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ABSTRACT

We present a formula for classical solutions for time- and space-fractional kinetic equation (also known as fractional
diffusion equation) and deviation time variable is given in terms of the Fox’s H-function, using the step by step method.
This equations describe fractal properties of real data arising in applied fields such as turbulence, hydrology, ecology,
geographic, air pollution, economics and finance.
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1. INTRODUCTION

In recent years it has turned out that many phenomena in engineering physics, chemistry and other sciences can be
described very successfully by models using mathematical tools from fractional calculus.

The concept of fractal is one of fundamental paradigms of modern theoretical and experimental physics, radio physics
and radar, and fractional calculus is the mathematical basis of fractal physics, geothermal energy and cosmic
electrodynamics.

Fractional differential equations have gained importance and popularity mainly due to exact description of nonlinear
phenomena, especially in fluid mechanisms, e.g. nano-hydrodynamics, where continuum assumption does not well, and
fractional model can be considered to be a best candidate. Hence great attention has been given to finding solutions of
fractional differential equations. Although the mathematical formalism of fractional calculus is now well developed, the
widespread use of fractional integrals (Cl) and the fractional derivatives is constrained by lack of clear physical
interpretation of them. A direct link between the CI and the Cantor’s fractal set has been shown [1]. If the total number
of remaining states at each stage of the partition of the set is normalized to unity, the share of the remaining states, v,
included in the CI index is exactly equal to the fractal dimension of the Cantor set v,and 0 <v < 1.

New mathematical models of various transport process of substances in porous media that have a fractal structure are
investigated in book [2], such as the movement of ground water, soil moisture, and salt, evolution of small perturbations
in channels with fractal walls, the dynamics of the micro-meteorology regime under irrigating large areas. The results on
the analytic theory of heat and mass transfer are represented in [3], with a view to the development of computational
technics to determine the fluxes of matter and heat at the interface, including the presence of chemical reactions. Last but
not least, the concepts of fractal geometry have entered recently in optics, where they have been successfully used for
classifications and characterization of rough surfaces and solving numerous related applied problems [4-6]. The
experimental results of the study of statistical, correlations and fractal parameters, which characterize the real component
of the Jones-matrix image of polycrystalline networks of flat layers of the main types of human amino acids, are
presented in [7]. The use of fractional calculus in mathematical modeling of non-local process has been studied by A. M.
Nakhushev [8-9], V. A. Nakhusheva [10], Y. Z. Povstenko [11-14]. It has been noted [9] that the fractional differential
and integral calculus in the theory of fractals and systems with memory becomes as important as the classical analysis in
physics (mechanics) continua. Thus, fundamental research on non-local problems for pseudo-differential equations is
well-timed and relevant. The Cauchy problem has been extensively investigated for equations of fractal diffusion
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containing regularized fractional time derivative of the variable and the second-order derivatives in the space variables
[15-17]. Details description of the studies dealing with the non-local boundary value problems are represented in the
monograph [18]. As has been stated [19], in recent years, fractional reaction-diffusion models are studied due to their
usefulness and importance in many areas of science and engineering. The reaction-diffusion equations arise naturally as
description models of many evaluation problems in the real world, as the chemistry [20, 21], biology [22], problems in
finance [23-25] and hydrology [26]. Burke at [27] obtained solutions for enzyme-suicide substrate reaction with an
instantaneous point source of substrate. In 1993 Grimson and Barker [28] introduced a continuum model for the spatio-
temporal growth of bacterial colonies on the surface of a solid substrate with utilizes a reaction-diffusion equation for
growth. Many cellular and sub-cellular biological processes [29] can be described in terms of diffusing and chemically
reacting species (e.g. enzymes). A traditional approach to the mathematical modelling of such reaction-diffusion
processes is to describe each biochemical species by its (spatially depend) concentration. In recent time interest in
fractional reaction-diffusion equation [30-36] has increased because the equation exhibits self-organization phenomena
and introduces a new parameter, the fractional index into the equation. Additionally, the analysis of fractional reaction-
diffusion equations is of great importance from the analytical and numerical point of view.

2. FRACTIONAL KINETIC EQUATION

We consider the following fractional kinetic equation with deviation time variable

%wa—m”(—m“’zu(t, X)= f (tx,u(t=h,x) (1)

t>h,x eR", >0

subject to the nonlocal initial condition
U(t, X) lyeean = U (t, X), x € R", )

where u = u(t, x), 0 <t <T,x e R", is the kinetic field and B € (0, 1), >0, a > 0 are fractional parameters, A is the n-
dimential Laplace operator. In [37] present a spectral representation of the mean-square solution of the fractional kinetic
equation with random initial condition. The operator —(I — A)"2, >0, and (A)*?, are interpreted as inverses of the Bessel
and Riesz potentials respectively (see [37]).

The time derivative of order £ < (0, 1] is defined as follows

o”u(t, x) _ % if g=1,

o’ (DAU)(t, %), if Be(0,),
where

1 0 | B u(h,x)
(DZu)(t, x) = m[a!‘(t—r) "u(z, X)dz — W},oq <T

is regularized fractional derivative or fractional derivative in the Caputo-Djrbashian sense (see [37, p.3]). The fractional
Laplace define as
al2 -1 23
(A" ut,x)=F L, [lo " F . Lut )]l

X

and F__[u(t,x)]=V(t,o), F.}, [V(t,o)] denote the Fourier and inverse Fourier transforms of u respectively

(interpretation as hypersingular integrals [15, 16]).
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We prove the solvability of the Cauchy problem (1), (2) using the step by step method. We denote the space of k-times
continuously differentiable functions by C*and C° := C. The Riemann-Liouville fractional integral of order & > 0 is
defined for &> 0 as

1O =5 [ 10 =(0, " DO,

where
ta—l
')

is the Riemann-Liouville kernel and * denotes the convolution in time.

Definition. Let0 < f< 1, >0, 0 < a< 2. Suppose Uy € C([0, ©)xR"), f € C([0, ©)xR"; C([0, «0)xR™)). Then a function
u e C(J0, ©)xR") is a classical solution of the Cauchy problem (1), (2) if

1) FL @A+ o)y o [IF,

o—>

9.(t) =

[u(t, X)] defines a continuous function of x € R" for each t > 0;

—0
2) for every x e R", the fractional integral J'~ “u, is continuously differentiable with respect to t > 0, and

3) the function u(t, x) satisfies the integro-partial differential equation of (1) for every (t, x) e (h, o) xR" and the initial
condition (2) for every (t, X) € (0, h) xR".

In the non-deviation time variable situation the fractional-in-time diffusion equations, with formally corresponds to (1)
with =0, a = 2, has been studied by many authors (see references in [37]). In [38] prove the solvability of the Cauchy
problem for a quasilinear pseudodifferential equation with fractal derivative with respect to time t of order « € (0, 1),
second derivative with respect to spatial argument x and deviation time variable using step by step method.

For (1) where the pseudodifferential operator Au(t, x) is define by a nonsmooth symbol a(o) = (1+|0|2)y/2|a|” the posed
problem with condition (2) is solved in the present paper for the first time.

In the class of rapidly decreasing functions, a pseudo-differential operator is defined by the formula

(Au)(t,X) = (27) " [ €*7a(o)d(t,6)do, x e R",t >0,
Rn
a(t.o) = [ e"“u(t,y)dy,o e R",t>0.
Rn

3. STEP METHOD

By the step method, we reduce the Cauchy problem for a pseudo-differential equation with deviating argument to the
Cauchy problem for an equation with nondeviating argument.

Leth <t<2h,x e R", and let f(t, X, Ug(x, t — h)) = fy(t, X, ). Then u(x, t — h) = ug(x, t — h) and problem (1), (2) takes the
form

B
CHLI 4 (AUt ) = Tt x ) xR n<tszn <

u(t,x) |_,=u,(h,x),x e R". (4)

In terms of the Fourier transform, we get the following problem:
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B ~
%Jra(a)ﬂ(t,a) =F(to.h), oce R h<t<2h,
L’](t,o-) |’[:h= GO(t’G) , O € Rn,

where

1

F(t,o,h)=———(t—h) "0, (h,0)+ f(t,o,h) ,h<t<2h e R,

Irl-e)

F(u)=d(t,o) , h<t<2h oceR"

f(t,0) = [ exp{-iox}f (t. X, Uy(t—h, x))dx ,h<t<2h, o e R"
Rn
The solution of the Cauchy problem (5), (6) we will found in form

,h<t<2h oceR"

1 ¢ v(r,0)
[« )I(t T)lﬁd

When we substitute (7) in (5) we will get integral equation

utt,o) =17v(t,o) =

v(t.o) =F(t.o,h)+ ] ﬁv(r,a)dr,

h<t<2h, o € R", where function
Ki(t, 0) =————

is its kernel and with the help of (9) repeated kernels and resolventa

(-D"a(e)"
Ty

a(o)",
)= zF( ﬂ) ’

K,(t.o) =

are constructed.

Function

Eso ()= Zr(ﬁk +0)’

t>0, #>0, >0 is the Mittag-Leffler function of order £ and type 6. Then function R(t, o) from (10)

R(t,o) =t"vE, ,(v),

where v=a(o)t’, t>0.

The solution of integral equation (8) is
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(6)

(")

(8)

9)

(10)



v(t,o) = F(t,0,h) +jR(t—r, o, h)E(zr,0,h)dzr = F(t,o,h) + (R* f)(t,o,h), (11)

t>h, o e R". Since the inequality

d _ i Bk(-a(o)t’) 't (-a(9))" (npa _
a - Eraalot) = ; T(Sk +1) Zl rha) © =R(t0)

is true after term differentiation of series for E(—a(o)t) then we can present function v(¢,c) as

v(t,o) = j.%Eﬂ’l(—a(O')(t —-7)")F(r,0)dr + F(t,0,h) .

h
When we act on (11) operator 1” we will get G(t, &) . Indeed

|/ (R*E) — (-a(o)"F(4,0,h)
VRF)= F(ﬂ)j lﬁinz_l“ r(np)t-)"""

1 ()
- 1—‘(ﬁ) h{; F(nIB) J‘(t T)l B (t i)l—nﬂ dTJF(l O, h)dﬂ,

In inner integral by variable zwe replace variable by waccording to the formulat— 7= gt — A). Then

f SH . T —
3 (t=1)" ﬁ (t A=A A= )t
F(ﬂ)r(nﬁ) ( )(n+l)ﬁ—l

== 2B = B

So,

. le "
1(T*F) =] Zr((n‘;(i);)((tt i))l F(4,0,h)dA.

If we add Itﬂlf(t, o,h) here and take into account that 1”v(t, ) = (t, &) , we get the formula

‘ 1 & (alo) -
=l r)“{r(ﬂf; r(f+p) }F(”h)df‘

Cl

—j E (- a(a)(t 7))z E(r.0.h)dr, (12)

t>h, ce R".

If consider that

E(t,o.h) = r(11— 78, (0,0)+ f(t.o,h),t>h oc R
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then from (12) we get

b E(a)t-0))
i) = I TA-A)(t—o) " (t—h)

E, ;(-a(o)(t-17)")
(t—7)7

f(r,o,h)dr=

t
drao(h,a)+j
h

=Q,(t,0, 8,h)i,(h,o) + jQz(t —-7,0)f(z,0,h)dz. (13)

For function Qu(t, o, h) from (13) if expressing Eﬂﬂ(—a(cr)(t—r)ﬂ) through series and change the order of
summation and integration, then

Qt,o,a,h)=

1 j dr N
L(BA-B)s (—2) 7 (t-h)’

s (al) (-0
Ry, +ﬂ)£ (o) (c—ny "

Since

__B@D) _pes TET)

j dr
> (t—7) R (t - hy*™®  (t—h)"2* I'(a+b)

then when a = g, b=1—- fand a=ng + f, b =1 - g then we get that first and second integrals equals to

w LA A~ P)
I(ArL-p) and (t—h)" TG+ D

respectively. Then

& (-a(e)(t-h)” T(ng+ATA-p)
Qo AN =1 s AT TepD)

v a@e-hn)" o _ny?
_1+§ TATD =E4.(-a(o)(t-h)"), (14)

t>h, o e R". Second term in (13) is expressed using the Mittag-Leffler function E ; from (14) as formula
1 d t Eﬁyl(—a(a)rﬁ)

Qe i) =D B alt) = | =2

dr, (15)

So we have proved

Theorem 1. The solution of Cauchy problem (5), (6) takes the form (13), where the functions Q,, Q, defines by the
equalities (14) and (15) respectively.

In [17] proven that function E (—a(o)t”) has a Fourier transform, so the functions

G(tx, 8. =F.[Q o A i=12

exist. This functions was investigate in [37].
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When g=1, =0, o= 1 for the first time

F[Mj
G(t, ) = —2 “

n+1 n+1

72 () |xP) 7

is defines in [39, p. 93].

From equality (13) after applying the inverse Fourier transform and theorem on Fourier transform of product we get the
formula for solution u(t, x) of Cauchy problem (4), (5) as a sum of convolution

u(t,x) = | Gl(t,x—g,ﬂ,h)uo(h,g)d§+jdrj G,(t—7,x=¢& B,h) f (z,&,hyd& (16)

h<t<2h xeR"

The vector-function (G, G,) is called Green function of Cauchy problem (3), (4), moreover G,(t, x, a, h) =

o’
Wel(t,x,a,h) .

We prove (similarly as [40, pp. 189-191]) that function u(t, X) defined (16) satisfies the equation (3) and initial condition
(4).

4. MAIN THEOREM
Theorem 2. The solution of problem (3), (4) is exists and determined by the formula (19).

The next step is to continue the solution to the interval kh <t < (k + 1)h, x € R", e.g. construction functions ug(kh, &), f(t,
& kh), Gy(t, x — & B, kh), Gy(t— 7, x — & p, kh) such that on this interval the solution of corresponding Cauchy problem
is described in the form (16) with constructed components. So, we have

Theorem 3. The solution of problem (1), (2) is exists and determined as sum of convolution
t
u(t, x) = j G, (t,x—&, B,kh)u,(kh, &)d & + jdrj G,(t—7,x—&, B,kh) f (z,& khyd &,
R" h R"

kh<t<(k+1h xeR"

Remarks. When g € (0, 1), y= 0, a = 2 two-point problem is studied in [40]. The regularized fractional derivatives is
defined in [41]. The boundary problem for equation of fractal diffusion with argument deviation is studied in [42].

CONCLUSION

The concept of fractal is one of fundamental paradigms of modern theoretical and experimental physics, radio physics
and radar, and fractional calculus is the mathematical basis of fractal physics, geothermal energy and cosmic
electrodynamics. Fractional differential equations have gained importance and popularity mainly due to exact description
of nonlinear phenomena, especially in fluid mechanisms, e.g. nano-hydrodynamics, where continuum assumption does
not well, and fractional model can be considered to be a best candidate. Hence great attention has been given to finding
solutions of fractional differential equations.

By the step method we reduce the Cauchy problem for a pseudo-differential equation with deviating argument to the
Cauchy problem for an equation with nondeviating argument on interval with length h on t. We constructed the Green's
function for the above described problem. The properties of the Green's function allow us to describe the solution of this
problem as the sum of the convolutions of the fundamental solution with the data of the problem. Using the method of
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steps the obtained solution is continued to an arbitrary numerical interval and we present a formula for classical solution
for time and space-fractional kinetic equation (also known as fractional diffusion equation) and deviation time variable.

REFERENCES

[1] Nigmatulin, L.L., “Fractional Integral and Physical Interpretation”, Theor. and Math. Physics 90 (3), 354 — 358
(1992).

[2] Serbina, L.L., [Non-local Mathematicals Models of Transport in Aquifer Systems], Nauka, Moscow (2007).

[3] Bebeshko, Y., [Method of Fractional Differentiation in Applications of the Theory of Heat and Mass Transfer],
NGO “Professional”, St. Petersburg (2009).

[4] Angelsky, O.V., Maksimyak P.P., Ryukhtin, V.V. and Hanson, S.G., “New feasibilities for characterizing rough
surfaces by optical-correlation techniques”, Applied Optics 40 (31), 5693-5707 (2001).

[5] Angelsky, O.V., Burkovets, D.N, Kovalchuk, A.V and Hanson, S.G., “Fractal description of rough surfaces”,
Applied Optics 41 (22),4620-4629 (2002).

[6] Angelsky, O.V., Burkovets, D.N., Maksimyak P.P and Hanson, S.G., “Applicability of the singular-optics
concept for diagnostics of random and fractal rough surfaces”, Applied Optics 42 (22), 4529-4540 (2003).

[7]1 Mishalov, V.D., Bachinsky V.T., Vanchylyak, O.Ya. and other, “Jones-matrix of polycrystalline networks of
layers of main types of amino acids”, The 14" International Conference of Correlations Optics “Correlation
Optics’19” (2019)

[8] Nakhushev, A.M. [Equation of Mathematical Biology], Higher School, Moscow (1995).

[9] Nakhushev, A.M. [Fractional Calculus and its Application], Fizmatgiz, Moscow (2003).

[10] Nakhusheva, V.A. [Differential Equation of Mathematical Models of Non-Local Process], Nauka, Moscow
(2006).

[11] Povstenko, Y.Z., “Termoelasticity with used fractional heat conduction equation”, Mat. Methods and Physics-
fur. field 51 (2), 239-246 (2008).

[12] Povstenko, Y.Z., “Theory of thermoelasticvity based on the space-time fractional heat condition equation”,
Phys. Scr. 136 (014017), (2009).

[13] Povstenko, Y.Z., “Non-axisymmetric solutions to time-fractional heat conduction equation in a half-space in
cylindrical coordinates”, Mat. Methods and Physics-fur. field, 54 (1), 212-219 (2011).

[14] Povstenko, Y.Z., “Fundamental solution of Robin boundary value problems for time-fractional heat conduction
equation in a half-line”, Mat. Methods and Physics-fur. field, 55(3), 164-169 (2012).

[15] Kochubei, A.N., “Cauchy problem for evolution equation of fractional order”, Differential Equations 25(8),
1359-1368 (1989).

[16] Kochubei, A.N., “Diffusion of fractional order”, Differential Equations 26(4), 485—492 (1990).

[17]Kochubei, A.N. and Eidelman, S.D., “Fractal equations of one-dimensional diffusion”, Reports of National
Academy of Sciences of Ukraine 12, 11-16 (2003).

[18] Samko, S.G., Kilbas, A.A. and Marichev, O.1, [Integrals and Derivatives of Fractional Order and Some of Their
Applications], Science and Technology, Minsk (1987).

[19]J. Singh, D. Kumar, Sushila, S.Gipta, “Application of homotopy perturbation transform method to linear and
non-linear space-time fractional reaction-diffusion equations”, The Journal of Mathematics and Computer
Science Vol. 5, No. 1, 40-52 (2012).

[20]1B.M. Slepchenko, J.C. Schaff and Y.S. Choi, “Numerical Approach to fast reaction in reaction-diffusion
systems: application to buffered calcium waves in bistable models”, Journal of Computation Physics, 162, 186—
189 (2000).

Proc. of SPIE Vol. 11369 113690Q-8

Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 21 Jan 2021
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



[21] C.Vidal and A.Pascault, [Non-equilibrium Dynamics in Chemical Systems], Wiley, New York, (1986).
[22] Murray, J.D., [Lectures of Non-Linear Differential Equation Model in Biology], Clarenden, Oxford (1977).

[23] Gorenflo, R., Mainardi, F, Scalas, E. and Raberto, M., “Fractional calculus and continuous time finance. 1117,
The diffusion limit. Mathematical finance. Konstanz, 2000. Trends Math Birkhusser Basel, (2001), 171-180.

[24]F. Mainardi, M. Raberto, R. Gorenflo and R.Scalas, [Fractional calculus and continuous-time Equations],
Elsevier, Amsterdam (2006)

[25] M. Raberto, E. Scalas and F. Mainardi, “Waiting-times and returns in high frequency financial data: an
empirical study”, Physica A, 314, 749-755 (2002)

[26] Benson, D.A., Wheatcraft, s and Meerschaert, M.M, “Application of a fractional advection dispersion
equation”, Water Resource Research, 36, 1403-1412 (2000).

[27]Burke, M.A, Miani, P.K. and Murray, J.D. “Suicide substrate reaction-diffusion equations varying the source”,
JMA Journal Mathematical Applications in Medicine and Biology, 10, 97-114 (1993).

[28] Grimson, M.J and Barker G.C, “A continuum model for the growth of bacterial colonies on a surface”, Journal
of Physics A: Mathematical General, 26, 5645-5654 (1993).

[29] Erban, R and Chapman, S.J. “Stochstic modelling of reaction diffusion processes: algorithms for bimolecular
reactions”, Physical Biology, 6, 046001 (2009).

[30] Bacumer, B, Kovacs M and Meerschaert, M. “Numerical solution for fractional reaction-diffusion equation”,
Computers and Mathematics with Application, 55, 2212-2226 (2008).

[31] Grafiychuk, V., Datsko, B and Meleshko S.V, “Mathematical modelling of pattern formation in sub- and super-
diffusive reaction diffusion systems, arxiv”, nilin. AO/06110005 v3, (2006).

[32] Grafiychuk, V., Datsko, B and Meleshko S.V, “Nonlinear iscillations and stability domains in fractional
reaction-diffusion systems, arxiv”, nilin. PS/0702013 v1, (2007).

[33]Henry, B.l and Wearne, S.I. “Fractional reaction-diffusion”, Physica A, 276, 448-455 (2000).

[34] Khan, N.A, Khan, N., Ara, A. and Jamil, M., “Approximate analytical solutions of fractional reaction-diffusion
equations”, Journal of King Saud University (Science), 24 (2), 111-118 (2012).

[35] Seki, K., Wojcik, M. and Tachiya, “Fractional reaction-diffusion equation”, Journal of Chemical Physics, 119,
2165-2174 (2003).

[36] Yildirim, A and Seser, S.A. “Analytical solution of nonlinear and non-linear space-time fractionalreaction-
diffusion equations”, International Journal of Chemical Reactor Engineering, 8, 1-21 (2010).

[371ANH, V.V. and Leonenko, N.N. “Spectral analysis of fractional kinetic equations with random data”.

[38] Drin, S.S., Drin, Ya.M. “The Cauchy problem for equation of fractal diffusion with argument deviation”,
Bukovinian Math. J, Vol. 3 (2), 23-26 (2015)

[39] Drin, Ya.M. “The Cauchy problem for some classes of parabolic pseudo-differential equations”, Cand. diss.,
Institute of Mathematics NAS Ukraine, Kyiv, 115 (1979).

[40] Matijchuk, M.1. [Parabolic and elliptical problems in Dene spaces], Chernivtsi (2010).

[41] Eidelman, S.D., lvasyshen, S.D., Kochubei, A.N. [Analytical Methods in the Theory of Differential and
Pseudo-Differential Equations of Parabolic Type], ISBN 3-7643-7115-3 (2004).

[42] Drin, 1., Drin, S., Drin, Ya. “The boundary problem by variable t for equation of fractal diffusion with
argument deviation”, NaUKMA, 201, 5-7(2017).

Proc. of SPIE Vol. 11369 113690Q-9

Downloaded From: https://www.spiedigitallibrary.org/conference-proceedings-of-spie on 21 Jan 2021
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



