, B).
2y —-1/2 x/v—t vt
4) The density function f(x,t) for gamma P(5(t) > ) ~ (7) € (;

process U (t) is given by

)z/y

if z — oo.
1 Ly 2) The moments for S(t) of first and second
e, t) = F(t/v)wv ey>0 order can be computed as
Mi(t) — ES(t) — v (t + l) et / - e d (9)
R U o (9 [(og(y)” + 77
1 12 o0 e Y log(y)
MtIESt2u2<t+—+—>—2y2e_t/ dy. 10
()=S0 DA o oo 27" 1Y
3) The covariation function is

1 i
Cov(St, Seyk) = §M2(t) + / Mi(t+k —y)dMi(y) — Ma(t+ k) Ma(t). (11)

0

It is useful to find the covariance structure changed by gamma process and then explore the
of fractional Bachelier model with FBM time- asymptotic behavior of it.

Proposition 1. If Xy is a stochastic process given by (), where U(t) is Gamma process, then, for any
integer k = 0:

Cov(X(t), X(t +k)) = p>Cov(S(t), S(t + k)) + a*Cov(BuS(t), BuS(t + k)), (12)

where covariation function between S(t) and S(t + k) is defined by property (11) and covariation
function between B S(t) and By S(t + k) was explored in [5]:
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¢
Cov(BuS(t), BuS(t +k)) = Mau(t) + 2H/ Mop_1(t + k —y)dMi(y). (13)
0

where My(t) =E(S(£)4(t)), H - is the Hurst exponent.

The results follows from (9)-(11) and the fact that

Cov(X(U(t), X(U(t + k)) = p2Cov(S(t), S(t + k)) + poCov(S(t), B (S(t + k) +

14

+ uoCov(Br(S(t)), S(t + k)) + a?Cov(Bgy(S(t)), Bu(S(t + k))), 14
where Cov(S(t), Bu(S(t+k)) = Cov(By(U(t)),S(t+k)) = 0 because we suppose the inverse subordi-
nator S(t) and FBM By (S(t)) are independent.

4 Monte-Carlo Option pricing in sub- on is completeness of market model. The Second
diffusion Bachelier model Fundamental theorem of asset pricing states that
the model is complete if and only if there is a
For the sub-diffusion market described above the unique martingale measure. In the paper [3] were
usual requirement for the fair option pricing i8  given two different proofs of the incompleteness
that arbitrage opportunities do not exist. For this  of financial market model based on subdiffusive
it is enough to prove the existence of the equi- ABM. If the subdiffusive model is incomplete, then
valent martingale measure. In [3] was introduced it is reasonable to obtain different prices of deri-
the following measure vatives depending on the choice of the martingale
2 measure. The choice of the measure ¢ defined in
Q(A) = / exp {—’YB(Sw (1)) — %Sw(T)} dP,  this way is the natural extension of the martingale
A measure from the classical Bachelier model, in
where v = % and A € F, and was proved the context of subordination. Moreover, measure
that the subdiffusive arithmetic BM X () is a @ minimizes the relative entropy. So, from paper
martingale with respect to Q. Also in [3] was [3] we know that the subdiffusive model (7) is
shown that the market model, in which the arbitrage-free, incomplete and the fair price of the
asset price is described by the subdiffusive ari- KEuropean call option with expiry date 7" and strike
thmetic BM, is arbitrage-free. The second questi- price K is given by:

Co(Xo, K, T, ) — (C(Xo, K, Su(T), ) — /OOO C(Xo, K, 2, 0)g(@, T) da (15)

where, gy is the PDF of Sy(7"). There are 5 Numerical Results
some ways of finding fair price. One of them is by
approximating integral in (15). But this approach In this section, the algorithm for using Monte-
requires that ¢ is known exactly. The another Carlo approach are demonstrated.
method is to find call or put option price as We considered spot price Sy = 277.0 for
solution of the forward partial integro-differential March 14, 2020. The strike price for call opti-
equation (PIDE) with some initial conditions. ons with maturity 7 = 1/12 year is set at K —
And finally the method we use is Monte-Carlo 255;260; 265;270, the yearly volatility for returns
approach. The Monte-Carlo method is based on of the underlying asset is computed at o = 33.7%,
modeling the trajectories of the inverse subordi- the yearly riskless interest rate is set at r = 5.8%.
nator Sy () in the interval [0, 7| and calculate the The main steps in a basic Monte Carlo
fair price as the mathematical expectation. approach to estimating fair option price in the ari-

thmetic sub-diffusion model are as follows:

This method already was applied for « stable 1. First we simulate N trajectories of U(t),
and tempered « stable subordinators in [3]. In this that is a process of independent stationary
paper we apply Monte-Carlo method for gamma increments having gamma distribution. We divi-
subordinator. de the interval [0,7] into subintervals of length
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/delta, where the increments U(t + S) — U(t),
t 0,S2S,....,T —S have gamma distribution
with parameters S/v and 1. We simulate T/S
independent random variables from this distributi-

on. Finally, the trajectory of U(t) is obtained as

the cumulative sum of the increments.

2.
trajectory of the inverse gamma subordinator we

In order

2021, 2
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need to use following approximation scheme:

Sf,s(t) = (min{n GN :T/(Sn) > t} —1)S. (16)

Here, S > 0 is the step length and T/ () is the
subordinator.

3.
N values of the inverse subordinator S(T) and
option price values,

(15). See Fig. 1.

using formula

Inverse subordinator

Loo

Puc. 1. The trajectories of inverse subordinator

4.
obtained in the step 3.
The results of the above algorithm are

presented in Fig. 2. We observe atypical trajectory
of ABM with gamma waiting times. And we use

Find the fair price as mean for N scenariothe above algorithm to perform Monte Carlo si-

mulations in order to approximate the fair option
price for sub-diffusion model. Some basic results
for European call options are presented in Table
1.

Ta6n. 1. Numerical comparisons

Strike Price Last (Market) Subdiffusion Bachelier Black-Scholes
255 32.60 31.09 30.34 26.67
260 28.67 26.82 25.80 22.76
265 27.00 24.81 23.97 19.17
270 23.00 20.53 19.35 15.92
In order to evaluate the accuracy of the as a following ratio:
proposed method and to compare it with fair prici-
. . . g . A -
ng according to the Black-Scholes formula, we can I-I”ercenfagelri’rror _ \Giteoretical marketl!LBB[%/
compare their percentage errors. The percentage ~market

error for a given strike price K can be computed

90

Overall, the results show that average percentage

errors for Subdiffusive pricing (7,5 %) and for

For a given time of maturity T generate
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Puc. 2: Sample realizations of the standard ABM (top panel), and the corresponding subdiffusive ABM

Optimal ABM pricing (11 %) are less than for Fair
Black-Scholes Pricing (24%).

However, these errors may indicate that the
proposed model is very sensitive to volatility a,
and to the periods without price's changing.

Thus, we offer our approach as an alternati-
ve to the Bachelier and Black-Scholes formula for
emerging markets.

6 Summary

Following the financial tsunami
2008 and the crisis of Covidl9
observe that some kinds of risky assets have the

experiences of
in 2020, we can

periods in their dynamic without change and the
risk controls of derivative instruments on stocks
and other financial assets have become extremely
important. Thanks to sub-diffusion approach, the

investor gets a tool, which allows him to take

91

into account these features in the option pricing.
Monte-Carlo approach with gamma subordinator
allows evaluate option price easy.
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