LOCALLY-ZERO BINARY OPERATIONS AS ELEMENTS OF BIN(X)
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Let X be a nonempty set. Denote by Bin(X) the collection of all binary operations on X.
In [1] the binary operation O on Bin(X) was considered: for o, € Bin(X) put a(o%)b =
(aob)* (boa) for all a,b € X. It can be proved that [J is associative (see [1]).

Denote by o, and o,, the ‘left-zeroes’ operation (defined as a o, b = a for all a,b € X) and
the ‘right-zeroes’ operation (defined as a o), b = b for all a,b € X), respectively. It is easy to
see that o, is the neutral element for [J. An operation o € Bin(X) on X is called locally-zero
if the restriction of o on any two-element subset of X equals o;, or o,,. Clearly, both o;, and
o,, are locally-zero operations.

It was proved in [2] that o € Bin(X) lies in the center of the semigroup (Bin(X),0) if and
only if o is a locally-zero operation. As a corollary, we obtain that the set of all locally-zero
operations is closed under the [1.

With each locally-zero operation o € Bin(X) we naturally associate an (undirected) graph
G(o) on X defined as follows: V(G(o)) = X, FE(G(o)) = {ab : o is left-zero on {a,b}}. It
is easy to see that this correspondence between locally-zero operations and graphs on X is
bijective. Denote by G the complement of G' and by GAH the symmetric difference of two
graphs G, H.

Proposition 1. For a pair of locally-zero operations o,* € Bin(X) it holds G(oOx) =
G(0)AG(*).

It was also shown in [2] that a locally-zero operation o is associative if and only if o €
{o1z,0,.}. In fact, it is possible to obtain a characterization of associative triples for such
operations o in terms of their graphs G(o). For a graph G and A C V(G) by Eg(A) we denote
the set of edges in G whose vertices lie in A.

Proposition 2. Let o € Bin(X) be a locally-zero operation and a,b,c € X. Then the triple
(a,b,c) is not associative for o if and only if a,b, ¢ are pairwise distinct, and Eq ) ({a,b,c}) =
{ac} or Eq)({a,b,c}) = {ab,bc}.

One can observe that oJo = o, for each locally-zero operation o € Bin(X). Hence, any
such o is invertible in (Bin(X),d)). Moreover, a locally-zero operation o does not have other
inverses under [].

Proposition 3. Let o € Bin(X) be a locally-zero operation and x be its left or right inverse
under LJ. Then x = o.

An operation o € Bin(X) is called graph operation if aob € {a,b} for all a,b € X. Trivially,
each locally-zero operation is also a graph operation.

Theorem 1. For a graph operation o € Bin(X) the next conditions are equivalent: (1) o
is left-invertible under O; (2) o is right-invertible under O; (3) o is locally-zero.
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