
Âèêëàäåííÿ ïðîâîäèòüñÿ äëÿ îäíîâèì³ðíî-
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ÿêå îïèñóº çì³íó çà ÷àñîì t  êîíöåíòðàö³¿ ( )txC ,
ì³ãðàíòà, ðîç÷èíåíîãî â ð³äèí³, ùî ô³ëüòðóºòü-

ñÿ ç³ øâèäê³ñòþV  ïðè íàÿâíîñò³ äèôóç³¿, ùî çà-

äàºòüñÿ êîåô³ö³ºíòîì D .
Äëÿ ðîçâ’ÿçàííÿ ð³âíÿííÿ (1) â äàí³é ðîáîò³

âèêîðèñòîâóºòüñÿ îäèí ³ç âàð³àíò³â ÷èñåëüíîãî
ìåòîäó õàðàêòåðèñòèê, îñíîâí³ ïîëîæåííÿ ÿêî-
ãî âèêëàäåí³ â ðîáîòàõ [1, 2]. Â ïîäàëüøîìó âè-
êëàä³ áóäåìî íàçèâàòè öåé ìåòîä ÌÌÕ (ìîäè-
ô³êîâàíèé ìåòîä õàðàêòåðèñòèê).

²äåÿ ìåòîäó õàðàêòåðèñòèê ïîëÿãàº ó ââåäåí-
í³ äî ð³âíÿííÿ ñóáñòàíö³éíî¿ ïîõ³äíî¿ (õàðàêòå-
ðèñòè÷íîãî íàïðÿìêó), ùî âèðàæàº øâèäê³ñòü
çì³íè êîíöåíòðàö³¿ â ðóõîì³é òî÷ö³ ñåðåäîâèùà.
Äàë³ ïðîâîäèòüñÿ ðîçùåïëåííÿ â ïðîöåñ³ îá÷èñ-
ëåíü ðîçðàõóíêó êîíâåêö³¿ ³ äèôóç³¿ òà ðîçãëÿä³
êîæíîãî òèïó ïåðåíîñó îêðåìî. Êîíâåêö³ÿ ðîç-
ðàõîâóºòüñÿ ëàãðàíæåâèì ìåòîäîì (ìåòîäîì
ñë³äêóâàííÿ çà ÷àñòèíêîþ), à äèôóç³ÿ — ñòàíäàðò-
íèì åéëåðîâèì (íà íåðóõîìèõ ñ³òêàõ).

Çàïèøåìî ð³âíÿííÿ (1) â ëàãðàíæåâ³é ôîðì³
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íîñèòüñÿ ÷àñòèíêà, ÿêà â³äñë³äêîâóºòüñÿ “íàçàä”
âçäîâæ â³äïîâ³äíî¿ õàðàêòåðèñòèêè äî ïîïåðåä-

íüîãî ÷àñîâîãî øàðó 1−nt . Çíà÷åííÿ êîíöåíòðà-

ö³¿ ó “â³äñë³äêîâàí³é” òî÷ö³ ( )PU n 1−
 âèçíà÷àºòü-

ñÿ ³íòåðïîëÿö³ºþ ïî ñóñ³äí³õ âóçëàõ ñ³òêè.
Íàäàë³ áóäåìî ðîçãëÿäàòè äâ³ ïðîöåäóðè

³íòåðïîëÿö³¿: ë³í³éíó òà êâàäðàòè÷íó. Ïðè âè-
êîðèñòàíí³ ë³í³éíî¿ ³íòåðïîëÿö³¿ äëÿ îá÷èñ-

ëåííÿ çíà÷åííÿ ( )PU n 1−  ìàºìî ñï³ââ³äíîøåííÿ
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äå Cu — ñ³òêîâå ÷èñëî Êóðàíòà; êâàäðàòí³ äóæ-
êè âèêîðèñòîâóþòüñÿ äëÿ ïîçíà÷åííÿ ö³ëî¿ ÷àñ-
òèíè çàïèñàíîãî â íèõ ä³éñíîãî ÷èñëà. Â³äïîâ³ä-
íèé ìåòîä íàäàë³ áóäåìî íàçèâàòè ë³í³éíèì ìî-
äèô³êîâàíèì ìåòîäîì õàðàêòåðèñòèê (ë³í³éíèé
ÌÌÕ).

Ïðè âèêîðèñòàíí³ êâàäðàòè÷íî¿ ³íòåðïî-
ëÿö³¿
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äåm — íàéáëèæ÷å ö³ëå äî ÷èñëà Êóðàíòà. Öåé
ìåòîä íàäàë³ áóäåìî íàçèâàòè êâàäðàòè÷íèì
ìîäèô³êîâàíèì ìåòîäîì õàðàêòåðèñòèê (êâàäðà-
òè÷íèé ÌÌÕ).

Äëÿ äîñë³äæåííÿ òî÷íîñò³ ð³çíèöåâèõ ñõåì
(3), ùî àïðîêñèìóþòü ð³âíÿííÿ êîíâåêòèâíî¿
äèôóç³¿ (1), ïîáóäóºìî ¿õ ïåðø³ äèôåðåíö³àëüí³
íàáëèæåííÿ (ÏÄÍ) [3] (â ðîáîòàõ [4, 5] çàì³ñòü
ÏÄÍ âèêîðèñòîâóºòüñÿ òåðì³í “modified partial
differential equation”). Ö³ ÏÄÍ ìîæíà îòðèìàòè
øëÿõîì ðîçêëàäàííÿ â ðÿä Òåéëîðó çíà÷åíü øó-
êàíî¿ ôóíêö³¿, ùî âõîäÿòü ó ð³çíèöåâå ð³âíÿííÿ,

â îêîë³ òî÷êè ( )n
i tx ,  ç äàëüøèì âèêëþ÷åííÿì

çì³øàíèõ ïðîñòîðîâî-÷àñîâèõ ïîõ³äíèõ çà äîïî-
ìîãîþ äèôåðåíö³þâàííÿ òà àëãåáðà¿÷íèõ ïåðå-
òâîðåíü. Çàóâàæèìî, ùî îñíîâí³ ïîëîæåííÿ ìå-
òîäó äèôåðåíö³àëüíîãî íàáëèæåííÿ áóëè âèñâ³ò-
ëåí³ â ðîáîòàõ Ì. Ì. ßíåíêî, Þ. ². Øîê³íà òà
¿õí³õ ó÷í³â [3] ñòîñîâíî ð³çíèöåâèõ ñõåì äëÿ ã³-
ïåðáîë³÷íèõ ð³âíÿíü. Ïðè äîñë³äæåíí³ ð³çíèöå-
âèõ ñõåì äëÿ ð³âíÿííÿ êîíâåêòèâíî¿ äèôóç³¿ ìå-
òîä äèôåðåíö³àëüíîãî íàáëèæåííÿ ç óñï³õîì âè-
êîðèñòîâóâàâñÿ â ðîáîòàõ Íîå [4, 5].

Â çàãàëüíîìó âèãëÿä³ ÏÄÍ ð³çíèöåâî¿ ñõåìè
äëÿ ð³âíÿííÿ (1) ìîæå áóòè çàïèñàíî òàêèì ÷è-
íîì:

Â³äïîâ³äíî äî âèçíà÷åííÿ â ðîáîò³ [4], ð³çíè-
öåâà ñõåìà ìàº p-é ïîðÿäîê òî÷íîñò³, ÿêùî

pqq ,...,1 ,0 ==η , àëå 01 ≠+qη . ßêùî 02 ≠η
(òîáòî ñõåìà ìàº ïåðøèé ïîðÿäîê òî÷íîñò³), òî
êàæóòü, ùî ìåòîä ìàº ñõåìíó äèôóç³þ.

Äëÿ ë³í³éíîãî ÌÌÕ éîãî ÏÄÍ ìàº âèãëÿä:

Àíàë³ç ñï³ââ³äíîøåííÿ (5) ïîêàçóº, ùî ë³í³é-
íèé ÌÌÕ ìàº ñõåìíó äèôóç³þ, òîáòî ìàº ïåð-
øèé ïîðÿäîê òî÷íîñò³. Ñõåìíà äèôóç³ÿ ³ç çá³ëü-
øåííÿì ÷èñëà Êóðàíòà àñèìïòîòè÷íî íàáëèæà-

ºòüñÿ äî íóëÿ. Ïðè ö³ëèõ çíà÷åííÿõ ÷èñëàCu
ñõåìíà äèôóç³ÿ â³äñóòíÿ ³ ìåòîä ìàº òðåò³é ïîðÿ-
äîê òî÷íîñò³.

ÏÄÍ êâàäðàòè÷íîãî ÌÌÕ çàïèñóºòüñÿ ó âè-
ãëÿä³:

Î÷åâèäíî, ùî ó êâàäðàòè÷íîãî ÌÌÕ ñõåì-
íà äèôóç³ÿ â³äñóòíÿ. Ìåòîä ìàº äðóãèé ïîðÿäîê
òî÷íîñò³. Âèñîêà òî÷í³ñòü ìåòîäó ïðè ö³ëèõ ÷èñ-

ëàõCu  ïîÿñíþºòüñÿ òèì, ùî â öüîìó âèïàäêó
íåîáõ³äí³ñòü â ³íòåðïîëÿö³¿ çíèêàº, òîìó ùî

CuxP i −= .
Àíàë³çóþ÷è âèðàçè (5, 6) äëÿ ÏÄÍ ë³í³éíî-

ãî òà êâàäðàòè÷íîãî ÌÌÕ ï³äêðåñëèìî íàéö³-
êàâ³øó òà ïðàêòè÷íî âàæëèâó ðèñó öèõ ìåòîä³â:
ïðè îáðàíîìó ÷èñë³ Ïåêëå (òîáòî ïðè ô³êñîâà-
í³é ïðîñòîðîâ³é äèñêðåòèçàö³¿) òî÷í³ñòü ìåòîä³â
çðîñòàº ³ç çá³ëüøåííÿì ÷èñëà Êóðàíòà (òîáòî ³ç
çá³ëüøåííÿì êðîêó ÷àñîâî¿ äèñêðåòèçàö³¿). Òàêå
ïîêðàùåííÿ òî÷íîñò³ ïðîäîâæóºòüñÿ àæ ïîêè íå
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Äëÿ îá÷èñëåííÿ çíà÷åííÿ ( )PU n
i

1−  âèêîðèñòîâó-
þòüñÿ, ÿê ³ ðàí³øå, ïðîöåäóðè ë³í³éíî¿ (ë³í³éíèé
ÌÌÕ1) òà êâàäðàòè÷íî¿ (êâàäðàòè÷íèé ÌÌÕ1)
³íòåðïîëÿö³¿.

Äîñë³äèìî òî÷í³ñòü çàïðîïîíîâàíèõ ñõåì.
ÏÄÍ ë³í³éíîãî ÌÌÕ1 ìàº âèãëÿä

Äëÿ ÏÄÍ êâàäðàòè÷íîãî ÌÌÕ1 ñïðàâåäëè-
âå ñï³ââ³äíîøåííÿ

Ïîð³âíÿííÿ âèðàç³â (5, 6) ³ç ñï³ââ³äíîøåííÿ-
ìè (8, 9) ïîêàçóº, ùî îñòàíí³ íå ì³ñòÿòü ó ìíîæ-

íèêó 4η  ïðè êîåô³ö³ºíò³
4

4

 x

C

∂
∂  äîäàíêó, ïðîïîð-

ö³éíîãî ÷èñëó Êóðàíòà. Â ðåøò³ æ êîåô³ö³ºíòè
ïðè ãîëîâíèõ ÷ëåíàõ ñï³âïàäàþòü. Öå äàº ï³ä-
ñòàâó ñïîä³âàòèñÿ íà òå, ùî ïðè çáåðåæåíí³ âñ³õ
ïîçèòèâíèõ ðèñ ÌÌÕ çàïðîïîíîâàí³ ð³çíèöåâ³
ñõåìè ÌÌÕ1 äåìîíñòðóâàòèìóòü ùå âèùó òî÷-
í³ñòü (îñîáëèâî ïðè âåëèêèõ ÷èñëàõ Êóðàíòà).

Ç ìåòîþ ³ëþñòðàö³¿ òåîðåòè÷íèõ ðåçóëüòàò³â
áóëî ïðîâåäåíî ïîð³âíþâàëüíèé àíàë³ç òî÷íîñ-
ò³ ðîçãëÿíóòèõ âèùå ð³çíèöåâèõ ñõåì íà ìîäåëü-
í³é çàäà÷³. Ð³âíÿííÿ êîíâåêòèâíî¿ äèôóç³¿ (1)

ðîçâ’ÿçóâàëîñü â îáëàñò³ 10,10 ≤≤≤≤ tx .

Ïî÷àòêîâà òà êðàéîâ³ óìîâè çàäàâàëèñü ó â³ä-
ïîâ³äíîñò³ ç òî÷íèì ðîçâ’ÿçêîì
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Ç âèêîðèñòàííÿì ë³í³éíîãî òà êâàäðàòè÷íî-
ãî ÌÌÕ áóëè îòðèìàí³ ÷èñåëüí³ ðîçâ’ÿçêè â

ìîìåíò ÷àñó 1=t  òà âèêîíàíî ¿õ ïîð³âíÿííÿ ç
òî÷íèì ðîçâ’ÿçêîì (10). Áóëè âèêîðèñòàí³ òàê³
çíà÷åííÿ ðîçðàõóíêîâèõ ïàðàìåòð³â: h=0.01,
V=0.6, D=0.006, 0.0015 òà 0.0006, òàê ùî ñ³òêîâå

÷èñëî Ïåêëå ïðèéìàëî çíà÷åííÿ Pe=1, 4 òà 10
â³äïîâ³äíî. Ñ³òêîâå ÷èñëî Êóðàíòà (êðîê ó
÷àñ³) â ðîçðàõóíêàõ çì³íþâàëîñü â ãðàíèöÿõ

2.202.0 ≤≤ Cu .
Ðåçóëüòàòè ðîçðàõóíê³â ïîêàçàí³ íà ðèñ.1, 2

(Pe=10). Äîäàòêîâî òî÷í³ñòü ÷èñåëüíîãî ðîç-
â’ÿçêó îö³íþâàëàñü çà âåëè÷èíîþ ñåðåäíüîêâà-
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ÌÌÕ òà ÌÌÕ1, òàáëèöÿ 2 — çíà÷åííÿ Z äëÿ
êâàäðàòè÷íèõ ÌÌÕ òà ÌÌÕ1.

Îòðèìàí³ ðåçóëüòàòè â ö³ëîìó ï³äòâåðäæó-
þòü ïîïåðåäí³ òåîðåòè÷í³ âèñíîâêè, çðîáëåí³ íà
îñíîâ³ àíàë³çó â³äïîâ³äíèõ äèôåðåíö³àëüíèõ íà-
áëèæåíü ñõåì ÌÌÕ1: îáèäâ³ ñõåìè ìàþòü â³ä-
÷óòíó ïåðåâàãó çà òî÷í³ñòþ ÷èñåëüíîãî ðîçâ’ÿç-
êó â ïîð³âíÿíí³ ç³ ñõåìàìè ÌÌÕ. Àíàëîã³÷íî äî
ñõåì ÌÌÕ, íàéá³ëüø³ ïîõèáêè ïðèòàìàíí³ ñõå-
ìàì ÌÌÕ1 ïðè âåëèêèõ ÷èñëàõ Ïåêëå òà ìàëèõ
÷èñëàõ Êóðàíòà. Ïðè âåëèêèõ ÷èñëàõ Êóðàíòà
(ùî âàæëèâî ïðè ïðîâåäåíí³ ïðàêòè÷íèõ ðîçðà-
õóíê³â) îáèäâ³ ñõåìè ÌÌÕ1 ïîêàçóþòü âèñîêó
òî÷í³ñòü, äåìîíñòðóþ÷è ÿâíó ïåðåâàãó íàä ñõå-
ìàìè ÌÌÕ.
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Ðèñ. 1. Ðåçóëüòàòè ðîçðàõóíê³â çà ë³í³éíèìè ÌÌÕ òà ÌÌÕ1 (Pe=10).
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Ðèñ. 2. Ðåçóëüòàòè ðîçðàõóíê³â çà êâàäðàòè÷íèìè ÌÌÕ òà ÌÌÕ1 (Pe=10).
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Òàáëèöÿ 2. Ïîð³âíÿííÿ ñåðåäíüîêâàäðàòè÷íî¿ ïîõèáêè (%):
çâåðõó —  êâàäðàòè÷íèé ÌÌÕ, çíèçó — êâàäðàòè÷íèé ÌÌÕ1.

Òàáëèöÿ 1. Ïîð³âíÿííÿ ñåðåäíüîêâàäðàòè÷íî¿ ïîõèáêè (%):
çâåðõó — ë³í³éíèé ÌÌÕ, çíèçó — ë³í³éíèé ÌÌÕ1.
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Trigub O. S.

APPLICATION OF THE METHOD OF
CHARACTERISTICS TO THE SOLUTION OF THE

UNDERGROUND TRANSPORT PROBLEMS

Are considered difference schemes for the equation of underground transport,
constructed on the method of the characteristics. Two are offered new schemes, which
allow considerably to increase the step on time not losing accuracy of calculations.
Using modified partial differential equations, differential approximations are built
and their comparison is carried out. The theoretical investigations are confirmed by
means of the numerical simulation experiment. The results of calculations are presented
in the convenient form of charts and tables.
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