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COMPARATIVE MATHEMATICAL ANALYSIS OF FUNCTIONAL PROPERTIES
OF MICE BONE MARROW IN THE PHASE OF RECOVERY OF COLONY-FORMING UNITS
NUMBER AFTER SUB-LETHAL AND REPEATED SUB-LETHAL IRRADIATION

Basing on the analysis of experimental data, reported in [N.V. Butomo et al. Radiobiologiya 28 (1988) 39], by
applying original mathematical model, earlier and more intensive recovery of the number of colony-forming units of
mice bone marrow was shown after repeated sub-lethal irradiation in the dose of 2.75 Gy, comparing to the recovery
process of bone marrow colony-forming units after the first sub-lethal irradiation in the dose of 2.75 Gy.
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1. Introduction

The effect of increased resistance to the repeated
action of ionizing radiation in the specified periods
after the previous sub-lethal irradiation is described
for mice, rats, pigs, sheep, dogs [1].

Along with that, the reasons for these phenomena
did not obtain an acceptable explanation.

In the investigation [2] an attempt has been made
to assess the connection between the state of hyper-
resistance and the number of colony-forming units
(CFU) of bone marrow (BM) in mice femur after the
repeated irradiation.

The authors of the investigation [2] note that their
experiments allow concluding that the post-
irradiation increase in the radioresistance of the mice
is revealed set against the number of BM CFU
which is not yet totally recovered. Amongst the rea-
sons for the development of this state, the important
role belongs to the changes which determine earlier
and more intensive recovery of the BM CFU number
after its decrease, caused by the repeated irradiation.

The investigation aims to determine and to com-
pare the gquantitative characteristics of population
functioning of mice BM CFU on the early stages of
the recovery of its number after sub-lethal irradia-
tions, which will allow determining the reasons that
define earlier and more intensive reconstitution of
the BM CFU number after the repeated sub-lethal
irradiation.

2. Materials and methods

The task assigned in the present work is solved by
means of the original mathematical model concerning
the alterations in the number of BM CFU described in
works [3, 4], using the experimental results of the
work of N. Butomo and M. Kiprianova [2]. The
method for spleen CFU assessment in lethally irradi-

ated mice was described by Till, McCulloch [7]. This
is a conventional method for the investigation of
hematopoietic stem cells under the influence of ioniz-
ing radiation, which allows studying their functional
activity and radiation sensitivity [8].

N. Butomo and M. Kiprianova performed the
investigations using male mice (CBAxC57Bl)F;
weighing 18 - 22 g. Animals were irradiated on the
RUM-17 X-ray unit under the following conditions:
voltage 180 kV, current strength 15 mA, filters
0.5mm Cu+1mm Al, half-value layer 1.25 mm
Cu. The dose rate was 10.2 mGy/s at a distance of
52 cm from the anode to the center of the body. The
radiation dose was 2.75 Gy, which is sub-lethal for
(CBAxCS57BI1)F1 mice. In our opinion, it was chosen
to obtain the pronounced response to irradiation, but
along with that to reach suitable indices of survival
rate, especially with due regard to the necessity of
repeated irradiation in the same dose.

The mathematical model was developed based on
the original scheme of hematopoiesis, introduced by
I. L. Chertkov [5, 6].

According to this scheme, hematopoiesis of the
living organism through its whole life is supported
by deposited in ontogenesis primitive hematopoietic
stem cells, which in the postnatal period populate the
territories of BM, where they are situated till the
moment of mobilization. Primitive stem cells gradu-
ally maturate and stepwise, one by one, to supply the
population of BM CFU and take part in the process
of hematopoiesis.

3. Results

So, according to the works [3, 4], the equation
which describes the alterations in the relative num-

ber of BM CFU in mice femur in time N(t), is
written as
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N _ m,

+AN(1),
dt TOCK

M)

where N (t)=

MC(t), M (t) — number of BM CFU

K
in mice femur at the moment t, Cx — number of BM
=279 the
T
reproduction rate of BM CFU, p — percent of the
cells, which after the division replenish the popula-
tion of BM CFU in mice femur, d = 1 — p — percent
of the cells, which after the division replenish the
population of committed hematopoietic progenitors
of mice femur BM; t — average duration of the cell

CFU in mice femur in control;

My

cycle of BM CFU in mice femur; — relevant

Tok
incoming rate of BM CFU to mice femur; m, —
number of sources of BM CFU incoming; t, — the

average duration of the time interval, in which CFU
come to BM of mice femur.

The solution to Eqg. (1) in the intervals of time, in

. m .
which parameters — , A are constant, which charac-
%o
terize the process of population functioning of BM
CFU in mice femur, is written as

(t)_m ( (o)—m] 2)

where N(t)) — the relevant number of BM CFU in

mice femur at the moment to, to — the beginning of
observation.

The results concerning the alterations of the rele-
vant number of BM CFU per one femur after acute
sub-lethal irradiation in the dose of 2.75 Gy and
repeated acute sub-lethal irradiation in the dose of
2.75 Gy in 12 days after the previous irradiation,
which are presented in Tables 1 and 2, are obtained
from the experimental results of the work [2] taking
into account that Cx — number of BM CFU in femur
normally equals to 3190 (3190 + 330).

Table 1. Parameters of a mathematical model describing the alteration in the relative number of BM CFU
in mice femur during four days after the acute irradiation in the dose of 2.75 Gy

Days after the first irradiation

Before irradiation |

2 hours 1 day | 3days | 5days [ 7days | 12days
Relevant number of BM CFU per femur
1 | 00564 | 00204 | 00614 | 01549 | 02815 | 0.6887
Parameters of the mathematical model
A =0.412; =0.005
To“k

Table 2. Parameters of a mathematical model describing the alteration in the relative number
of BM CFU in mice femur during four days after the repeated (in 12 days) acute irradiation
in the dose of 2.75 Gy

Before the repeated irradiation

Days after the repeated irradiation

12th day 2hours | 1 day | 3days | 5days | 7days | 12days
Relevant number of BM CFU per femur
0.6887 | 0.0382 | 0.0263 | 01094 | 0295 [ 0.5107 | 0.7865
Parameters of the mathematical model
A =0.402; =0.016
1~'o K
We will illustrate the method for assessment of N(3)—N(5) = (N(1) - S)(e? —e*), @)

mathematical model parameters, which describes the
increase of the relevant number of BM CFU in
femur during the first four days after the acute irra-
diation in the dose of 2.75 Gy.

From the Eq. (2), which describes the alterations
of the relative number of BM CFU in mice femur
after the irradiation during the first four days from
the beginning of the observation t, =1 day, it fol-

lows that

N@D-N@)=(N@)-S)1-e), ©)
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where S = Taking into account the

o
7oCx (1)
meanings of N(1), N(3), N(5) from Table 1, we

will  get NE)-NEO) _ e?* ~2.280488. Hence,
N(1)-N(3)
A =0.412.
From the Eqg. (4) we obtain that:
SSmLL B ()——N (®)-NG) _ 0116
7,Cx (1) —e*
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then —19_ ~0.005.
Tobk

Using the Eq. (2) and the results of the experi-
ments presented in Table 2, using the method
described above we will calculate the parameters of
the mathematical model, which describes the in-
crease of the relevant number of BM CFU in femur
during the first four days after the repeated in 12

days acute irradiation in the dose of 2.75 Gy.

4. Discussion

The estimations of the reproduction rate of the fe-
mur BM CFU X represented in Tables 1 and 2 are
practically equal during four days after the acute irra-
diation and in 12 days after repeated acute irradiation.

Along with that, the relevant incoming rate of

BM CFU to mice femur —o

ToLk
acute irradiation in 12 days during the first four days
is practically three times higher than the relevant
incoming rate of CFU to mice femur BM during four
days after the first acute irradiation.

So, the reason which determines earlier and more
intensive recovery of BM CFU number after the
repeated acute irradiation may be the significant
difference between the relative rate of hematopoietic

after the repeated

stem cells’ transition as a result of the division to the
next level of maturation, which is CFU, after the
repeated acute irradiation and the first acute irradia-
tion, which may be the evidence of increased radio-
resistance of the maturating CFU after the repeated
acute irradiation.

5. Conclusions

The mathematical model is proposed which
describes the recovery of the relative number of
mice BM CFU after the irradiation cease.

Using the experimental data of the authors N.
Butomo and M. Kiprianova [2] we obtained by
applying the mathematical model the determined
parameters, which characterize the recovery of the
number of mice BM CFU.

Obtained results allow performing the comparative
analysis of the parameters characterizing the early
stage of the recovery of mice BM CFU number after
the sub-lethal and repeated sub-lethal irradiation.

The method for the investigation of the functional
properties of mice BM in the process of recovery of
BM CFU number after the irradiation is currently
proposed. It allows choosing the optimal variant for
applying the characteristics of mice BM reaction to
the repeated irradiation in the experimental study.
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TOPIBHSUIbHUM MATEMATH‘IHHPI AHAJII3 ®YHKIIOHAJIBHUX BJIACTUBOCTEA
KICTKOBOI'O MO3KY MUIIEHN Y ®A31 BIIHOBJIEHHSA YNCEJIBHOCTI KOJIOHIEYTBOPIOIOUYNX
OJUHHULD HICJISA CYBJIETAJBHOI'O TA IIOBTOPHOI'O CYBJIETAJIBHOT'O OITPOMIHEHHSA

3a [IOTIOMOTOI0 OpHUTiHAIBHOI MAaTEeMAaTHYHOI MOZENi 3 BHKOPHCTAHHSAM EKCICPUMEHTAIBHUX pe3yJbTaTiB
[N.V. Butomo et al. Radiobiologiya 28 (1988) 39] ycranoBieHo pu4nHy, Ka BU3HAYa€e OiIbII PaHHE Ta GiIBII iHTEH-
CUBHE BiTHOBJICHHSI YHCEJIFHOCTI KOJIOHIEYTBOPIOIOYMX OAMHHUIIH KICTKOBOTO MO3KY MUIIIEH IiCIs TOBTOPHOTO CyOIe-
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TaJILHOTO ONPOMiHEHHS B 1031 2,75 I'p MOPiBHSHO 3 MPOLIECOM BiJHOBJICHHSI KOJIOHIEYTBOPIOIOUMX OJMHUIIb KiCTKOBOTO
MO3KY MicCJIs NepIIoro cyOneTaabHOro onpoMiHeHHs B 1031 2,75 I'p.
Kniouosi crosea: ioHi3yroua panianisi, KICTKOBUI MO30K, (DyHKIIIOHATEHI BIIACTHBOCTI, MAaTEMAaTHYHE MOJICITFOBAHHS.
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CPABHUTEJIbHBIA MATEMATHYECKUMA AHAJIU3 ®YHKIIMOHAJBHBIX CBOMCTB KOCTHOI'O
MO3I'A MBIIIEM B ®A3E BOCCTAHOBJIEHUSI YACJTEHHOCTU KOJIOHUEOBPA3YIOIIUX
EJUHUIL ITOCJIE CYBJIETAJIBHOI'O 1 TIOBTOPHOI'O CYBJIETAJIBHOTI'O OBJIYYEHUSA

C MOMOIIBI OPHUTMHANBHON MAaTeMaTHYeCKOW MOJIENU C HCIOJb30BAHHEM DKCICPHUMEHTANBHBIX PE3yJbTaToB
[N.V. Butomo et al. Radiobiologiya 28 (1988) 39] ycraHoBieHa npuyrHa, KOTOpasi onpezessierT 6oliee panHee u OoJee
HMHTCHCHBHOE BOCCTAHOBIICHIE YHCICHHOCTH KOJOHHEOOPAa3yIOMNX SIHMHHL] KOCTHOIO MO3ra MBIIIeH [OCiIe TIOBTOPHO-
ro cybneranpHOro obmydeHust B 103e 2,75 I'p 10 CpaBHEHHIO C MPOLECCOM BOCCTAHOBJICHHS KOJOHHEOOPa3yIOIHX
eIMHHI] KOCTHOTO MO3Ta [OCJIe IIEPBOro CyOIeTanbHOro 00aydeHus B go3e 2,75 I'p.

Kuiouesvle cnosa: WOHM3HMpYIOIIAs paguanis, KOCTHBI MO3r, (YHKIHOHAJBHBIC CBOICTBA, MaTEMaTHYECKOE
MOJIeTIMPOBaHHE.
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