VIIK 513.6
Bodnarchuk Yu. V., Bratyk O. V.

UNITARY REPRESENTATIONS OF THE THREE DIMENSIONAL
UNITRIANGULAR POLINOMIAL TRANSFORMATION GROUP

A series of representations ofa group of unitriangular polynomial transformations of affine space

is constructed .

Let U/,, be a subgroup of triangular polynomi-
al transformations of the affine Cremona group
G A,, — the group of biregular transformations of
affine space A, = A, (F) over a field F of the
zero characteristic. The elements of U3 can be
represented in the form of tuples

(21 +aj. o0+ ag(ay), x5 + az(zy, x2)), (1)
where o €F and ao(ry), ag(rp.xe) are
polynomials.

As shown in [1,2], GA, has the structure
of an oc-dimensional algebraic group and U,
is a closed subgroup of GA, (in the oo-
Zarissky topology). Remark that Us can be
considered as iterated wreath algebraic product
Ftwr (Frwr,F*), where algebraic means that
we use only polynomial functions as elements of
the base of such kind of wreath product. As for
finite dimensional algebraic groups Lic algebra
Lie(GAs) can be defined as algebra of derivati-
ons of the polynomial algebra which have the
form

9} -
ay (1, ve, T3) O + as(@1, w2, v3) Oy *
d
+ a3l L1, T2y ) —;
as(x, o, 5)()‘1&1,

Lie(U, ) consists of derivations of the form

3 o o @
r.j}jx__]‘ 4 (.2(“,_ I)Ej_;; -+ (_.:;(.I 1_‘.12)8:—}:3.

(2)

Remark that U3 has the infinite analog of
an upper central series. To describe this series
one should consider an inverse lexicographical
ordering on the polynomial algebra Fzs. 2:3]. i.c.

' Po6oTa 4YacTKOBO IIiNTpUMaHa

HepxaBHuM ¢GoHIOM (YHIAMEHTABHUX  JOCHiIXEHb

23 < x3. Let m = xf 2} be a monomial then we
have the series of subgroups

Fm = {{x1, 9. x3+a(x2, 23)) | a(ze, 23) < m},

in particular F,, = (r1, @2, 3+¢), c€F is a
center of U,

{he U, |Vg €Uy lg.h]l € Fin} = Fpy+.

where [g, h] is a commutator in the group U,,, and
m™ is the next monomial (m < m™). Moreover,
for the subgroup

F(xa,w3) =
= {(21,22,23 + as(21,22)) | a3 € Flag, 23]}

we get F'(xo,w3)= Up Fin. The series can be
prolonged in such manner:

Hy = {(x1, 29 + az(a)). x3 + az(x2, x3))|
degas(xy) < k} 2 F(ay,x3),

{h e U, 1 Vg e U,, [‘(]. h‘] € Hk} = Hjy.

Thus Us is a locally nilpotent oo-dimensional
algebraic group. To take it into account it is
naturally to generalize the Kirillov’s method of
describing unitary representations of nilpotent Lie
groups (see [3]) on the class of these locally nil-
potent groups.

Remember that in accordance of the Kirillov’s
method we should to construct a representation
of the Lie algebra Lie(Us) by skew-Hermitian
operators on a space of functions. For a
correspondent Lie algebra Lie(U,) we have the
structure of a locally nilpotent Lie algebra. Let

s
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Z—{(a‘;—i|(€l\} } = {l’.!]l'r_}:T:;[f.ClI'}
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be a one-dimensional center of Lie(U,),
and Y:Z+Y = Lie(FT%) is the second two-
dimensional hyper center. Let us put

a
X = {C-}C}‘E‘Ilc & ]F},

dxo

then we have a decomposition Lie(U,,) =X + Y +
+Z 4+ W as a vecior space with a natural count-
ing basis:

W = {ag(:cl),i + ag(m‘mz)%} \(Z+Y)

P T L E T ¥ S
) g
= — (k)= K T
€ 6.’1’?1 1 ( ) ) 8 b
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In accordance with [3], we should describe
representations of the Lie subalgebra Ly=Y+
+Z + W and obtain ones for all Lie(U,) by the
induction procedure.

Basis elements of the subalgebra Lg satisfies
next conditions: :

[e(k),e(K)] = (3)
[E(?‘la 1‘2)1 E(Ti& Ta)] = 01 (4)
[e(k), E(r1,m2)} = mab(r1 + kyre — 1), (5)

In particular, [T%, T4 0)] = T¢0,0) = tAE. For
A # 0 let us put 17, = P, uTE 1,0) =@, then we
get a well known operator’s equallty

PQ - QP = iE.

In accordance to the Stoune-Von Neuman theo-
rem (see [3]} all ireducible representations of
such pairs can be describing as linear operators

P=it Q=

i.e. operators of derivation and multiplication by
t which act on the appropriate space of functions
F(£). It follows that T = &, Ty(1.0) = iAt.

Let us introduce series of representations of
Lo, which act on the next basis elements in such
a manner:

Y .

Tery = A = e (8
Teiry,0) = 0" o, (7
Te0,1) = af, (8)

i

where 4, b, ¢; are parameters.

Let us choose the space of polynomials C[t] as
a representation infinite dimensional one. Then
an action of linear operators on this space, in
particular T¢(,, ,,) can be descnbed in such a
manner:

I Y ,.,J S B IR A |

- i & i
Tetrr) = D _ a0 G (1) € K1)

=0
®
In accordance with (4) we get
[Tetry o) Teoy] = 0, (10)
{TE(?‘N":)? t] =0, (11}
O
[Tf(rl‘f'z):t] - Z :—j-iz t)@ + 1}
i=0
(12)
Thus, for all ¢ oty
Crrra(t) =
so we obtain
Tg{n w2} = Cry 1-2( )1\«?‘1!?2 > 0. (13)

In accordance 1o (5) the condition should be sa-
tisfied:

- Tey Tegrira)] = 2T (reyra—1)»

therefore .
aednadl Lo e

b3
[Ab’“ & ] = e ik ra1(E),

Cry rg( )
"

If one puts f(k) = Ab*,

k ]
Ab = Tzcr1+k,rz—1(t)'

8L,y (1)

g(?‘]) = ot H h(?"l) = ?"26‘91_‘_;‘.’1.2_1“},

one gets the equalities

‘r‘l,rg (t) = b)"l €0.ra (t')
F{0)g(0) = h(0)

and a differential equation

acg ., (t)
A %‘81? = TQCg,rg—l(t)ﬁ
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which solutions can be easily obtained:

ra

2 { 9—7 -
Balt)=> 4 (J) (7)77, di € K, (14)

=0

here (;) is a binomial coefficient.
So, for abelian subalgebra £(ry,79) we get:
o f
T = B T2 oy
'l-f{:'l.r':} =b" jz_;d.f (J’ ) (‘4) i (15)

To get the representations of the all algebra
Lie(Us3) one should consider the representations
which are induced by ones of Lg constructed
bellow.

Theorem 1. /. There is a series of the represen-
tations of the subalgebra Ly which are defined in
such manner:

T_—{.g‘.) = fl]?k“f?‘.
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2. Via exponent map there is a series of
representations of the normal subgroup

No = {{z1,x2 + aa(zy), 3 + az(z1,22)) }.
g = (x1, 20+ 25, 23) = Uy : f(t) — b*f(2),
g = (z1,23, 23 + 27 2?) = Uy, : f(t) —

m
ra

>4 (P) ] s
0

j=

BT

Z m!
m

There is an induced representation of Uy on the
space of functions in two variables: if

g= 9190, ;1 = (r1+ a1, x2,x3), go € No
then

Ug : f(u,t) = Uy f(u+ ay,t).
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YHITAPHI 30BPAXKEHHA TPUBUMIPHOI T'PYIIU YHITPUKYTHUX
INOJITHOMIAJIBHUX ITEPETBOPEHD

Ilobydosano cepito 300paxcenv MpUGUMIPHOI 2pynu YHIMPUKYMHUX NOAIHOMIAAbHUX NePemEopeHb

aghinnozo npocmopy.



