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INTERPOLATION PROBLEMS FOR RANDOM FIELDS FROM
OBSERVATIONS IN PERFORATED PLANE

The problem of estimation of linear functionals which depend
on the unknown values of a homogeneous random field £(k, j) in

the region K < Z* from observations of the sum £(k, 7) +7(k, /)

at points (k, j) e Z*\K is investigated. Formulas for calculating

the mean square errors and the spectral characteristics of the opti-
mal linear estimate of functionals are derived in the case where the
spectral densities are exactly known. Formulas that determine the
least favourable spectral densities and the minimax (robust) spec-
tral characteristics are proposed in the case where the spectral den-
sities are not exactly known while a class of admissible spectral
densities is given.

Key words: random fields, estimation problem, minimax (ro-
bust) spectral characteristic.

Introduction. In engineering, geology, automatic control etc., one
often has a number of data points, obtained by sampling which represents
values of stochastic processes or random fields for a limited number of
values of the independent variable. It is often required to interpolate (i.e.
estimate) the value of processes or fields for an intermediate value of the
independent variable. Methods of solution of linear estimation problems
for stochastic processes and random fields were developed by A. N. Kol-
mogorov [1], N. Wiener [2], A. M. Yaglom [3, 4], M. I. Yadrenko [5].
Traditional methods of solution of these problems are employed under the
condition that spectral densities are known exactly. In practice, however,
complete information on spectral densities is impossible in most cases. To
solve the problem the parametric or nonparametric estimates of the un-
known spectral densities are found or these densities are selected by other
reasoning. Then the traditional estimation methods are applied provided
that the estimated or selected densities are the true one. This procedure can
result in a significant increasing of the value of the error as K. S. Vastola
and H. V. Poor [6] have demonstrated with the help of some examples.
This is a reason to scarch estimates which are optimal for all densities
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from a certain class of the admissible spectral densities. These estimates
are called minimax since they minimize the maximal value of the error.
Many investigators have been interested in minimax extrapolation, inter-
polation and filtering problems for stationary stochastic processes and ran-
dom fields. A survey of results in minimax (robust) methods of data proc-
essing can be found in the paper by S. A. Kassam and H. V. Poor [7].
M. P. Moklyachuk [8-11] proposed the minimax approach to extrapola-
tion, interpolation and filtering problems for functionals which depend on
the unknown values of stationary processes and sequences. In papers by
M. P. Moklyachuk and N. Yu. Shchestyuk [12-16], and M. P. Mokly-
achuk and S. V. Tatarinov [17] problems of extrapolation, interpolation
and filtering of functionals which depend on the unknown values of ho-
mogencous random fields were investigated. M. P. Moklyachuk and
M. Sidey considerated the minimax approach to interpolation problems for
functionals which depend on the unknown values of stationary sequences
from observations with the missing intervals.

In this paper we deal with the problem of estimation of the unknown
values of a mean-square homogenecous random field from observations on
the perforated plane.

Optimal linear estimates. spectral densities are known. Let S(k, /)

be a homogencous random field on Z*. It means that A/&(k.j)=0.,

M|§(k,j)|2 <400 and B(k—n,j—m)=ME&(k.j)E(n.m) depends only
on difference (k —n. j—m). The correlation function B(k —n, j—m) of the

homogeneous random ficld of discrete arguments has the following spectral
representation

T
Blk—=n, j—m=M &k, pé.my= [ [ & I0FdA dp).
—7T -7
where F'(dA, du) is the spectral measure of the field on [-7; 7)x[-7;,7) . If

this measure is absolutely continuous with respect to Lebesgue measure, then
the correlation function can be represented in the form

V1
Bk.jy= [ [0 14, pydadpu,
-7
where f(4,u) isthe spectral density of the field.
Let the sum &(k, j)+n(k, j) of the homogeneous random fields are
observed in all points of perforated plane (k J ) € Z*\ K . Perforations are
small holes in a thin material or web. In our case the holes are rectangles
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mx xmy . Assume that the number of rectangles on horizontal is sx and
number of rectangles on vertical is sy (see picture 1). So we can formally

X ¥
define the set of perforations of the plane as K =
ti=0t2-0
mX=mX = .. =nix . Denote Ix=mx+nx, ly =my+ny, where nx, ny

are distances between the rectangles on horizontal and vertical coordinates
correspondently.

The problem is to find the optimal in the mean square sense esti-
mate AK% of the linear functional

= = i )N 1 1
ak% (k?l()sKa(kH)H kd)= X X \ k>4<dx jg(l a(kj)r(ky) (D

which depend on the unknown values of the field £(k,j ), (k,j)e K from
observations of the sum £(k,j)+r(k,j), where (k,j)e Z2\K

K= Pj [FYJ (mx xntyj .This problem is reduced to the optimization problem:

O=m \AKE - ikI\ ™ min.
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Denote by L, (f: +f,) the Hilbert space of complex valued functions on
[-7, m)x[-m,7) which are square integrated with respect to measure with

the density f; (4, 1) + [, (4, 1) . Denote by L12< N ( Je+ f”) the subspace of
L, ( fr+ f,7) generated by functions e+, (u.v)e Z*\K . Every
linear estimate zle;‘ of the unknown functional ﬁK ¢ 1s of the form

A= ][ ]{h(/l, w2 (dr.dp)+2, (d4.du)), @)

-7
where Z,(dA,du) and Z,(dA.du) are orthogonal random measures of
the fields &£(u,v) and n(u,v) correspondingly, and #(A, 1) is the spectral
characteristic of the estimate zlef . We will suppose that the condition of

«minimality» holds true
T 1
didu < . 3)
 Swm,om

The spectral characteristic /(4, 1) of the optimal linear estimate

zlef is determined by the conditions [1]:

D h(.pely (fe+f,):
D) (A Q) =h(, W) LIy (fr + 1) -

These conditions will be used to derive formulas for the mean square
errors and spectral characteristic of the optimal linear estimate A, ¢

From condition 2) we have

(Ag (A p) = h(2 1)) LEEH99) 5 (k, j)e 22\ K,

where
515, 1{[[+m 1, +m,

e(im)= X alk e oS SIS g et )J

(k.j)eK 4=01,=0\ k=l j=tl,
This condition can be represented in the form:

T T( (2o0) S (o) = h (o) fe 4 1 (&ﬂ)))eﬂw”")dldﬂ=0,

(k.j)e Z>\K.
From the indicated condition we conclude that
(i (2 m))(fe (o)) = (2 ) (f2 (Ros2)+ 1y (2 1)) = Cie (22 ),
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s,-18,-1( t1 +m 1,1, +m, 1

Ce(rm)= (k) =S 5SS ok et |

(k.j)eK 6=05,=0\ k=tl,  j=tl,
where c(k, j) are unknown coefficients which we need to determine.
From the derived relation we get the following formula for the spec-
tral characteristic
A (A Je (L) Cr (4,10
Se G+ [,y feQop) + [ (Ropt)

From condition 1) we have

h(A, 1) =

T T
j j WA, e g ad =0 for (uv)eK c 7,
7T =7

and we get that forany (u,v)e K c 7% :

2Ll T )

=04,=0\ k=1,  j=t], Swlat=06,=0\ k=il  j=t],

521,10 ¢l +m —16],+m,—1 )ﬂ“ (] V)/u)

_ (k.)) Adp =0,
252 5 ol s

Je (2. 1)
Lo (o) + 1y (Aont)

Let us represent the functions

1
Te(Zop)+ £y (A ut)

in the Fourier series:

1 = = i( pA+qu)
_ Z Z h_olP a“).
Je(Am)+ 1, (A1) —ogeo

Jz (L /") >~ i1+ 1)
T ) e

and obtain the system for solving ¢, , , where (k, j)e K :

u,veK) [,t=—c0

4)

[ Z C zmﬂﬁrn,u ]{ i b ei(quﬂ)] e*i(kl+]-ﬂ)dﬂd#:0
pq ’

(m,nek) 2.g=—

(k,j)eK
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518,71t +m -1 lZly +m,—1 5,18, 1( ¢l +m 1 lzly +m1,-1
Z Z Z Z dli%]'*"a(k’j) = Z Z Z d/iu,j—vc(kz ]) §
1=04=0\ k=tl,  j=tl, 4=06,=0\ k=tl,  j=t,,

From this system we derive equations for all (k, j)e K ; or in the
matrix form
D¥a=B%¢,
where a is a vector composed from coefficients determining 4,&, ¢ isa
vector composed from the unknown coefficients c(k,j), (k.j)eK,

DX | BX are operators, which are determined by matrices

It . It .
Dy =d(I—k.t-j). By =b(I-k.t—j). ®)
with clements that are the Fourier coefficients of the functions
ﬂ’/)
f‘f( #) ! correspondingly. So the un-

F o)+ 1y or)” Fe ot 1, (i)
known coefficients ¢(k, j) canbe computed by formula
c(k.j)= ((BK )71 DKEKJ (k.j)ek ©)
k.J)
and the spectral characteristic of the optimal linear estimate ﬁK;‘ may be
calculated by the formula

Ag (A1) fi (2 1)
h(A 1) = -
= T G+ 1, Gort)

se =1s, -1 4l +m 161 +m -1 -1 2
22T () e, e
P (k.4

0 £,=0\ k=tl,  j=11,

Je (Gap)+ £ (2o 1)

The mean square error is calculated by the formula

A fe.1,) =

1 T T
= | j (AgZ; (d2.dp)=hZ,, (d2.du)) (A Z; (dAd ) hZ,,, (d.d ) =
1 T T
:FI [ (4 = 12 (o) 44 1, ()2t
where Ay = A (A, 1), h=h(A,u). Making use of the form (7) of the
spectral characteristic we can get formula for calculating the mean square

error of the optimal linear estimate zlef :
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AR S f) = ®
5. —1ls 1 Alﬁm;lley*my*l

FNENEYATNEES 353 15 YD) ((BK)’IDKaKj Gk

1=0 =00 k=l j=t), (#.J)

LAy (n)

T A p)did et

I
I
e

Sy —Ls, A 4] +m 1] +m -1

PRCRTACR 55 I ol (Lo A I

4=0 =00 k=l j=t], (k.J)

<& (12 1y (2sd)
Proposition 1. The spectral characteristic /#(A4, 1) and the mean

oA ) didp

square error A(h; f, f,) of the optimal linear estimate ZlKé of the func-
tional Ap¢ from observations of the field &(u,v)-+n(u,v) at points

(u,0) € Z°\K, K = U U (mjf X mlyz) are calculated by formulas (7), (8).

£,=01,=0
Corollary 1. The spectral characteristic /(A, ) and the mean square

error A(f) of the optimal linear estimate zlef of the functional 4,¢ from
observations of the field &(u.v) at points (v.0)eZ*\K,

K= LSJ U (mjf xm; ) are calculated by formulas
=01,=0

o~

h(ﬂ”/u) = AK (}”/u) -

5, ~1s,-1 {tllﬁmxl 1,0, +m, 1

; 3 3 [(BK)1 DKaKj

=0\ k=41,  j=tl,

KA+ m) J )

(k.7)

AN =

2
s, —1s,-1 [alx w1t -1

ei(kﬂﬂ'ﬂ)J didu, (10)

3y Y () e

1 % Z|4=014=0\ k=tl  j=t],

e S (o)

—T -7

(k.7)

where BX is operator determined by the matrix with elements
B,g. =b(l-k,t—j) that are the Fourier coefficients of the function

1
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Example 1. (perforated plane with 3 holes). Suppose that we ob-
serve the random field £(#,v) without noise at points (u u) e Z2\K , where
K is a union of 3 holes which are rectangles 3x2. Suppose that the dis-

tance between the rectangles is equal to 3. So, s, =3, s, =1, m, =3,

my,=2,n,=3, 1, =m +n,=6. Suppose that the spectral density of the
field can be represented in the form

FG= [ L =Byl - Al e~ g L] <L <1.

. 2 . 2
where () =By /e = A| . LG =B 1| -5 -
The problem is to estimate the functional

2 (64+2 1
AeE= D alk.DEk.D) = Z[ > Za(k,j)f(k,j)}r

(k.)ek 1,=0\ k=61, j=0

2 1 8 1 14 1
=D Y atk, DEG P+ Y. Y atk, PEG. + Y. Y alk, HE. (k. /).

k=0 j=0 k=6 j=0 k=12 j=0

Let us extend the functions

in Fourier series:
(4. 1)

U G = (11 Byle” —af = _/3’2 _
= (I/B())(l—i-ot2 —ae —aem)(l—i-ﬂz — Be 4 —ﬂe”‘) =
= (1+0¢2)(1+[32)—ﬂ(1+a2)eﬂﬂ —ﬂ(1+a2)ew —a(l-i—ﬂz)e*m +
+afe A 4 e _ g (1 + B ) e yafe’ ) ool .
If we denote Fourier coefficients as
oo = (1+0¢2)(1+ﬂ2) =G,
For =Ty 1= —/3(1+0¢2) =D,no=r1, —a(1+ﬂ2) =A,
then
1/ (A )= G+ De ™ + D™ + de™* + 4e™ +
+afe P 4 oo AT 4o Bl AT 4 Bl AT

The unknown coefficients c(k, j), (k, j) € K can be computed from
the equation
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where

a= (%,0» 1> o> 15 a0, A2158605 9515 Q705 A7 15
ABo- 315 Q20> A21s G305 D131 Aiaps 014,1)

c= (%,0» Co1>G0> 15 €205 C215- G205 Q21> Q30> G315 Q405> G4 ) >

BY  is matrix from Fourier coefficients of ——— -
S (A1)

c o =

0
V
0

< o o

where
G D A4 af O 0

D G af A 0 0
A aofp G D A off
of A D G af A
0 0 4 aof G D
0 0 o8 A D G
The spectral characteristic #(A, 1) can be computed by (10) and fi-

nally we get linear estimate of the functional A, ¢ :

eg= [ [ n 7, hdp =

-7 =7

—251]71]+Z§1271 +Z§3]y3]+zgz 1)/11+Z§5]y5]

j=1 j=-1 j=-1

"‘Zf 2Via Tt Z $o 1Yo +Z§ 17 1+Z Syt

j=-1 j=1
+Z SinYint Z Sis i Nsg+ Z Sivios
i=12 j=1 i=12
where

Yo =g, Voo = —Acy g —afcy . vy = —Acy —afey,,

Yo =—0fCyy, Voo = —Deyy —afe,
V12 = =Dy —afey —aficy,, v,y =—Deyy —afay,
V32 = _O‘ﬂcz,la V317 _O‘ﬂcz,m
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731 =—Acy —afic . v30 = —Acy, —afc,).
Vo1 =Dy —ape . vy =—Dey o —afic .
711 = —Dc(1,0) —afc(2,0) —afc(0,0),
751 = —afc(6,0), 750 = —Ac(6,0) —afic(6, ),
V52 =—afe(6.D), ys) =—A4c(6,1) - fc(6.0),
Yoo =—Dc(6,))—apc(7.1), & , =—Dc(7.1) —afic(8.1) —affc(6,1),
V5o =—Decgy —afics ),

Yoo ==0fcs, So0 = —Acg g —aficy, v, = —Acg) —afcg . Vo ) = —fcy o,
Vo1 =—Dc(6,0)— afc(7,0), V7.1 =—Dc(7,0) - afc(8,0) — afc(6,0),
751 =—Dc(8,0) —afc(7,0)

N1 = —afe(12,0), o = —A4c(12,0) - afe(12.1),

7 = —Aed2.]) —afc(12,0), yy, 5 = —afc(12.1),

Na2n =—Dc(12,1) —afc(13,1), 313, = —Dc(13,1) —afc(14,1) —afc(12,1),
Nan =—De(14,1) —afc(13,1),

Nsp = —ofcdl), ps; = —Ac(14.1) —afe(14,0),

Nso = —afc(6,1), Ns—1 = —afc(14,0),

Yo =—Dec(12,0) —fc(13,0), 151 = —Dc(13,0) —affc(14,0) — ac(12,0),
Na1 = —Dec(14,0) —afc(13,0).

We can sce that for estimating the functional were used only values
in the neighbouring points (dots). It is naturally because we consider ran-
dom field of the first order autoregression type for each argument. The
mean square error A(%; f;, f,) may be calculated by the formula (9) after

calculating vector ¢ .

Minimax (robust) approach to estimation problem. Formulas (1)—
(10) can be applied to compute the spectral characteristic and the mean

square error of the optimal linear estimate A, & of the functional A&

from observations of the field &(u,v)+#n(u,v) at points (uu) eZ’\K,

.y
t,=0

1

U (mjf xm; ) if the spectral densities f: = /. f, =g are ex-
t,=0

2

actly known. In the case where spectral densities f; = /', f, =g are not

known exactly but sets D( £n) = Df: x D, of possible spectral densities
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are given we apply the minimax (robust) approach to estimate the func-
tional A4, ¢ . With the help of this approach we can find an estimate that

minimizes the mean square error for all spectral densities from a given
class simultancously. Such estimates are called minimax (robust).

Definition 1.1. For a given class of spectral densities D =D, x D,
the spectral densities f;,(4, )€ Dy, gy(4, ) € D, are called the least fa-
vourable in D =D,xD, for the optimal linear estimation of the func-
tional 4.¢& if

A(f()»go) :A(h(fo»go) ;f()»go) :(f)ggggfngA(h(ﬂg);f»g)'

Definition 1.2. For a given class of spectral densities D =D, x D,

the spectral characteristic 4" (/1, /,t) of the optimal linear estimation of the
Ap & is called minimax (robust) if the following conditions holds true

W (A p)e Hp = ﬂ LY (f+g)
(f.)eD,xD,

min max A(h;f,g)= max AR LS. 2).

heH, (f.g)eD (f.g

Spectral densities [ (A, u), g, (4, y) are the least favourable in
D=D,xD, for the optimal lincar estimation of the functional 4,¢, if
Fourier coefficients (4), that comrespond to the densities
Jo(A, 1), go(A, 1) determine operators DOK ,BOK by matrices (5) which
give a solution to the constrained optimization problem

sup  A(A(fi.20): /.8) = A(h(f.80): for80), (D)
(f,g)eDfXDg
where
Ah(for80): /-8)=

2

FRUNIINENID 050 3> [(BK)IDKaKj(me«w}

E=tl, et

0
(A dAd g+
A (FoChs+ gy (Au)) (ha)dsdu

2
+m, 16k, +m,—1

AK(&ﬂ)J%(&ﬂ)SXZI%ZI[%Z z [(BK)IDKaKj(h)eW*fﬂ)J

b=ti,  j=ti,

gl A, p)dAdu
an’ (foh a0+ go(2.1)) o

The constrained optimization problem (11) is equivalent to the un-
constrained optimization problem
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Ap(/.8)=-A(h(f5-20): /.8)+5((f.8)| Dy x Dy ) —>inf . (12)
where 5((f,g) | Dy x Dg) is the indicator function of the set D, xD,. A
solution (f;.g,) of the problem (12) is characterized by the condition
0edAp(fy.80). where DAL, ( f.g,) is the subdifferential of the convex

functional Aj, (f.g) at point (f;.g,)-

This condition gives us a possibility to determine the least favourable
spectral densities for concrete classes of spectral densities.

Least favorable densities in the class D = D2€1 (A, f)yx ngz (A, ).

Consider the problem for the «class of spectral densities
D = DZgl (ﬂ’a /u) X DZgZ (ﬂ’a /u) s Where

ngl(i,#)={f(i,#)|#f J.(f(ﬂv,,u)—ul (A u)? d/ld,uﬁgl},

77

1 T
Dy, (ﬂ,u)={g(ﬂ,y)lmj j(g(ﬂt,u)—u2 (2. 1)) dﬂdﬂégz}.

—7T -7
Lema 1. Let u(A,4) be a non-negative function for VA e[-7z, 7],
‘v’,ue[—ﬂ,ﬂ] ,let £ >0 and

o= (e | T OG- araz |

Then the subdifferential of the indicator function §( /| D,,) can be
represented in the form

{o},:?j j(fo(z,ﬂ)—u(z,ﬂ))Zdz du<e,
06(fo | Dyp) = ’1”’”” .
oo} = [ | o(Bn)-u(ten)? drdu=e.

where

A =23 [ [ (2em) =i (e d

—TT =7
This lemma is a corollary of results proved in paper.
We can apply the condition 0 € 0A, ( Jos go) for this class of spectral
densities and have the following statement.
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Theorem 1. Let spectral densities f, (4. p) € D, . go(A. p) € D,

satisfy condition (3) and suppose that functions 7, (f,.£,). A, (/5.&0) -
computed by the formula

|4 (2. 1) g0 (2. 1) +Cie (2 1)
iy (o-0) = Jo (A )+ g0 (4, 1) ’ @
e (fyo0) = i (A1) fo (A p2) = Cc (2 ) "

So (A )+ g0 (2. 1)
are bounded. Spectral densities f,(4,u) € Dy, . go(A. 1) € D, are the
least favorable in the class D,, x D, for the optimal linear estimation of

the functional A, ¢ ,if they satisfy relations

s.=18, =10t +m ~1t1,+m,~1

>yl Y Y @ 'nE
go(A, 1) 1=01,=0\  k=tl_ j=tl,

Sy G i)+ 20 (A, 1) Jo G 1)+ 204, 10) ‘ -

AK (ﬂ’a ,Ll)

= (o (A ) = (A 1) (D).

s.-1s,—1( ¢l +m —1t,1,+m,~1

o 22l 2 2 B '
M t=04,=0\ k=ti  j=t,],

Ay (A p1) 0 - - =

JoA 1)+ gy (A, 1) Jo(A 1)+ gy (A 10)

= (8o (4 ) =i, (A, 19)72(A)

and determine a solution of the extremum problem (11), where
¥ (4)20,y,(4) 20 canbe computed by conditions

2J.J.(fo /1/“ Y /1,“)) dp=e .

472_2 J. J.(go(ﬂ«,,u)—uz(ﬂ“u))z dlu:gz .

The minimax (robust) spectral characteristic /( f;.g,) may be cal-
culated by formula (7).
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Conclusions. In the following papers we will propose formulas for

the least favourable spectral densities in various classes of spectral densi-
ties and the minimax-robust spectral characteristic of the optimal linear
estimates of a functional that depends on the unknown values of a random
field based on observations in some regions of the plane.

10.

11.

12.

13.
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JlocmipKyeThes 3aiata OIiHIOBAHHS TIHIMHUX (QYHKITIOHATIB BiJl HEBi-
JOMHX 3HaueHb OJHOPITHOTO BHIIJKoBoro mons &(k,j) mig obnacti

KcZ® s criocTeperkeHsiMd cymu moniB  E(k, j)+n(k,j) B Toukax
(k, j) e Z*\K . 3uaiizieHo dopMyH TSI OGUMCIIEHHST cepeHhOKBaIpa-

TUYHOT TIOXUOKH Ta CHEKTPATHHOT XapaKTEPUCTUKH OTITUMAITHHOI JIHIMHOT
OIIHKY (PYHKITIONA Y BUMAAKY BLIOMIX CIEKTPATHHUX MIUTHFHOCTEHN TOIIB.
3arporoHoBaHO GOPMYIH U BU3HAYEHHS HAMEHII CIIPUSITIIMBOI CIIEKT-
paThHOI MUTHHOCTI Ta MiHIMaKCHOI (poGacTHOT) CITeKTpaTbHOI XapaKkTepr-
CTUKH Y BHUIIQJIKY, KOJIH CIIEKTpallbHa XapaKTePUCTHUKa TOUHO HE BijoMa,
ajie KJac CIEeKTpalbHUX XapaKTEPUCTHK, 10 SIKOTO HAIICKUTh CIIEKTpalbHA
IIUILHICTH BU3HAYEHO.

KimrodoBi citoBa: sunaoxose none, 3a0aua oyiHiosanHs, MIHIMAKCHA
(pobacmua) chekmpanvHa Xapakmepucmuxd.

Otpumano: 13.09.2016

97



