YK 519.24

V. I. Ivanenko, L 1. Matychyn

ON DIFFERENT REPRESENTATIONS OF RISK
IN BAYESIAN DECISIONS

This paper points out a relationship between differentforms ofrisk in statistical decision problems and different

methods ofobtaining a Bayesian decisionfunction.

Let us consider the following decision-making
problem under uncertainty: we want to choose an
action a, a € A4, that minimizes losses defined by the
function L(a,6). This function depends on the un-

known parameter 0, 0 ® (so-called «state of na-
ture»). Although we do not know the true value of 0,
we know probability distribution of 6. Assume that
this probability distribution is absolutely continuous
and has a density denoted by £(8) . This so-called prior
density characterizes some our beliefs about the likely
values of 0. Let x, xS, denote the data obtained
from observations or experiment. These observations
are correlated with the unknown parameter 6 and the
correlation is defined by the conditional density
f(x|0) ofx given 0.

Let us apply Bayes theorem to the joint density
p(x,0)= f(x]|0)§(0) of x and O to obtain the

conditional density of 6, given x:

The paper reflects and develops some ideas presented in [I].
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This is called the posterior density of 8, given the
data x. Using this posterior density, one can calculate
the conditional expected losses for an action a, given
observed data x:

Eq.L(0,0)= [ L(a,0@| )dv(®). ()
(]

Because Eg,L(a,0) depends on the random

variable x, it is also a random variable, and expected
losses p(a) or the risk of action @ can be obtained as

follows:

p(a) =E,Ey, L(a,0) =
[[L@0)E@® 0 f(x)dv@)dpx), ()
Se



where f{x) denotes the non-conditional density of x;
u(x) and v(B) are some probability measures on ®

and S respectively.
Due to the fact that f(x) = [ /(x| 6)E(B)dv(B) the
(€]

equality (3) yields the triple sum form of the risk p(a):

p(a) =
= [[[ L(0,0)50| x) /(x| 0)E(®")dv(O)u(x)av(®) . (4)
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(€]

At the same time the above expression implies
that we are choosing the action a regardless the value
of the observed data x. Thus p(a) equals to the risk

based on the prior density of parameter 6, i. e.:

p(a) = [ L(a,0)E(B)dV(6) . ®)
[C]

Let us estimate the lower bound of p(a):
it )=
inf [ [ [ L(a,0£(0] x)/(x | 0)E(8)dV(O)dn(x)dv(®)
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2[[rs| 0’)&(0'){335 [ La.0)E ] x)dV(9)}du(x)dV(9') - (6)
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As can be seen from the latter inequality, we can
reduce the risk by finding an action a, that minimizes
the conditional expected losses Eq,L(a,0) for an
action a, given x. In doing so, we will compose a
mapping function &°(-) that associates with each
observed value x an action @, minimizing the conditional
expected losses (2). This function §°(-) is called the
Bayesian decision function. According to Raiffa and
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Schlaifer [2] such a way to obtain the Bayesian
decision function is called the extensive form of
analysis.

Now we can introduce the notion of decision rule
or decision function 8(-) — as a mapping from the

data x into the set 4 of possible actions. Let us denote
p(&,8) the risk (expected losses) corresponding to

the decision function &(-). This risk may be written
down as follows:

P(&,8) = [ [ L(3(x),8) p(x,0)du(x)av(®), ()
es

where p(x,0) stands for the joint density of x and ©.
Since p(x,0) = f(x|0)E(B), we obtain the following
representation for the risk:

P(E.8) = [ [ L(3(x),8) /(x| O)EO)n(x)AV(B) , (8)
oS

or, changing order of integration (throughout this
paper we assume that all density functions as well as
function L(:,’) meet the Fubini’s theorem conditions
and the integration order can be changed):

P(&,8) = [ [ L(3(x),0) f (x| O)EO)AV(O)AM(x) . (9)
SO

This is the double sum form of the risk. As can be
seen from the latter expression, the (Bayesian) decision
function &°(") that minimizes the risk (9) can be

obtained by finding an action @ minimizing the integral

[ L(a,0) 1 (x| 0)E(6)dv(8)
(C]

foreach xe S.

According to Raiffa and Schlaifer [2] this method
of Bayesian decision function composing is called the
normal form of analysis.
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PO PI3HI NPEJICTABJIEHHSA PU3UKY Y BAMECIBCHKUX PIIIEHHAX

Cmamms 6Ka3ye HA 36 930K MIJdC DI3HUMU (POpMAMU NPeOCMABACHHS PUBUK)> Y CMAMUCMUYHUX 3A0a4ax
piulenHs ma pizHumu memooamu nobydosu oOaiieciecokoi eupiuyrowoi ¢ynxuyii. Cmamms 6ido6paxcac ma po3

sueae Odeski ioei, npedcmaeneniy [1].



